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Abstract

There are several notions of size for subsets of semigroups that make
sense in any semigroup. A number of them such as central have strong
combinatorial consequences. In this paper we investigate 40 of these no-
tions with respect to the folowing four questions involving Cartesian prod-
ucts. (1) If A is large (in one of these senses) in S and B is large in T,
must A X B be large in S x T'? (2) If A x B is large in S x T, must A be
large in S and B be large in T'? (3) If for each o € I, A, is large in Sa,
must X 4erAq be large in X ;5.7 (4) If X 4erAq is large in X 4c;Sa
must each A, be large in So7 Another question which is behind most of
the affirmative answers to questions 2 and 4 is this: If h : § — T is a
surjective homomorphism and A is large in S, must h[A] be large in T'7

1 Introduction

If R is a property which may or may not be possessed by subsets of a semigroup
S, we say that R is a notion of largeness for S if and only if S is an R set, 0 is
not an R set, and whenever A C B C S and A is an R set, sois B. If R is a
notion of largeness for S, then another notion of largeness R* for S is defined
by: a subset A of S is an R* set if and only if A has nonempty intersection with
every R subset of S; equivalently a subset A of S is an R* set if and only if
S\ A is not an R subset of S. Note that a subset A of S is an (R*)* set if and
only if A is an R set.

We will introduce twenty defined notions of largeness for subsets of a semi-
group S. If R is any one of our defined notions, then R and R* are distinct, so
our twenty defined notions become a total of forty.

It can get more complicated. All but one of our notions are one sided notions.
(The exception is P.) So for example A is thick in S if and only if for every
finite nonempty subset F' of S, there exists x € S such that Fx C A. One
can consider separately the version replacing Fa by zF. And in [4], the first
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author of this paper did consider the right and left versions separately. But
in this paper we are concerned with Cartesian products, so the answers to our
questions will be the same for the right and left versions. Here we exclusively
use what were called the right versions in [4].

Many of the notions have combinatorial definitions and of these several have
simple algebraic characterizations in terms of the algebraic structure of (35, -)
where S has the discrete topology. Others have definitions in terms of that
algebraic structure. The reader is referred to [7, Part I] for an elementary
derivation of that algebraic structure.

We will introduce our twenty basic notions in groups.

Given a set X we write Py(X) for the set of finite nonempty subsets of X.
Given a semigroup S, X C S, andz € Swelet 271X ={y € S : 2y € X} and
Xo~t={yeS:yrec X} We write NS for the set of sequennces in S. Given
m € N we let T, = {(¢(1),4(2),...,t(m)) e N™ : ¢(1) < t(2 < ... < t(m)}.

Given a sequence (x,)2%; in a semigroup (S,-), we let FP({x,)52 ) =
{ILecpxt : F € Pr(N)} where [[,.p 2+ is computed in increasing order of
indices. For r € N, FP({x,)! _,) is defined analogously.

Definition 1.1. Let (S,-) be a semigroup and let A C S.

(1) Ais a @ setin S if and only if there exists a sequence (x,,)22; in S such
that whenever m < n in N, z,, € z,,A.

(2) Aisan IP setin S if and only if there exists a sequence (z,)5>; in S such
that FP({x,)22 ) C A.

(3) For r e N\ {1}, Ais an IP, set in S if and only if there exists a sequence
()" _4 in S such that FP({x,) _;) C A.

(4) For r € N\ {1}, A is a strong IP, set in S (SIP,) if and only if when-
ever A is finitely colored, there exists a sequence (x,)" _; in S such that
FP((xy)5,_1) is monochromatic.

(5) Ais an IP., set if and only if for each r € N\ {1} A is an I P, set.

By [7, Theorem 5.12] A is an IP set if and only if A is a member of an
idempotent in (55, -).

The @ in @ set comes from quotient; if (S,-) is a group then A is a @ set if
and only if there is a sequence (z,)72, in S such that {I* :m <n in N} C A.
The IP notation is due to Furstenberg and is variously thought to represent
idempotent or infinite dimensional parallelepiped.

Definition 1.2. Let (S, ) be a semigroup and let A C S.

(1) Ais thick in S if and only if for each F' € P;(S) there exists x € S such
that Fz C A.

(2) A is weakly thick in S (WT) if and only if there exists s € S such that
571 A is thick.



(3) A is piecewise syndetic in S (PS) if and only if there exists H € P(S5)
such that |,z t7 A is thick.

(4) A is strongly piecewise syndetic in S (SPS) if and only if there exists
H € P¢(S) such that | J,.; At~ is thick.

The notion thick™ is usually called syndetic and we shall do so in the rest of
this paper. A simple characterization of syndeitc is that A is syndetic in S if
and onlly if there exists G € P¢(S) such that S = J,cot ' A.

We write K(8S) for the smallest two sided ideal of (8S,-). By [7, Theorem
4.40] A is piecewise syndetic if and only if AN K (BS) # 0.

Definition 1.3. Let (S, -) be a semigroup and let A C S.
(1) Ais central in S if and only if A is a member of an idempotent in K(55).

(2) A is strongly central in S (SC) if and only if for every minimal left ideal
L of S, A is a member of an idempotent in L.

(3) Ais quasi central in S (QC) if and only if A is a member of an idempotent
in /K (BS).

In our opinion central is the most significant of the notions of largeness. It
originated in [2] where it was defined for subsets of N. Central sets are guaran-
teed to have substantial combinatorial properites. See, for example [7, Theorem
15.24] for properties that any central subset of N must hold. Most of these
properties are consequences of the Central Sets Theorem. The original Central
sets Theorem [2, Proposition 8.21] applied to subsets of N. The following, much
more general, version is from [7].

Theorem 1.4. Let (S,-) be a semigroup and let A be a central subset of S.
There exist

m: 'Pf(NS) —N,ae XFePf(NS) SN and T € XFEPf(Ns) Tn(F) »
such that
(1) if F,G € P;(NS) and F € G, then r(F)(m(F)) < 7(G)(1) and

(2) whenever n € N, G1,Ga,...,G, € Pf(NS), Gy C Gy C...C Gy, and for
each i € {1,2,...,n}, f; € G;, one has

I (ITEF2 a(Ga0) - £:(7(G)G))) - alGm(G:) +1)) € 4.
Proof. [7, Corollary 14.14.10]. O

Definition 1.5. Let (S,-) be a semigroup and let A C S.

(1) Aisa J set in S if and only if for every F' € ’Pf(NS) there exist m € N,
a € 8™t and t € J,, such that for each f € F,

a(l)f(t(l))a(?) e a(m)f(t(m))a(m +1)ed



(2) Aisa P setin S if and only if for each k € N, there exist m € N, a € S™*+1,
and d € S such that {a(1)d'a(2)---a(m)d'a(m+1):t € {1,2,... . k}} C
A.

(3) Aisa C setin S if and only if A satisfies the conclusion of Theorem 1.4.

The name P comes from “progression”. It was called WP in [4]. We do not
consider in this paper the notion that was called P in [4]. The names J and C
have no particular significance.

We let J(S) = {p € BS : every member of p is a J set in S}. Then J(S) is a
two sided ideal of 8S. (This is [7, Theorem 14.14.4] except that we neglected to
show that J(S) # 0 so Theoreem 14.14.4 should have been placed after Lemma
14.14.6.) By [7, Theorem 14.15.1] A is a C set if and only if A is a member of
an idempotent in J(S).

Our last five notions involve three versins of density of subsets of S. We
refer the reader to [3] for the definitions of left invariant mean, left amenable,
and the Strong Fglner Condition (SFC).

Definition 1.6. Let (S, -) be a semigroup and let A C S.

(1) The translation density of A is defined by d:(A) = sup{a € [0,1] :
for every F' € P;(S) there exists s € S such that |F N As™!| > o|F|}.

(2) If S is left amenable, then the Banach density of A is defined by d*(A) =
sup{A(X4) : Ais a left invariant mean on S}, where X 4 is the characteristic
function of A.

(3) If S satisfies SFC, then the Fglner density of A is defined by d(A) =
sup{a € [0,1] : for every H € P(S) and every € > 0, there exists K €
P¢(S) such that (i) for every s € H, |K \ sK| < e-|K| and (ii) |[AN K| >
a- |Kl}.

(4) If S is left amenable, then A*(S) = {p € S : for all A € p, d*(A) > 0}.
(5) If S satisfies SFC, then A(S) = {p € S : for all A € p, d(A) > 0}.

If a semigroup satisfies SFC, then it is left amenable. By [3, Theorem 3.15] if
S satisfies SFC and A C S, then d(A) = d*(A) = d;(A4). By [3, Theorem 2.8] if S
is left amenable, then A*(.S) is a two sided ideal of S so if S satisfies SFC, then
A(S) is a two sided ideal of 5S. If S is the free semigroup generated by {a,b}
and X is the set of words whose leftmost letter is a, then di(X) = d,(S\ X) =0
so there is no ultrafilter all of whose members have positive translation density.

Definition 1.7. Let (S, ) be a semigroup and let A C S.
(1) Ais a By set in S if and only if d;(A) > 0.
(2) Aisa B, set in S if and only if S is left amenable and d*(A) > 0.
(3) Aisa By setin S if and only if S satisfies SFC and d(A) > 0.



(4) Aisa D, setin S if and only if S is left amenable and A is a member of
an idempotent in A*(.S).

(5) Aisa Dy set in S if and only if S satifies SFC and A is a member of an
idempotent in A(S).

If S is left amenable, then d* is subadditive by definition so by [7, Theorem
3.11] a subset A of S is a B, set if and only if A*(S)N A # (. If S satisfies
SFC, then d is subadditive by [4, Lemma 3.4] so by [7, Theorem 3.11] a subset
A of S is a By set if and only if A(S)N A # 0.

If S is a left amenable semigroup, then B, and D, are notions of largeness
for S; if S is not left amenable, then B, and D, are not notions of largeness for
S since S is neither a B, set nor a D, set. If we applied the usual definition,
that is if we said that a subset A of S is B} if and only if it has nonempty
intersection with every B, subset of S, we would have that every subset of S is
B

Definition 1.8. Let S be a subsemigroup and let A C S.

(1) Aisa B} setin S if and only if S is left amenable and A has nonempty
intersection with every B, set in S.

(2) Aisa DX setin S if and only if S is left amenable and A has nonempty
intersection with every D, set in S.

(3) Ais a B} set in S if and only if S satisfies SFC and A has nonempty
intersection with every By set in S.

(4) Ais a D3} set in S if and only if S satisfies SFC and A has nonempty
intersection with every Dy set in S.

We omit the very easy proof of the folllowing lemma.
Lemma 1.9. Let S be a semigroup and let A C S.
(I) Assume that S is left amenable. The following statements are equivalent.
(1) Ais a BY setin S.
(2) S\ A is not a B, set in S.
(3) A*(S) CA.
(II) Assume that S is left amenable. The following statements are equivalent.
(1) Ais a D} setin S.
(2) S\ Aisnot aD, setinS.
(3) Every idempotent in A*(S) is a member of A.
(III) Assume that S satisfies SF'C. The following statements are equivalent.

(1) Ais a B} setin S.



2) S\ A is not a B set in S.
(2) f
(3) A(S) C A.

(IV) Assume that S satisfies SFC. The following statements are equivalent.

(1) Ais a D} set in S.
(2) S\ Ais nota Dy setinS.
(3) Every idempotent in A(S) is a member of A.

We conclude this introduction with diagrams showing the implications that
are known to hold among these notions. All of the notions defined above appear
as right versions of notions in [4] except P, WT', IP<,,, IP,, SIP,, By, B,, By,
D,, Dy, and their duals. And P is WP in [4]. Verification of the implications
among the notions in [4] are given in Section 4 of that paper.

It is trivial that thick implies WT and the verification that WT implies
central is [6, Lemma 3.3] so WT™ implies syndetic and central® implies WT™*.

The implications involving IP.., IP,., SIP., IP: , 1P}, and SIP}, are
all immediate except the fact that 1P, implies SIP. and SIP; implies I P,
which follows from the fact that, given r and k there exists m € N such that
whenever an I P,, set is colored with k colors, there is a monochromatic I P, set.

It remains to verify the implications involving Bq, By, By, Dy, Da, By, B},
Bf, D}, and D;. The fact that B, implies By is [3, Corollary 1.18]. If S is not
left amenable, then no subset of S is a B set so the fact that B} imples B}
requires the assumption that S is left amenable. For the same reason, the facts
that By implies B} and Dy implies D} require the assumption that S satisfies
SFC, while the facts that By implies B, and D; implies D, are immediate. If
S is not left amenable, then there are no D, sets in S so the fact that IP*
implies D¥ requires the assumption that S is left amenable while the fact that
D, implies I P is immediate. If A is a B} set in S, then S satisfies SFC so A(S)
is a compact ideal of 58S and thus ¢/K(8S) C A(S) so B} implies PS* and D7}
implies QC*. If S does not satisfy SFC, then there are no By sets in .S so the
facts that P.S implies By and QC implies Dy requires the assumption that S
satisfies SFC.
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As we have noted if S satisfies SFC, then for all A C S, d(A) = d*(A) =
d¢(A) and A(S) = A*(S) so By, B,, and By coincide and Dy and D, coincide.
Also, if S satisfies SFC, then S is left amenable so by [5, Theorem 5.11] any
weakly thick set in S is thick. This explains the differences between Figure 1
and Figure 2.

In the remainimg sections of this paper we address the questions posed in
the abstract.

2 Preservation under surjective homomorphisms

In this section we show that all except possibly three of the notions we are
considering are preserved under passage to homomorphic images.

Definition 2.1. Let S be a semigroup and let R be a property which may
or may not be possessed by subsets of S. We say that R is preserved under
surjective homomorphisms if and only if whenever S and T are semigroups,
h:S — T is a surjective homomorphism, and A is an R set in .S, one has h[A]
isan R setin T.

Lemma 2.2. Let S be a semigroup and let R be a notion of largeness for S.
Then R* is preserved by surjective homomorphisms if and only if whenever S
and T are semigroups, h : S — T is a surjective homomorphism, and A is an
R set in T, one has h='[A] is an R set in S.

Proof. For the necessity, assume that R* is preserved by surjective homomor-
phisms, let S'and T" be semigroups, let & : S — T be a surjective homomorphism,
and let A be an R set in T. Suppose that h=![A] is not an R set in S. Let
B = S\ h7'[A]. Then S\ B is not an R set in S so B is an R* set in S so
h[B] is an R* set in T so T'\ h[B] is not an R set in T'. This is a contradiction
because A C T \ h[B].

For the sufficiency let .S and T be semigroups, let h : S — T be a surjective
homomorphism, and let A be an R* set in S. Suppose that h[A] is not an R*
set in 7. Then T \ h[A] is an R set in T so o' [T\ h[A]] is an R set in S. But
h=' [T\ h[A]] N A =0, a contradiction. O

Definition 2.3. Let h be a homomorphism from the semigroup S onto the
semigroup 1. Choose ¥ : T'— S such that h(@(sc)) =z for every x € T.

We see first that all of the notions with simple elementary definitions are
preserved by surjective homomorphisms as are most of their dual notions. (The
exceptions are @Q* and SIP} which we are unable to determins whether thay
are preserved by surjective homomorphisms.)

Theorem 2.4. Fach of Q, IP, IP. and SIP, for r > 1, 1P, thick, WT,
PS, SPS, J, P, IP*, IP} forr > 1, IPZ , thick" = syndetic, WT™, PS*,
SPS*, J*, and P* is preserved by surjective homomorphisms.



Proof. Assume that h : .S — T is a surjective homomorphism and that A C S..
For Q, IP, and IP,, if (2,)22, or (x,)! _; is as required in S for A to satisfy
the definition, then (h(z,))2, or (h(zy,))l_; is as required in T for h[A] to
satisfy the defiition. And I P, is preserved because each IP, is preserved.

To verify STP,, Assume that A is SIP,, let m € N and assume that h[A] C
U™, Ji. Then A C |J", h~'[J;] sopick i € {1,2,...,m} and (z,)_; in S such
that FP((z,)"_1) € h=Y[J;]. so FP({h(x,))"_;) C J;.

The verifications for thick, WT, PS, SPS, J and P are similarly routine.
Two of the more complicated of these are SP.S and J; we will give the details
for those. These proofs illustrate the general technique: a finite subset F' of S
corresponds to the finite subset h[F] of T'; the finite subset G of T' corresponds
to the finite subset ¥[G] of S.

Let A be SPS in S. Then

(3H € Ps(S)) (VF € Pf(5))(3z € S)(Vz € F)(3t € H)(2at € A).

Pick H € P;(S) as guaranteed for A. To see that h[A] is SPS in T, let
H' = h[H] and let F' € Py(T). Let F = ¥[F’] and pick € S such that
(Vze F)(3t € H)(zat € A). Let 2’ = h(z). We claim that (Vz' € F’)

(3t € H)(Z'2't" € h[A]) so let 2’ € F' and let z = ©(2'). Pick t € H such that
zxt € A. Then 2'z't’ = h(zzt) € h[A].

Now assume that A is a J set in S. To see that h[A] is a J set in T, Let
F' e Py(NT). For f € F', let gy = Yo f and let F = {g; : f € F'}. Since A is
a Jsetin S pick m €N, a € S™*!, and t € J,, such that for each f € F”,

a(l)gs (t(l))a(2) —-a(m)gy (t(m))a(m +1)eA.

Define b € T™*! by, for i € {1,2,...,m + 1}, b(i) = h(a(i)). Then for each
fer,

h(a(1))h(gs(t(1)))h(a(2)) - - h(a(m))h(gs (t(m)))h((a(m + 1)) € h[A].
Now given i € {1,2,...,m + 1}, h(gs(t(i)) = h(P(f(t(@)))) = f(t(i)) so we

have
b(1) f(t(1))a(2)---a(m)f(t(m))a(m+ 1) € h[A].

We have yet to verify the assertions about the dual notions. We shall use
Lemma 2.2 so let h: S — T be a surjective homomorphism and let A C T

If (2,)52 1 is asequence in T and FP({(x,,)22 ;) C A, then FP({¥(x,))32 ) C
h=1[A] so IP* is preserved, as is [P} for r € N\ {1} and consequently so is
IP:,.

To verify for syndetic=thick*, assume that A is thick in T and let F' € Pf(S5).
Then h[F] € P¢(T) so pick z € T such that h[F|z C A. Then F¢(x) C h~'[A].

The general technique described earlier works for WT*, PS*, SPS*, J*,
and P*. We conclude this proof by verifying the general technique for P*.

Assume that A is a P set in 7. To see that h='[A] is a P set in S, let k € N.
Pick m € N, a € T™%!, and d € T such that {a(1)d’a(2)---a(m)d'a(m + 1) :
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t € {1,2,...,k}} € A. Define b € S™! and ¢ € S by b(i) = ¥(a(i)) for
i€{1,2,...,m+1} and ¢ = ¥(d). Then, given ¢t € {1,2,...,k},

b(1)ctb(2) - - - b(m)ctb(m + 1) =
#(a(1)) (P(d)) ¢ (a(2)) - - 2 (a(m)) (#(d)) ¢ (a(m + 1)) € h[A].

Note that we did not claim that ¢! = ¥(d'), which may not be true since ¥ need
not be a homomorphism. O

We are unable to prove that Q* and SIP} are preserved under surjective
homomorphisms. In trying to use the general technique for Q*, we would let A
be a @ set in T and pick a sequence (x,)52 ; in T such that whenever m < n,
Tp € Tpy - A. Then one would want P(z,,) € P(z,,) - h"1[A]. But if z,, = 2., - @
it does not follow that ¥(z,) = P(zm) - ¢(a).

We shall use the next lemma when dealing with the notions of central,
strongly central, quasi central, and C.

Lemma 2.5. Leth : S — T be a surjective homomorphism and leth : BS — BT
be the continuous extension of h. Then h is a surjective homomorphism and

K (BS)] = K(BT).

f’roof. By [7, Corollary 4.22], hisa }iomomorphism and by elementary topology
h[8S] = BT. By [7, Exercise 1.7.3], h[K (8S)] = K(8T). O

Theorem 2.6. Each of central, SC, QC, C, central*, SC*, QC*, and C* is
preserved by surjective homomorphisms.

Proof. Let h : S — T be a surjective homomorphism and let A C S. If A is
central in S, pick an idempotent p € K(3S5) such that A € p. Then h[A] € h(p).
By Lemma 2.5, h(p) € K(8T) so h|A] is central in T.

By Lemma 2.5 and elementary topology E[cﬂK(ﬂS)] = clK(pT) soif A is
QC in S, then h[A] is QC in T.

Now assume that A is SC in S. To see that h[A] is SC in T, let L be a
minimal left ideal of T. By [7, Exercise 1.7.3(1)] pick a minimal left ideal L'
of A5 such that E[L’] = L. Pick an idempotent p € L’ such that A € p. Then
h(p) is an idempotent in L and h[A] € h(p).

Now assume that A is a C set in S and pick an idempotent p € J(S) such
that A € p. Then h[A] € h(p) so it suffices to show that h(p) € J(T). So let
B € h(p) so that h~![B] € p. Then h~![B] is a J set in S so by Theorem 2.4
h[h7'[B]] is a J set in T and h[h~![B]] C B.

We now establish the dual versions using Lemma 2.2 so assume that
h:S — T is a surjective homomorphism and let A C T

Assume that A is central in 7" and pick an idempotent p € K(8T) such that
A € p. By Lemma 2.5 E‘l[{p}] N K(BS) # 0 so there is a minimal left ideal L
of S such that A= 1[{p}]N L # 0. Then h='[{p}] N L is a compact subsemigroup
of BS so pick an idempotent ¢ € A~ [{p}] N L. Then A € p so h~'[A] € ¢q and
therefore h~'[A] is central.

11



The proof for QC is slightly shorter. Assume that A is QC in T" and pick
an idempotent p € c/K(BT) such that A € p. Then h=1[{p}] N clK(BS) # 0
so b1 {p} NclK(BS) is a compact subsemigroup of 55 so pick an idempotent
g € h ' [{p}]NctK(BS). Then A € pso h'[A] € q and therefore h~![A] is QC.

Assume that A is SC in T'. To see that h~1[A4] is SC'in S, let L be a minimal
left ideal of 3S. By [7, Exercise 1.7.3] h[L] is a minimal left ideal of BT so pick
an idempotent p € h[L] such that A € p. Then h~[{p}|NL # 0 so k1 [{p}|NL
is a compact subsemigroup of 35 so pick an idempotent g € h~1 [{p}]NL. Since
Aep, h Al € gso h™!A] is SC.

Finally, assume that A is a C set in T. Pick an idempotent p € J(T') such
that A € p. By Theorem 2.4, J* is preserved by surjective homomorphisms and
given B € p, Bis a J set in T so by Lemma 2.2, h~![B] is a J set in S so by [7,
Theorem 14.14.7], J(S)Nh=1[B] # 0. So {J(S)Nh~1[B]: B € p} has the finite

intersection property so J (S )ﬁﬂBep 1[B] # 0. Now e, h~1[B] C RY[{p}].
(In fact, equality holds.) So J(S)Nh [{ }] is a compact subsemigroup of 35 so
we may pick an idempotent ¢ € J(S) N h~1[{p}]. Since A € p, h"[A]€q. O

It remains for us to deal with the density related notions.

Theorem 2.7. Let h : S — T be a surjective homomorphism and let A C S.
Then di(h[A]) > di(A). Consequently By is preserved by surjective homomor-
phisms.

Proof. Let a = di(A). If @ = 0, the conclusion is trivial so assume we have
a > 6 > 0. We show that for every G € P;(T) there exists t € T such that
|GNA[A]t™Y > §-|G|. Let G € P¢(T) and let F = #[G]. Pick s € S such that
|[FNAs™Y >6-|F| =6-|G|. We claim that h[FF N As™1] C G N h[A]h(s)" .
That will suffice since h is injective on F. Let z € h[F N As™!] and pick
y € FN As~! such that @ = h(y). Then ys € A so h(y)h(s) € h[A] and thus
x € GNh[A]Jh(s)™! as required. O

We do not know whether B} is preserved by surjective homomorphisms.

If S is not left amenable (so also does not satisfy SFC), then B,, By, D,
Dy, By, BJ"Z, D7 and D;i are not notions of largeness for subsets of S, so we
need to phrase results about these notions differently.

If S is a left amenable semigroup, it is a fact, attributed to Day [1] by Klawe
in [8] that any homomorphic image of S is also left amenable. (That fact also
follows from [3, Lemma 3.2].)

In [8], Klawe noted that it was an open problem whether SFC was pre-
served by surjective homomorphisms. In [11, Proposition 4.8], Yang showed
that Klawe’s example, [8, Counterexample 3.5], which she showed satisfies SFC
has a homomorphic image which does not. So SFC is not preserved by surjective
homomorphisms.

Theorem 2.8. Let h: S — T be a surjective homomorphism and assume that
S is left amenable.
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(1) If A is a B, set in S, then h[A] is a B, set in T.
(2) If A is a D, set in S, then h[A] is a D, set in T.
(3) If A is a B, set in T, then h™'[A] is a B, set in S.
(4) If A is a D, set in T, then h™1[A] is a D, set in S.
(5) If A is a B set in S, then h[A] is a BY set in T.
(6) If A is a DX set in S, then h[A] is a D} set in T.

Proof. (1) By [3, Theorem 3.5], d*(h[A]) > d*(A). _
(2) Pick an idempotent p € A*(S) such that A € p. Then h[A] € h(p) and

by [3, Theorem 3.6], h(p) € A*(T)..

(3) By [3, Theorem 3.4], d*(A) = d*(h~'[A]).

(4) Pick an idempotent p € A*(T) such that A € p. By [3, Theorem 3.6],
R[A*(S)] = A*(T) so A*(S) N h~'[{p}] is a compact subsemigroup of S so
there is an idempotent ¢ € A*(S) N h~![{p}] and h~1[A] € ¢.

(5) Let A be a B} set in S. To see that h[A] is a B} set in T let C be a B,
set in T. By (3), h™1[C] is a B, set in S so AN h~L[C] # B and consequently
h[A]NC # 0.

(6) Let A be a D} set in S. To see that h[A] is a D set in T let C be a D,
set in T. By (4), h=1[C] is a D, set in S so ANh™L[C] # () and consequently
h[A]NC # 0. O

Theorem 2.9. Let h: S — T be a surjective homomorphism and assume that
S and T satisfy SFC.

(1) If A is a By set in S, then h[A] is a By set in T.
(2) If A is a Dy set in S, then h[A] is a Dy set in T.
(3) If A is a By set in T, then h™'[A] is a By set in S.
(4) If A is a Dy set in T, then h™'[A] is a Dy set in S.
(5) If Ais a B} set in S, then h[A] is a B} set in T.
(6) If Ais a D} set in S, then h[A] is a D} set in T

Proof. By [3, Theorem 3.15], d* and d agree on subsets of S and on subsets of
T so A(S) = A*(S) and A(T) = A*(T') so Theorem 2.8 applies. O

Question 2.10. Are any or all of Q*, By, and SIP} for r > 1 preserved by
surjective homomorphisms?

13



3 Answers to Question 1

For all but four of the 40 notions that we have been considering we get affirmative
answers to Question 1; that is, if A is large in S and B is large in T, must A x B
be large in S x T'? For three of these four, namely B;, P, and SIP, for r > 1,
we have not been able to determine the answer. (We are counting SIP, and
IP, for r > 1 as one notion each.) For one notion, we know the answer is “no”.
We present that proof first.

Theorem 3.1. Let n,m € N\ {1}. Then nN x mN is not IP;,, _, in NxN
under addition.

Proof. Fort € {1,2,...,n—1}let z; = (1,m) and for ¢t € {n,n+1,...,n+m—2},
let z; = (n,1). We claim that FS((z:)75" %) N (nN x mN) = (. To see this,
let  # F C {1,2,....,n+m —2}. Let k = |FN{,2,...,n — 1} and let
I=|FNn{n,n+1,....n+m—2}s00<k<n,0<Il<m,and k+1> 1. Then
Yoier e = (k+in,km +1) ¢ (nN x mN). O

Corollary 3.2. Let r € N\ {1}. Then rN is IP* in (N,+) but rN x rN is not
IP’ in N x N under addition.

Proof. To see that rN is an TP set, let (x;);_; be a sequence in N. For each
t e {1,2,...,r} pick sy € {0,1,...,r — 1} such that ZZ:I x; = 8¢ (mod r). If
any s; = 0, we are done so assume that each s; € {1,2,...,r — 1}. Pick j <t
in {1,2,...,r} such that s; = s;. Then ZE:;‘-H xz; € TN

By Theorem 3.1, rN x rN is not IP5,._,. Since 2r —2 > r, rN x rN is not
1P, O

We need the following lemma to deal with notions whose definitions or char-
acterizations involve the smallest ideal.

Lemma 3.3. Let I be a nonempty set, for a € I let S, be a semigrooup, and
let T : B(XaerSa) = XaerBSa be the continuous extension of the identity on
X aerSa- Then U is a surjective homomorphism,

Z[K(ﬁ(xaelsa))] = K[Xaelﬁsa} = XaeIK(BSa)

and
T[elK (B(XaerSa))] = clK[X 4e1BSa] = X qerclK(BSa)

Proof. By [7, Corollary 4.22] 7 is a homomorphism and by elementary topol-
ogy T[B(X aerSa)] = XaerBSa- By [7, Exercise 1.7.3], T[K(ﬁ(XueISQ))] =
K[X 4e1B8Sa]. By [7, Theorem 2.23], K[X 4c1854] = X aerK(8Sa)-

The second displayed equalities follow by elementary topology. O

We will also need the fact that P is a partition regular notion.

Lemma 3.4. Let A be a P set in a semigroup S and let A = Ay U Ay. Then
etther Ay or Ay is a P set.
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Proof. Suppose not and pick k € N such that for i € {1,2} there do not exist
meN, a € S and d € S such that

{a(M)d'a(2)---a(m)d'a(m+1):t € {1,2,...,k}} C A;.

Pick by van der Waerden’s Theorem some ! € N such that whenever {1,2,...,1} =
B; U By, there are i € {1,2} and f,g € {1,2,...,1} such that {f, f+g,...,f+
kg} C B;.

Pick m € N, a € 8™, and ¢ € S such that

{a(1)c'a(2) - a(m)c'a(m+1) 1t € {1,2,...,1}} CA.

For i € {1,2} let B; = {t € {1,2,...,1} : a(1)cta(2) - - -a(m)cta(m + 1) € A;}.
Pick i € {1,2} and f,g € {1,2,...,l} such that {f, f+g,...,f+kg} C B;. Let
d=c9 forje{1,2,...,m}let b(j) = a(j)c/, and let b(m+1) = a(m+1). Then
{b(1)d"b(2) - - - b(m)d'b(m + 1) : t € {1,2,...,k}} C A;, a contradiction. O

We will need a characterization of Q*.

Lemma 3.5. Let A be a subset of a semigroup S. Then A is a Q* set if and
only if, for every sequence (x,)°2 1 in S, there is an infinite subset B of N such
that whenever m < n in B, x, ¢ x.,(S\ A).

Proof. Necessity. Assume that S\ A is not a Q set and let (x,,)22 ; be a sequence
in S. Choose by Ramsey’s Theorem an infinite subset B of N such that either

(1) for all m < n in B, z,, € x,,(S\ A) or
(2) forallm <nin B, z, ¢ ,(S\ A4).

If (1) held, the sequence (x,),ecp would establish that S\ A is a @ set.

Sufficiency. Assume that for every sequence (x,)52 ; in S, there is an infinite
subset B of N such that whenever m < n in B, z,, ¢ 2., (S \ A). Suppose that
S\ Ais a @ set and choose a sequence (x,)5; in S such that for all m < n in
N, 2, € £,,(S\ A). No set B can be chosen. O

As in Theorem 2.4 we shall see that for most of the notions with simple
elementary definitions, Question 1 has an affurnatuve answer arrived at in a
reasonably simple fashion.

Theorem 3.6. Fach of Q, IP, IP, forr > 1, IP.,, thick, WT, J, PS, SPS,
SIP! forr > 1, IP*, IP:,, syndetic, WT™, SPS*, PS*, J*, P*, and Q* has
an affirmative answer to Question 1.

Proof. The proofs for Q, IP, I[P, for r > 1, I P, thick, and WT are very easy,
and we omit them.

The proof for J is [6, Theorem 2.11].

For PS, assume that A is PS in S and B is PS in T. Pick G € Py(S5)
and H € Py(T) such that (J ., s ' A4 is thick in S and (J,cp t7' B is thick in
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T. Then (Uyeq s 1 A) X (Usep t1B) is thick in § x T' (using the fact that the
answer is affirmative for thick) and

(UseG silA) X (UteH tilB) < U(s,t)erH(svt)il(A X B)~

For SPS proceed as above replacing s~ 14 and t~'B by As~! and Bt~ !.

For SIP}, assume that r > 1, Ais SIP} in S, and B is SIP} in T. Since
S\ Ais not SIP,, pick m € Nand Jy, Ja, ..., Jy, such that S\ A =J*, J; and
no J; is IP,. Since T'\ B is not SIP,, pick k € N and Ly, Lo,..., Ly such that
T\B= Ule L; and no K; is IP.. Note that if ¢ € {1,2,...,m}, then J; x T
is not an IP,. set and if ¢ € {1,2,...,k}, then S x L; is not an IP,. set. Thus
(SxT)\(AxB)=U",(Ji xT)U Ule(S x L;) so (S xT)\ (A x B) is not
an SIP, set so A x B is an SIP} setin § x T.

For I P* we use the fact from [7, Theorem 16.6] that a subset A of a semigroup
S is an [ P* set if and only if A is a member of every idempotent in 5S. Assume
Ais IP* in S, B is IP* in T, and let p be an idempotent in 5(S x T'). By
Lemma 3.3, 7 is a homomorphism onto 8S x 8T so there exist an idempotent
g € 8S and an idempotent r € BT such that 7(p) = (¢,7). Then A € ¢ and
B € r so A x B is a neighborhood of (¢,7) so there exists C' € p such that
T[C]CAxB. Then C C Ax BsoAxBEp.

For IPZ%,, assume that A and B are IPZ, so that S\ A is not IP, and
T\ B is not IP,. Pick n and m in N such that S\ A is not IP, and T\ B is
not IP,,. Let r = max{n,m}. Then S\ A is not SIP, and T'\ B is not SIP,
so A and B are SIP} so A x B is SIP} and therefore 1P .

For syndetic, we use the characterization that A is syndetic in S if and only
if there exists G € Pr(S) such that S = (J,co s 'A. Given G € Ps(S) and
H € Py(T) such that S = U,cqs A and T = J,epy t7'B, then S x T =
(Useg s ' A) x (Ujen t'B) © U(s,t)erH(svt)_l(A x B).

For WT* assume that A is WT* in S and B is WT™ in T. Then

(Vs € S)(3IF € Py(S))(Vz € S)(3y € F)(syz € A) and
(Vt € T)(3G € P#(T))(Vz € T)(3u € G)(tuz € B).

To see that Ax Bis WT™* in Sx T, let (s,t) € S xT. Pick F' € P;(S) such that
for all z € S there exists y € F such that syz € A and pick G € P¢(T') such that
for all z € T there exists u € G such that tuz € B. Let H = F' x G. To see that
for all (z,z) € S x T, there exists (y,u) € H such that (s,t)(y,u)(z,2) € Ax B,
let (z,2) € S x T. Pick y € F and u € G such that syz € A and tuz € B.

For SPS* assume that A is SPS* in S and B is SPS* in T. We show that
(SXxT)\(Ax B)isnot SPSin S xT. Solet H € Ps(S x T). We will show
that U yen ((SxT)\ (Ax B))(s,t)~" is not thick in S x T'). Since S\ A is
not SPS in S and T'\ B is not SPS in T', Uycp,my(S'\ A)s™" is not thick in
S and Uy, (T \ B)t ™! is not thick in T' so pick F' € Py(S) and G € Py(T)
such that for all x € S and all y € T,

Fz\ UsETrl[H](S \ A)s71 #£ (0 and Gy \ UtEWQ[H] (T\B)t~* £0.
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We claim that for all (z,y) € SXT, (F'xG)(z,y)\U(s en ((SxT)\(AxB)) #
(. To see this let (x,y) € SxT. Pick z € F such that for all s € m[H], zas € A
and pick w € G such that for all ¢t € mo[H], wyt € B. Then for all (s,t) € H,
(z,w)(x,y)(s,t) € (A x B).

For PS* one can use a nearly identical proof as for SP.S*, but it is simpler
to use the fact, already noted, that A is PS in S if and only if AN K (BS) # 0 so
that A is PS* in S if and only if K(8S) C A. So assume that A is PS* in S and
Bis PS* in T. We show that K (8(S xT)) C Ax B. Solet pe K(8(SxT)).
By Lemma 3.3 7(p) € K(BS) x K(BT) € A x B. Pick C € p such that
7[C]CAxB. Then C C Ax Bso Ax BE€p.

For J*, assume that A is J* in S and B is J* in T. Suppose that A x B
is not J* in S x T so that (S x T)\ (A x B) is a J set in S x T. Since
(SxT)\(AxB)C ((S\A)xT)U (S x (T\B)) and by [7, Theorem 14.14.6],
J sets are partition regular, we may presume that ((S \ 4) x T) is a J set in
SxT. (S\A)isnot a.Jsetin S so pick F € Pf(NS) such that for all m € N,
all a € 8™, and all t € J,,,, there exists f € F such that

a(1)f(t(1))a(2)---a(m)f(t(m))a(m+1) € A.

Pick € T and for f € F define hy € N(S x T) by hy(n) = (f(n),z). Then
{hy:feF}e Pf(N(S xT)) so pickm € N, b€ (SxT)™*! and t € J,, such
that for every f € F,

b(1)hs (£(1))b(2) - - b(m)hy (t(m))b(m + 1) € (S\ A) x T

Define a € S™*! by, for j € {1,2,...,m+1}, a(j) = m (b(j)). Pick f € F such
that a(1)f(¢(1))a(2) - a(m)f(t(m))a(m + 1) € A. But

a(l)f(t(l))a(Z) . a(m)f(t(m))a(m +1)

is the first coordinate of b(1)hy(t(1))b(2) - - - b(m)hy (t(m))b(m + 1) which is in
S\ A, a contradiction.

The proof for P* is very similar to the proof for J*, using the fact from
Lemma 3.4 that the property P is partition regular.

For @Q* assume that A is Q* in S and B is Q* in T;. We use Lemma 3.5.
Let ((zn,yn))2, be a sequence in S x T. Since A is @* in S, pick an infinite
subset C' of N such that for all m < n in C, z,, ¢ ,,(S\ 4). Then (yp)nec
is a sequence in T and B is a Q* subset of T, so pick an infinite subset D of
C such that for all m < n in D, y, ¢ ym(T \ B). Then for all m < n in D,

For our next group of properties we need the following theorem. We note
that by [8, Proposition 3.4 and Proposition 4.4] S x T is left amenable if S and
T are, and S x T satisfies SFC if S and T do.

Theorem 3.7. Let S and T be semigroups and let T: (S x T) — BS x BT be
the continuous extension of the identity on S x T.
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(1) T[J(S x T)] = J(S) x J(T).
(2) if S and T are left amenable, then T[A*(S x T)] = A*(S) x A*(T).
(3) if S and T satisfy SFC, then T[A(S x T)] = A(S) x A(T).

Proof. (1) To see that J(S) x J(T) CT[J(S xT)], let (p,q) € J(S) x J(T). We
claim that {Ax BN J(S xT) : A € p and B € ¢} has the finite intersection
property for which it suffices to let A € p and B € ¢ and show that A x BN
J(SXT)#0. Solet A € pand B € q. By Theorem 3.6 AXx B is a J set so by [7,
Theorem 14.14.7], Ax BNJ(SxT) #0. Pickr e \{{Ax BNJ(SxT): Acp
and B € q}. We claim that 7 (r) = (p,q). Suppose 7 (r) = (u,v) and, say, u # p.
Pick A € p\ v and let B =T. Pick C € r such that 7[C] C S\ A x B. Then
C C(S\A)xB)so (S\A)x B) er while (A x B) €r, a contradiction.

For the other inclusion, let r € J(S x T') and let 7(r) = (p,q). To see that
p € J(S)let A€ pandlet B=T. Pick C € r such that 7[C] C A x B. Then
C CAxBsom[C] C A. Sincer € J(SxT),CisadJsetinS xT soby
Theorem 2.4 m1[C] is a J set in S so p € J(95).

(2) To see that A*(S) x A*(T) CT[A*(S x T)], let (p,q) € A*(S) x A*(T).

Let R = {C C SxT :d*(C) > 0}. Then R is partition regular. Let
A={AXxB:A¢€pand B € q}. By [3, Theorem 6.2], A C R. By [7, Theorem
3.11] pick s € B(S x T') such that A C s C R. Then s € A*(S x T). Let
(u,v) =7(s). We claim that (p,q) = (u,v). To see that u = p, suppose instead
that u # p and pick A € p\ u. Then (u,v) € S\ A x T so pick C € s such that
T[C]CS\AXxT,s0CN(AxT)=0, a contradiction. Similarly, v = q.

To see that T[A*(S x T)] C A*(S) x A*(T), let p € A*(S x T) and let
7(p) = (¢g,7). To see that ¢ € A*(S) and r € A*(T), let A € gand B € r. Then
7(p) € A x B so pick C € p such that 7[C] € A x B. Then C C A x B so
d*(A x B) > 0 and by [3, Theorem 6.2] d*(A x B) = d*(A)d*(B) so d*(A) > 0
and d*(B) > 0.

(3) By [3, Theorem 3.15], since S, T, and S x T satisfy SFC, A(S) = A*(S),
A(T) = A*(T), and A(S x T') = A*(S x T), so this follows from (2). O

Theorem 3.8. Fach of C, B,, By, D,, Dy, Bf, C*, B}, Dy, B%, and D% has
an affirmative answer for Question 1.

Proof. The result for C is [6, Theorem 2.16].

For B,, assume that A is a B, set in S and B is a B, set in T. Then S and
T are left amenable and by [3, Theorem 6.2] d*(A x B) = d*(A)d*(B) so Ax B
isa B, setin S xT.

For By, assume that A is a By set in .S and B is a By set in T'. Then S and
T satisfy SFC and by [3, Theorem 3.15], d and d* agree on subsets of S, T, and
S x T so the conclusion follows from the result for B,.

For D, assume that A is D, in S and B is D, in T. Then S and T are left
amenable. Pick an idempotent p € A N A*(S) and pick an idempotent ¢ € B N
A*(T). By Theorem 3.7(2), (p,q) € T[A*(S x T')]. Since 7 is a homomorphism,
A*(S x T)NT 1 [{(p,q)}] is a compact semigroup so pick an idempotent r €
A*(S x T) such that 7(r) = (p,q). Then A x B € r.
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The proof for Dy is similar using Theorem 3.7(3).

For B}, assume that A is By in S and B is B} in T so that S\ A is not
B; in S and T\ B is not By in T. Suppose that A x B is not By in S x T, so
that (S x T)\ (Ax B)is By in S x T. Let o = dy((S x T) \ (A x B)). Since
di(S\ A) =0, pick F € P¢(S) such that

(Vs € S)(IFN(S\A)s™!| < g -|F])
and pick G € Py(T) such that
(Wt € TY(|GN(T\ Bt~ < & -|G)).
Pick (s,t) € § x T such that
(F x G)N (S x T)\ (A% B))(s,)"| = % . |F x G]).

Now (Fx G)N((SxT)\ (Ax B))(s,t) " C (FN(S\4)s ) xG)U
(Fx (GN(T\ B)t™)) so

(Fx @) ((Sx D)\ (Ax B))(s,)7}] < §-|F|-|G|+§ - |F|-|6] = 2|F x Gl.,

a contradiction.

For C* assume that A is a C* set in S and B is a C* set in 7. Then A is
a member of every idempoteht in J(S). (Since S\ A is not a C set, if p is an
idempotent in J(5), then p ¢ S\ A.) And B is a member of every idempotent
in J(T). We show that A x B is a member of every idempotent in J(S x T).
So let p be an idempotent in J(S x T). Let 7(p) = (¢,r). By Theorem 3.7(1),
(g,7) is an idempotent in J(S) x J(T) so A€ gand B€rso Ax B € p.

For B}, assume that A is a B} set in S and B is a B} set in T. Then S and
T are left amenable. By Lemma 1.9, d*(S\ A) = d*(T'\ B) = 0. We claim that
d*((SxT)\(Ax B)) = 0. Suppose instead that d*((SxT)\ (A x B)) > 0. Then
(SxT)\(AxB)C ((S\A) xT)U (S x (T\ B)) so without loss of generality
d*((S\A) xT) > 0 and d*((S\ A) x T) = d*(S\ A) - d*(T) = d*(S\ A), a
contradiction.

For D7, assume that A is a D} set in S and B is a D} set in 7. Then by
Lemma 1.9, A is a member of every idempotent in A*(S) and B is a member
of every idempotent in A*(T). If p is an idempotent in A*(S x T'), then by
Theorem 3.7(2), 7(p) is an idempotent in A*(S) x A*(T) so A x B € p.

Since semigroups that satisfy SFC are left amenable, the conclusions for B}
and D} follow from the conclusions for B and Dj. O

To deal with SC we need the next lemma.

Lemma 3.9. Let S and T be semigroups, let T: (S x T) — BS x BT be the
continuous extension of the identity on S X T, and let M be a minimal left ideal
of B(SxT). Let Ly = m ot[M] and let Ly = mo ot [M]. Then Ly is a minimal
left ideal of BS, Lo is a minimal left ideal of BT, T[M] is a minimal left ideal
of BS x BT, and T[M] = Ly X Ls.
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Proof. That L1 is a minimal left ideal of 8.5, Lo is a minimal left ideal of 8T,
and 7[M] is a minimal left ideal of 35 x BT follows from [7, Exercise 1.7.3]. We
claim that Ly x L is a minimal left ideal of S x ST, for which it suffices by [7,
Lemma 1.52(a)] to note that if (z,y) € Ly X Lg, then (L1 X La)(z,y) = L1 X Lo.
Since L1 x Lo and T[M] are minimal left ideals of $S x ST with nonempty
intersection, they are equal. O

Theorem 3.10. Fach of central, QC, SC, central*, QC*, and SC* has an
affirmative answer for Question 1.

Proof. The proofs for central, QC, central® and QC™ are easy consequences of
Lemma 3.3 .

For SC assume that A is SC in S and B is SC in T. Let M be a minimal
left ideal of 5(S x T'), let Ly = w1 o T[M] and let Ly = w9 0 7[M]. By Lemma
3.9 L; is a minimal left ideal of 55, Lo is a minimal left ideal of ST, and
T[M] = Ly x Ly. Pick an idempotent p € L; N A and an idempotent ¢ €
LyN B. Then 77! [{(p,q)}] N M is a subsemigroup of M so pick an idempotent
ret 1 [{(p,q)}JN M. Then A x B €.

For SC* assume that A is SC* in S and B is SC* in T. Pick a minimal
left ideal L of 58S and a minimal left ideal K of 8T such that A is a member
of every idempotent in L and B is a member of every idempotent in K. Then
T YL x K] is a left ideal of (S x T). Pick a minnimal left ideal M of 3(S x T)
such that M C 7! [L x K]. If r is an idempotent in M, then 7(r) € L x K so
Ax Ber. O

Question 3.11. For any or all of By, P, or SIP, for r > 1, is the answer to
Question 1 “yes”?

4 Answers to Question 2 and Question 4

Because projections from Cartesian products are surjective homomorphisms it
is immediate that if R is a property which is preserved by surjective homo-
morphisms, then the answer to Question 4, and therefore to Question 2, is
affirmative.

Theorem 4.1. Let R be any of the notions Q, IP, IP, and SIP, forr > 1,
1P, thick, WT, PS, SPS, J, P, central, SC, QC, C, B, B,, D,, By,
Dy, IP*, IP} forr > 1, IPZ,, thick" = syndetic, WT™, PS*, SPS*, J*, P*,
central*, SC*, QC*, C* B}, D}, B;i, and D;. Assume that I is a set and for
each a € I S, is a semigroup and Aq C Sq. If X qe1Aq is an R set in X 4c1Sq
and d € I, then As is an R set in Ss.

Proof. Assume that X ,c;A, is an R set in X 4¢55, and § € I.

If R is any of B,, D,, B, or D}, then X ,c1S, is left amenable. Since
X aerSa = (X aer\(535a) X S5 we have by [8, Proposition 3.8] that Ss is left
amenable so the conclusion follows from Theorem 2.8 (1), (2), (5), or (6).
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If R is any of By, Dy, B}, or D%, then X aerSa satisfies SFC. Since
X aerSa = (Xaen(s3Sa) x Ss we have by [8, Proposition 4.7] that S; sat-
isfies SFC so the conclusion follows from Theorem 2.9 (1), (2), (5), or (6).

If R is any of the other listed notions, then the conclusion follows from
Theorem 2.4, Theorem 2.6, or Theorem 2.7. O

The next lemma says that if R is a notion of largeness, then an affirmative
answer to Question 1 for R implies an affirmative answer to Question 4 for R*.

Theorem 4.2. Let R be a notion of largeness and assume that whenever S and
T are semigroups, A is an R set in S, and B is an R set in T, then A x B is
an R set in S xT. Then whenever I is a set, for each o € I, S, is a semigroup
and Ay C Sy, XaerAa is an R* set in X 4c1Sa, and § € I, then As is an R*
set in Sg.

Proof. We use the contrapositive of the assumption. That is, if A x B is not an
R set in S x T', then either A is not an R set in S or B is not an R set in T'.

Assume that X 1A, is an R* set in X 75, and let § € I. Then
X aerSa \ Xaecrdq is not an R set in X 4715,

Forael, let T, = {S(;%YA& igig

Then X 4erTa € X aerSa\ Xacrla 80 X qerTy isnot an R set in X 4¢15,.
Now X,erTa = (Xaens3Sa) X (Ss \ As). Since X ocp\ (515 is an R set in
itself, we must have that S5\ As is not a R set in Sy so that As is an R* set in
Ss. O

Corollary 4.3. Assume that I is a set and for each o € I S, is a semigroup
and Ay C Sq. If XoerAa s a Q* setin X oe1Se and § € I, then As is a Q*
set in Sg.

Proof. By Theorem 3.6, whenever S and T are semigroups, A is a @ set in
S, and Bisa @ set in T, then A x Bis a @ set in S x T. So Theorem 4.2
applies. O

We do not have any example of a property with an affirmative answer to
Question 2 and a negative answer to Question 4.

Question 4.4. If X /A, is B}, respectively SIP} for r > 1, in X 4e1Sq
and 6 € I, must As be Bf, respectively SIP), in Ss? If not, what about the
corresponding question for Ax B in S x T?

5 Answers to Question 3

We have negative answers to Question 3 for 26 of our 40 notions. That is we
produce I, S,, and A, for a € I such that each A, is large in S, and X ,c7 A,
is not large in X 4¢1S5,. For all of our examples I = N and for 21 of them
S, = N for each n € N.

We need the following result from [6].
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Lemma 5.1. Let I be a set, for each o € 1, let S, be a semigroup, let A, C Sq,
and let J = {a € I : A, is not weakly thick in S, }. If J is infinite, then
X aerAq 18 not piecewise syndetic in X 4e1Sq.-

Proof. [6, Lemma 3.6]. O

Theorem 5.2. Let R be a property which may be possessed by subsets of a
semigroup. If 2N is an R set in (N, +) and every R set in X ,enN is piecewise
syndetic, then X ,ecn2N is not an R set in X ,enN. In particular, the answer
to Question 3 is negative for each of IPY and SIP; forr > 1, IPZ,, Q*, IP*,
Cc*, Dy, D3, QC™*, central*, SC*, SC, SPS, syndetic, WT™, central, QC, and
PS.

Proof. Note that 2N is not weakly thick in N. From Figure 1, one can see that
each of the listed notions implies P.S and so by Lemma 5.1 X, ny2N does not
satisfy any of the listed properties in X, cnyN. To see that 2N satisfies each of
the listed properties it suffices, again using Figure 1, to note that 2N is I P5
(which is trivial), 2N is SPS, and 2N is a @* set in N. To see the latter, suppose
that N\ 2N is a @ set. Pick a sequence (z,,)22; in N such that for all m < n,
Ty € Tm + (N'\ 2N). Choosing m = n(mod) 2 we get a contradiction. O

Theorem 5.3. Let R be a property which may be possessed by subsets of a
semigroup. If nN is an R set in (N,+) for each n € N and every R set in
X nenN is a J set, then X, ennN is not an R set in X ,enN. In particular, the
answer to Question 3 is negative for C and J.

Proof. By [7, Lemma 5.19.1], every nN is an IP* set in (N, +), hence a C' set
and a J set. We need to show that X ,cynN is not a J set in X, cyN.

Let S = X,enN and let A = X,cqnN. Define f and ¢ in NS by, for
t,neN, f(t), =n and g(t), = 1. Suppose that we have @ € S and H € P;(N)
such that @ + 3, 5 f(t) € Aand @+ Y ien 9(t) € A, Let k = |H| and pick
n > k. Then an+3 ,cpy f(t)n € nNand an+ 3, 9(t)n € nNso a, +kn € nN
and a,, + k € nN so n divides kn — k which is impossible. O

We need the following result of M. Day.

Theorem 5.4. Let G be the free group on the letters a and b, let Gy = G and
forn € w, let Gpy1 =[G, Gy] which is the group generated by

{fgf'g7': feEGandgeG,}.
For each n € N, G/G,, is left amenable and X ,enG /G, is not left amenable.

Proof. One can piece together this proof from the results in [1, Section 4], espe-
cially page 517 between (F"') and (K) except for the assertion that (1, .y Grn =
{1} which is stated but no hint for a proof is given. That fact can be found in
[10, 6.1.10] where it is attributed to W. Magnus. O

We note that by the same methods, one can show that if S = @, .y G/Gn,
then S is left amenable and X,,cnS is not left amenable.
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Theorem 5.5. Each of By, B,, Dy, and D, has a negative answer for Question
3.

Proof. Let G be the free group on the letters a and b, for n € N, let GG, be as in
Theorem 5.4 and let S, = G/G,,. By [9, Corollary 3.6] any left amenable and
left cancellative semigroup satisfies SFC so each S,, satisfies SFC. So for each
n, A*(S,) = A(Sy) and S, is a By set, a B, set, a Dy set, and a D, set in S,,.
Since X ,,enSp is not left amenable, so does not satisfy SFC, it is none of By,
B,, Dy, or D,. O

Theorem 5.6. Each of P and P* has a negative answer for Question 3.

Proof. For P* for each n € N, let A,, = N\ {2"4+1,2"4+2,...,2" + n}. Notice
that in (N, +) a set is a P set if and only if it contains arbitrarily long arithmetic
progressions. So given n, A, has nonempty intersection with every arithmetic
progression longer than n so each A, is a P* set in N.

Now let A = X, enA, and let S = X, cyN. We show that A is not a P*
set by showing that S\ A is a P set. So let k € N be given. Define @ € S by

k . _ . —
an:{2 1fn—/'€, and define d € S by d, = 1. Then
1  otherwise

{ag +tdy:t € {1,2,...,k}} CN\ Ay so {@+td:te{1,2,....,k}} CS\A.

For P, let G be the free semigroup on the letters a and b. For n € N let
A, ={(ab")"a : t € N}, let S = X,,enG and let A = X,,cnyA,. Trivially each
A, is a P set in G. We show that A is not a P set in S.

Suppose A is a P set in S. Pick m € N, @ € S™*!, and € € S such that

= w(1)ew(2) - - - w(m)éw(m + 1) € A and
@ , F2@(m+1) € A.

Let n =m + 1. Then

T = w(D)peaw(2)y - - wim)pe,w(m+ 1), = ((ab®)™a and
Yn = w(Dpehw(2)n - w(m)neqw(m + 1), = ((ab’)"a

for some s < ¢ in N. Since the number of occurrences of a in z, and y, are
the same (namely n + 1), there are no occurrences of a in e,. So for some
Jj € {1,2,...,m + 1} there are two occurrences of A in w(j),. But in x,
consecutive occurrences of a are separated by s occurrences of a while in y,
consecutive occurrences of a are separated by t occurrences of a. This is a
contradiction. O

The only notions for which we can currently establish a positive answer for
Question 3 are ones for which the proofs are routine.

Theorem 5.7. Question 3 has a positive answer for each of thick, WT, Q, IP,
1P, forr > 1, and I P,.
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Proof. All of these are routine. We illustrate by providing details for WT'. Let
I be a set, for « € I let S, be a semigroup and let A, be a WT set in S,.
Let S = X ,e1S, and let A = X c7A,. We define § € S by choosing for each
a €1, s, € S, such that syt A, is thick in S,. Given F € Pf(S) and o € I,
pick z, € S, such that 7,[F]za C s,'A4 so that samo[F]ze C Ay Then
SF¥ C Aso F& C 5 1A. O

We have a large number of unanswered questions.

Question 5.8. For any or all of By, SIP, forr >1, SPS*, PS*, B}, B;, By,
or J* is the answer to Question 3 “yes”?
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