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The first theorem is [D2, Theorem 6]. I will mostly use his notation.

Theorem 1. Let H be a group and let G be a normal subgroup of H. If G and H/G

are left amenable, then so is H.

Proof. Let « € LIM(G) and let 8 € LIM(H/G). Given h € H and x € [ (H) define
zh, € loo(G) by, for g € G, z1,(g9) = x(hg) (so zj, is the restriction of z o A, to G.
Define  : H — R by Z(h) = a(zp). We claim that if h,h’ € H and hG = I'G,
then Z(h) = Z(h').
So let h, h' € H and assume that hG = h’'G. Then h = h'¢’ for some ¢’ € G. Given
geG,
zn(9) = x(hg) = 2(h'g'g) =z (\g'(9)) = (z1 0 Ag')(9).,

so viewing Ay as a function from G to G, we have zj, = xp 0 A\yr. Since a € LIM(G),

we have

Z(h') = a(zp) = alzp o N\y) = a(zy) = Z(h)

so the claim is established.

Now define 7 : H/G — R by Z(hG) = Z(h). By the claim, T is well defined. Now
define v : I (H) — R by v(z) = (7).

We show now that v € LIM(H).
(1) if x € loo(H) and (Vh € H)(z(h)
@) [lle = 1, and
(3) (Vv e H)(Vz € loo(H)) (v(m 0 Ay) = 7(2)).

For (1), Let x € loo(H) and assume that for all h € H, x(h) > 0. Then for all
he Hand all g € G, z,(g) > 0so for all h € H, Z(h) = a(xp) > 0. Then for all h € H,

Z(hG) > 050 y(x) = B(T) > 0.

Given that (1) holds, to verify (2) it suffices that if z € [ (H) is the function

constantly equal to 1, then y(z) = 1. Assume that x € I (H) is the function constantly
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equal to 1. Then for all h € H, xj, is constantly 1 so that a(x,) = 1. And then 7T is
constantly 1 so y(z) = (7) = 1.



To verify (3), let v € H, let = € [oo(H) and let y = x o A,. It suffices to show that
Y =T 0 Ay for then

Y(y) =B(7) =B(T o) =B(T) =~(z).

To verify that § = ToA,qg, let h € H. Then (ZToA,g)(hG) = Z(vGhG) = T(vhG) =
T(vh) = a(zyn) = a(zodur|a) = alzod,0Ay|g) = a(yodn|a) = alyn) = y(h) = y(hG).
O

Definition. Let G be the free group on the generators {a, b}. Let Go = G and for n € w,
let Gpi1 = [G, G,] which is the group generated by {fgf g~ ': f € G and g € G, }.

The next theorem surprises me. It is actual equality, not just isomorphism. I
presume that Day knew this, which is why he had such a brief proof for the assertion
that G/G,, is amenable.

Theorem 2. Let H be a normal subgroup of G and let K be a normal subgroup of H
which is also normal in G. Then (G/K)/(H/K) = G/H.

Proof. Let X € (G/K)/(H/K). Pick a € G such that X = aK - (H/K). We show
that X = aH.

X =aK -{cK:ce H} ={aKcK :c€ H} ={acK : c € H} since K is normal in
H. Then X ={acK:c€e H} =aHK = aH. O

Theorem 3. For each n € N, G/G,, is amenable.

Proof. G/Gp is Go/Gy which is abelian. Now assume that n € N and G/G,, is

amenable.
By Theorem 2, (G/Gp+1)/(Gn/Gn+1) = G/G,,. By assumption G/G,, is amenable
and G,,/G,41 is abelian so by Theorem 1, G/G,,41 is amenable. O

Day [D3] says that the next theorem “can be gotten from von Neumann [vN]”. A
proof is included in [D2]. The proof given here is from a web page of Terry Tau. (He

has several.)
Theorem 4. The free group on 2 generators is not left amenable.

Proof. Let G be the free group generated by {a,b}. We will show that G does not
satisfy the Fglner Condition. So suppose that it does. Let H = {a,b,a™,b71} and let
e =1/2. Pick K € P¢(G) such that for all s € H, |sK \ K| < ¢|K]|.

For s € H let E; = {w € G : the leftmost letter of w is s}.
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Let s € H be given. Then
S(K\E;1)CsKNE; C(KNE,)U(sK\K),

so |[K| = |KNE;-1| =K\ Egq1|=|s(K\ Es—1)| <|KNEg|+ ¢l K|
We then have
K| — |KNE,—1| <|KNE,|+¢€K]|,
K| —|KNEy-1| <|KNEy| +¢€K|,
|K| —|KNE,| < |[KNE,-1|+ € K|, and
|K| — |K N Ey| < |KNEy-1|+€K|.

Therefore 4| K| — |K| < | K| + 4¢|K| so 1/2 < ¢, a contradiction. O

I was surprised to see how easy the proof of the following theorem is.

The result was announced in [D1]. It was proved in [F], and that is the proof used

here.

Theorem 5. Let G be an amenable group with identity e and let H be a not necessarily

normal subgroup of G. Then H is amenable.

Proof. Pick o € LIM(G).

The right cosets of H partition G so we may pick A C G such that for each z € G,
|AN Hx| = 1. We may assume that AN H = {e}. (We don’t use this assumption,
but it has the pleasing consequence that fdeﬁned below is an extension of f.) Define
¢©:G — G by ¢, € AN Hz. Note that given x € G, ¢, € H.

For f € loo(H) define f € Io(G) by for # € G, f(z) = f(z¥;') and define
B(f) = a(f).

We claim that 5 € LIM(H). As in the proof of Theorem 1 we easily verify that
(1) if f € loo(H) and (Vx € H)(f(h) > 0), then S(f) > 0 and
(2) 1[Blloe = 1.

To see that § is left invariant, let f € [oo(H) and let a € H. In the rest of this
proof we will write A\, for multiplication on the left by a in H and A& for multiplication
on the left by a in G. We will show that 5(f o \,) = B(f). Note that for any = € G,
Pow = o

Let g = f o A\y. We need to show that 3(g) = B(f).

Given z € G,
§(x) = g(a®;h) = (f o M) (wpy b) = flazpyt) = flazpyt) = flax) = [o S (x).
Consequently B(f o A) = B(g) = a(g) = a( f o AG) = a( f) = B(f). 0



Theorem 6. Let (S,-) and (T,-) be semigroups.
(a) If S and T satisfy FC so does S x T.
(b) If S and T satisfy SFC so does S x T.

Proof. (a) Let H € Ps(S x T') and let € > 0. We need to show that there is some
K € P¢(S x T) such that

(V(s,t) € H)(|(s,t) K \ K| < ¢|K]|).

Let Hy = mi[H] and Hy = mo[H]. Pick Ky € Py(S) and Ky € Py(T) such
that (Vs € Hy)(|sK1 \ K1| < (¢/2)|K1]) and (Vt € Ha)(|tK2 \ Ka| < (¢/2)|K3]). Let
K = K; x K.

Let (s,t) € H. Then (s,t)K \ K C ((sK1 \ K1) x tK>) U (sK1 x (tK2 \ K2)) so

|(s,t) K\ K| < |[(sK1\ K1) xtKs| + |sK; x (tK3 \ K3)|
= |sK1 \ K| - |[tKs| + |sK1]| - [tK2 \ Ka|
< (e/2)|K1| - |Ka| + (€/2)|K1]| - | K2| = €| K] .

(b) Let H € P¢(S x T) and let € > 0. We need to show that there is some

K € Ps(S x T) such that

(V(s,t) € H)(|K\ (s,t)K| < €|K]) .

Let Hy = mi[H] and Hy = mo[H]. Pick Ky € P;(S) and Ky € Py(T) such
that (Vs € Hy)(| K1 \ sK1| < (¢/2)|K1]) and (Vt € Ha)(| K2 \ tK2| < (€/2)|K3]). Let
K= Kl X KQ.

Let (S,t) € H. Then K\(S,t)K g ((Kl \ SKl) X Kg) U (Kl X (Kz\tKg)) SO

K\ K[ < |(Ky\ sKy) X Ka| + Ky % (K3 \ b))

= |Ky \ sK1| - [Ka| + |K1| - |K2 \ tK>|
< (¢/2)|K1| - |Ka| + (¢/2)| K1| - | K2| = €| K] .

O

Theorem 7. Let I be a set and fori € I, let S; be a semigroup with a two sided identity
1; which satisfies SFC. Recall that @,.; i = {x € XerS; - {i € I : w; # 1;} is finite}.
Let S = @,y Si- Then S satisfies SFC.

Proof. For x € S let supp(x) = {i € I : x; # 1;}. To verify that S satisfies SFC, let
H € Py(S) and let € > 0. Let J = |J . supp(s). Let T'= X;c;S;. By Theorem 6(b),

T satisfies SFC. Define ¥ : T'— S by ¥(x); = { 1. otherwise
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Then ¥ is injective. For s € H let s’ € T be the restriction of s to J. Pick
K' € P;(T) such that for each s € H, |K'\ s'K’'| < €¢|K'|. Let K = ¥[K’]. Then for
se H,

K\ sK|=|K'\ sK'| < ¢|K'| =¢|K]|.
O

With a nearly identical proof, Theorem 7 holds if SFC is replaced by FC. In [D3,
(F") p. 517] the corresponding assertion of amenable (not just left amenable) semi-

groups is made.

Definition. S =@, -, G/G,.

We proved all parts of the assertion that X -, (G/G,,) is not amenable except the
assertion that () —, G, = {1}. This assertion is made in [D3, p. 517] just before (K).
We need that assertion for the next proof as well.

Modulo that gap, we have an example of countably many distinct amenable groups
whose Cartesian product is not amenable. We set out to show that S is a single amenable

group such that X - S is not amenable.
Theorem 8. S is an amenable group and X;’ilS is not amenable.

Proof. By Theorem 3 each G/G,, is an amenable group hence satisfies SFC so by
Theorem 7, S satisfies SFC so is an amenable group.

We have that X;2,5 = X2 @02 | (G/Gr) = {({(Hin)3Z1) o, -
(Vi e N)(Vn e N)(H;,, € G/G,) and (Vie N)({n e N: H; ,, # G,,} is ﬁnite}.

Define ¢ : G — X 2,8 by 9(9) = ((Hin)3Zy),-, where for i,n € N, H;,, =

gG, ifn=1
G, otherwise.
¥(g) = v (h) and suppose that g # h. Then gh~! # 1 so pick i € N such that gh=! ¢ G;.

Then ¢(g); = (Hin)ney where H; ,, = {an otherwise 204 Y(R)i = (Kin)nZ, where

Then 1) is a homomorphism. To see that 1 is injective assume that

hG, ifn=1 -
K, = { G, otherwise so gG; = hG;, a contradictiion.

Thus X ;- S contains a copy of G so by Theorems 4 and 5, X ;- S is not amenable.

O
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