Proof that d = d* = d; and A*(SS) is an ideal

1 The proof that d = d* = d;

We are grateful to Daniel Glasscock for pointing out that our proof that d = d*
could be easily modified to prove that d = d* = d;.

Definition 1.1. Let (5,-) be a semigroup which satisfies SFC and let A C S.
The Fglner density of A is defined by

d(A) = sup{a € [0,1] : (VH € Ps(S))(Ve > 0)(IK € Ps(5))

(Vs e H)(|K \ sK| <e-|K|) and [ANK| > a- |K|)}.

Definition 1.2. Let (S,-) be a left amenable semigroup and let A C S. The
Banach density of A is defined by d*(A) = sup{A(X4) : A\ is a left invariant
mean on S}.

Definition 1.3. Let (S,-) be a semigroup and let A C S. Then di;(A) =
sup{a € [0,1] : (VF € Ps(5))(3s € S)(|[FNAs™t > - [F|)}.

Theorem 1.4. Let (S,-) be a semigroup satisfying SFC, let A C S, and let
0 = d(A). There is a Folner net (Fa)aep such that the net <w>
converges to 9. ’ ep

If v is any cluster point of the net (ur,)aep i X rer(s)[=|1f]loos [.f]]s0]
Then v € LIMy(S) and v(Xa) = 0. In particular d(A) < d*(A).

Proof. Since d(A) = 4, it is a routine exercise to show that
(VH € P(S)) (Ve > 0) (3K € Ps(S))((Vs € H)(|K \ sK| < e+ |K]|) and
(6—€-|K|<|[ANK|< (6+¢)-|K]).
Let D = P¢(S) x N and direct D by (H,n) < (K,m) if and only if H C K
and n < m. For a = (H,n) € D, pick F,, € P;(S) such that
(Vs € H)(|Fo \ sFa <%|Fa| and (6 — %)'Fa| < |FoaNA| < (5+%)|Fa‘
Let v be a cluster point of the net (1ip, )aep- Since (ur, (Xa))aep converges
to d, we have that v(X4) = 4. O

The proof of the next lemma is based on the proof of [1, Theorem 3.2].



Lemma 1.5. Let (S,-) be a left amenable semigroup, let A C S, let u be a
left invariant mean on S such that u(X4) > 0. Assume that F € P¢(S) and
0<n <8< puXa) and let R = {s € S :|FNAst >n-|F|}. Then

5—
p(XR) > ﬁ In particular, R # 0.

Proof. Note that for x € S, X;-14 = Xg 0 Xz 50 p(Xg-14) = p(Xa 0 Ay) =
FnAt!

#(Xa). Define g : S — [0,1] by g(t) = |F| Then for t € S, g(t) =

ﬁ EzeFXAtfl(x) = ﬁ ZwEF melA(t) 50 g = ﬁ ZxEF Xag-14- Thus H(g) =

ﬁ erF M(XzflA) = ﬁ ZgyeF H’(XA) = :LL(XA)'

Since p is additive, u(Xa) = p(g) < u(gXr) + pn(gXs\r). Since gXp < Xg,
w(gXr) < p(Xg). Fort € S\ R, |[FN At < n-|F| so g(t) < n. Also,
n(Xs\r) = 1 — p(Xg) so u(Xa) < p(gXr) + m(gXs\r) < (XR) + nu(Xs\r) =
u(Xr) + n(1 — u(Xr)). Therefore p(Xa) — 1 < p(Xr) - (1 — ) s0 p(Xr) >
pXa) =n 06—

l-n “1-n
Lemma 1.6. Let (S,-) be a left amenable semigroup and let A C S. Then
d*(A) < dy(A).

O

Proof. Suppose di(A) < d*(A), pick n such that d;(4) < n < d*(A), and pick
p € LIM(S) such that § = p(X4) > 1. Since di(A) < n pick F' € Py(S) such
that for all s € S, |F N As™!| < n-|F|. But then the set R in Lemma 1.5 is
empty, a contradiction. O

Lemma 1.7. Let (S,-) be a semigroup satisfying SFC and define a relation
~ on S by, for a,b € S, a ~ b if and only if there exists x € S such that
ax = bx. Then ~ is an equivalence relation on S and the quotient T = S/~ s
a cancellative semigroup which satisfies SFC.

Proof. This is [4, Lemma 3.2]. Its proof was based on the proofs of [2, Lemma
2 and Remark 3] and [5, Theorem 2.2]. O

It is well known and easy to prove that if S is a left amenable semigroup,
then the intersection of finitely many right ideals of S is nonempty.

Lemma 1.8. Let S be a left amenable semigroup, let h : S — S/ ~ be the
projection in Lemma 1.7, let n € N, and let ay,a9,...,a, and by, ba,... b, be
elements of S with the property that h(a;) = h(b;) for every i € {1,2,...,n}.
There is a right ideal R of S such that a;u = b;u for every uw € R and every
i€{l,2,...,n}.

Proof. For each i € {1,2,...,n}, pick z; € S such that a;,x; = b;x; and let R; =
{u€ S :au=>bu}. Then each R; is a right ideal of S. Let R =, R;. O



Theorem 1.9. Let (S,-) be a semigroup which satisfies SFC. Then, for every
subset A of S, d(A) =d*(A) = di(A).

Proof. By Theorem 1.4 and Lemma 1.6 we have that d(A) < d*(A4) < d;(A) so
it suffices to show that d;(A) < d(A). To see this we will show that if n < d;(A),
then d(A) > n. So let n < d;(A) be given.

To see that d(A) >, let H € Py(S) and € > 0 be given and let F = {K €
Ps(S): (Vs € H)(|K \ sK| < e-|K|)}. We shall show that there exists K € F
such that |[K N A| > n-|K].

Let g : T — S be a choice function for ~ and note that h(g(t)) =t for every
t € T. Observe that g is injective and h is injective on g[T]. We claim that for
each s € S, ps is injective on g[T]. To see this, let a,b € T and assume that
g(a)s = g(b)s. Then g(a) ~ g(b) so a = h(g(a)) = h(g(b)) =b.

Now h[H] € Ps(T) and by Lemma 1.7, T satisfies SFC, so pick F' € Py(T)
such that for all s € H, |F'\ h(s)F| < €-|F|. Now y € F N h(s)F if and only
if y € F and y = h(s)y’ for some y' € F. The equation y = h(s)y’ implies that
h(sg(y’)) = h(s)h(g(y’)) =h(s)y =y = h(g(y)) so, by Lemma 1.8, there is a
right ideal R of S such that g(y)u = sg(y')u for every y,y’ € F and every s € H
for which y = h(s)y’.

For each u € R, let G, = g[F]u and note that |G| = |g[F|u| = |g[F]| = | F],
because p,, is injective on g[F] and g is injective. We claim that for each u € R,
G, € F. To see this, let w € Rand let s € H. It suffices to show that G, \sG,, C
{9()u:y € F\ h(s)F}, for then |Gy \ sGu| < |F\Q(s)F| < e-|F| =€ |Gyl
So let x € Gy, \ sG,, and pick y € F such that z = g(y)u. If we had y € h(s)F,
there would be some 3’ € F such that y = h(s)y’ so z = g(y)u = sg(y')u and
thus = € sG,,.

Choose u € R. Since d¢(A) > 7, we may pick € S such that |G,,N Az~ >
n-|Gul|. If z € G,NAz™1, then 22 € G,zNA. So (G,NAz )2 C G,xNA. Now
pz is injective on G, because p, is injective on g[F]. So |G,zNA| > |G,NAz ™!
and therefore |G,z N A| > n-|Gy| = n - |Guz|. Since Gyz = Gy € F we are
done. O



2 The proof that A*(S) is an ideal

Lemma 2.1. Let S be a left amenable semigroup. A mean p on S is left
invariant if and only if u(s~*A) = u(A) for every s € S and every A C S.

Proof. Observe that X,—14 = X4 0 Ag for every s € S and every A C S. So, if
pu € LIM(S), u(s~tA) = u(A) for every s € S and every A C S.

To prove the converse, assume that p is a mean on .S with the property that
(s rA) = u(A) for every s € S and every A C S.

For s € S, define 75 : 150(S)* — 1so(S)* by, for n € Ic(S)* and f € I(S5),
Ts(M) (f) = n(foXs). Note that 75 is a linear map. We claim that 75 is continuous
for the norm topology on I (S)*. By [3, Theorem B.10] it suffices to show that
Ty is bounded. So let 1 € I5o(S)*. We claim that ||75(n)|| < [|n||, for which it
suffices to let f € 1, (S) and note that ||f o As|| < ||f]| so that ||7s(n)(f)|| =
[In(f o A < [n(f)]l-

Let E denote the linear subspace of [, (S) generated by the functions X 4,
where A denotes a subset of S. We claim that F is uniformly dense in [ (S).
This is easy to prove directly by an elementary argument. It also follows from
the Stone-Weierstrass Theorem, because {f : f € E} is a subalgebra of C(85)
which separates points and contains the constant function Xgg.

Given s € S and A C S, we have noted that X,-14 = X4 o As so that
Ts(1)(Xa) = p(Xa0As) = p(Xs-14) = p(Xa). This implies that 7,(p)(f) = p(f)
for every f € E. Since F is dense in [ (S) and 75 is continuous, this implies
that pu(f o As) = u(f) for every f € loo(S) so that p is left invariant. O

Definition 2.2. Let (S, -) be a semigroup satisfying SFC. Then
A(S)={pe pS: (VA ecp)(d(A) >0)}.

Definition 2.3. Let (S, ) be a left amenable semigroup. Then
A*(S) ={p € BS: (VA ep)(d"(A) > 0)}.

Lemma 2.4. Let (S,-) be a left amenable semigroup. Then A*(S) is a left ideal
of BS.

Proof. Let p € A*(S), let ¢ € S, and let A € gp. Then {s€ S:s 'Aecp}ecq
so pick s € S such that s7'A € p. Then d*(s~!A) > 0 so pick n € LIM(S) such
that n(Xs-14) > 0. Since X4 0Xs = Xg-14, n(Xa) =n(X4-14) s0 d*(A) > 0. O



Theorem 2.5. Let (S,-)S be a left amenable semigroup. Then A*(S) is a two
sided ideal of BS.

Proof. Let p € A*(S),let ¢ € S, and let A € pq. We shall show that d*(A) > 0.
This will establish that pg € A*(S) and hence that A*(S) is a right ideal of
B(S).

Let P={se€S:stAecq}={se€S:sg€ A}. Then P € pso d*(P) >0
and we can choose p € LIM(S) for which u(P) > 0. Note that, as usual, if
s€ Sand B C S, by s7'B we mean {t € S : st € B}. On the other hand,
sT'B={repS:sreB}

We define v on P(S) by v(B) = u(S N p;[B]) for every B C S. Clearly,
v extends to a positive, bounded, linear functional on [ (S). The fact that
v(S) =1 implies that ||v|| = 1, because Xg is the maximum element of the unit
ball of 15, (S). So v is a mean on S. We shall show that v is left invariant, for
which it suffices by Lemma 2.1 to show that v(s~'B) = v(B) for every s € S
and every B C S.

To see this, let s € S and B C S be given. We claim that s—1B = s~ 'B.
Indeed, let r € BS.

res 1B & s 'Ber
& DBesr
& sreB
& res'B

so if t € S, then
teSnp; s 1B] tept[s~IB]
tep,[sT'B]
tq € s7'B
stg € B
st € p; [ B]
tes ' (Snp'[B]).

K

Therefoie v(s7iB) = u(SnN p;l[m]) =pu(s~H(Snpt[B)) =
u(S N p ' [B]) = v(B) as required.
Now P = Snp;'[A] so v(A) = u(SNp;'[A]) = u(P) > 0. O

Corollary 2.6. Let (S,-)S be a semigroup that satisfies SFC. Then A(S) is a
two sided ideal of BS.

Proof. Theorems 1.9 and 2.5. O
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