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Neil Hindman * Dona Strauss !

Abstract

We investigate a notion of largeness introduced by Bergelson and
Robertson. Given a notion R of largeness in a semigroup, a set is an
almost R set if it differs from an R set by a set with Banach density zero.
We investigate almost large sets for several notions of largeness, establish-
ing the exact relationships among many of these sets for subsets of the
set N of positive integers.

1 Introduction

The notion of a subset of a semigroup which almost has a property R was
introduced by Bergelson and Robertson for R as IP* in [3] and for R as [P’ in
[4]. (See Sections 2 and 3 for the definitions of IP* and IP}, as well as IPZ,
which is mentioned later in this paragraph.) In [3, Theorem 1.6], Bergelson
and Robertson showed that a specified subset of an algebraic number field is a
translate of a set which was almost an IP* set; in [4, Theorem 1.2], they showed
that for any countable field F' and any n € N, a specified subset of F™ has the
property that there is some r € N for which the set is almost an 1P} set. In
[2, Corollary 1.7] Bergelson and Leibman showed that certain subsets of Z are
almost IPZ . In each case almost having the specified property was sufficient
to obtain combinatorial consequences.

The notions of “almost large” are based on the Banach density of a subset of
a left amenable semigroup, which we introduce now. Let (S,-) be a semigroup.
Let 1 (S) be the set of bounded real valued functions on S with the supremum
norm, denoted by || |leo- Let I50(S)* be the set of continuous real valued linear
functionals on I (S) with the dual norm ||u|| = sup{u(f) : f € lx(S) and
[lflloc < 1}. A mean on S is an element of [, (S)* such that ||u|| = 1 and
p > 0, that is, whenever g € [(S5) and for all s € S, g(s) > 0, one has that
w(g) > 0. A left invariant mean on S is a mean p such that for all s € S and
all g € 1o(9), pgo As) = p(g) where for s,t € S, A\s(t) = s-t. The semigroup
S is defined to be left amenable if and only if there exists a left invariant mean
on S.
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Definition 1.1. Let (S,-) be a left amenable semigroup, and let A C S. The
Banach density of A is defined by d(A) = sup{A(X4) : A is a left invariant mean
on S}.

The only properties of Banach density that we will use in this paper are:
(1) if d(A) = d(B) = 0, then d(AUB) = 0 and (2) if A C B and d(B) = 0,
then d(A) = 0. We note that if the semigroup S satisfies the Strong Folner
Condition (SFC), then S is left amenable. See [8, Section 3| for a detailed
introduction to SFC and historical references, including for the important fact
that all commutative semigroups satisfy SFC.

By [6, Theorem 2.15], if S satisfies SFC, and A C S, then

d(A) = sup{a € [0,1] : (VH € Ps(S)) (Ve > 0)(IK € Py(5))
(vse H)(|K \ sK|<e-|K|) and [ANK| > a-|K|)},

where P;(S) is the set of finite nonempty subsets of S.

Definition 1.2. Let (.5, -) be a semigroup. We say that R is a notion of largeness
for S provided that R is a property which may be possessed by subsets of S,
is not an R set, S is an R set, and if A is an R set and A C B C S, then B is
an R set.

Definition 1.3. Let (S,-) be a left amenable semigroup, let R be a notion of
largeness for S, and let A C S. The set A is an aR set if and only if there exists
an R set B such that d(A A B) =

The notation is intended to indicate that if A is an a.R set, then A is “almost”
an R set.

Since we are concerned in this paper with the almost large sets, all hypoth-
esized semigroups will be assumed to be left amenable.

Theorem 1.4. Let S be a semigroup, let R be a notion of largeness, and let
A C S. The following statements are equivalent.

(1) Ais an R set.

(2) There is an R set B such that d(B\ A) = 0.

(8) There exist an R set D and a set C C S such that d(C') = 0 and A = D\C.
(4) There ezists a set E C S such that d(E) =0 and AUE is an R set.

Proof. Trivially (1) implies (2). To see that (2) implies (3), pick an R set B
such that d(B\ A) =0. Let D =AU B and let C = B\ A.

To see that (3) implies (4) pick an R set D and a set C C S such that
d(C)=0and A=D\Candlet E=CND. Then D=AUE.

To see that (4) implies (1), pick a set E C S such that d(E) =0 and AUFE
is an R set. Let B= AUE. Then AAB = (A\B)U(B\A)=(B\A)CE. O



We note that if R is any notion of largeness, then a(aR) = aR. That is, if
A is an a(aR), then A is an aR set. To see this, let A be an a(aR) set and
pick an aR set B and a zero density set C such that A = B\ C. Pick an R set
D and a zero density set E such that B =D\ E. Then C UE is a zero density
set and A= D\ (CUE).

If R is a notion of largeness, there is the corresponding notion of R* defined
by the fact that A is an R* set if and only if for every R set B, AN B # 0.
Since notions of largeness are closed under passage to supersets, one has that
A is an R* set if and only if S\ A is not an R set. Also, if R and T are notions
of largeness, then (R = T) if and only if (T* = R*). When we write aR* we
mean a(R*), not (aR)*.

2 Notions of largeness

We will utilize the algebraic structure of the Stone-Cech compactification of a
discrete semigroup (5,-). We give a very brief introduction to this structure
now. For a detailed introduction see [11, Part IJ.

We let 8S = {p : pis an ultrafilter on S}, identifying the principal ultrafilters
on S with the points of S so that we may assume that S C 8S. Given A C S,
A={pepS:Acp} Wechoose {A: A C S} as a basis for the topology of
BS. Then A is the closure of A in 3S.

The operation - on S extends to an operation, also denoted -, on 8S so
that (85, -) is a right topological semigroup with .S contained in the topological
center of 3S. That is, for each p € S, the function p, : 55 — BS defined
by pp(q) = q - p is continuous and for each z € S, the function A, : 35 — 85
defined by A.(¢) = x - ¢ is continuous. Given p,q € 8S and A C S, A€ p-q
if and only if {v € S: 27 'A € q} € p, where 27 'A ={y € S:z-y € A}.
(There is no suggestion that x has an inverse. However it is true that if S has
an identity and 7! is a two sided inverse of z, then z7'4A = {z7!-a:a € A}.)

As does any compact Hausdorff right topological semigroup, 8S has idem-
potents and a smallest two sided ideal, denoted K (f5S5), which is the union of
all of the minimal left ideals of 5.5 and also the union of all of the minimal right
ideals of S. An idempotent in S is an element of K(3S5) if and only if it is
mimimal with respect to the ordering of idempotents wherein p < ¢ if and only
if p-q=¢q-p=p. Such idempotents are simply said to be minimal. Minimal
left ideals of 55 are closed. The intersection of any minimal left ideal with any
minimal right ideal is a group, and any two such groups are isomorphic.

In [8] we considered 52 notions of largeness. These began with 15 basic def-
initions, which we shall present next. Thirteen of these had distinct versions
resulting from a left-right switch. (The notions P and WP are two sided no-
tions.) And for any one of them, say R, there is the notion R*. (If the curious
reader is counting she may note that comes to 56 notions, not 52. The reason
is that we counted both thick and syndetic, while syndetic is thick*.) We will
differ in one respect from the full listing of (right) notions considered in [8]; we
will only use one version of progressions, and call it P while it was called WP



in [8].
As we define the notions, we will occasionally give equivalent characteriza-
tions. For the proofs of the equivalences (or references to the proofs) see [8].

Definition 2.1. Let (S, ) be a semigroup and let A C S.

(1) Ais a @ set if and only if there exists a sequence (z,)52 ; in S such that
whenever m < n, &, € T, - A.

(2) Ais an IP set if and only if there exists a sequence (,,)2; in S such
that FP((zn)52,) C A, where FP((z,)52;) = {I],cp®n : F € Py(N)}
and for F' € P¢(N), [[,,cr ®n is the product in increasing order of indices.
Equivalently, A is an IP set if and only if there is an idempotent p € 8S
such that A € p.

(3) AisaP setif and only if for each k € N, there exist m € N, a € S™*! and
d € S such that {a(1)d'a(2)d"---a(m)d'a(m+1) : t € {1,2,...,k}} C A.

(4) Ais a J set if and only if for each F' € Pf(NS), there exist m € N,
a € 8™ and t(1) < t(2) < ... < t(m) in N such that for each f € F,

a(1)f(t(1))a(2)f(t(2))---a(m) f(t(m))a(m + 1) € A. (Here Ng is the set
of sequences in S.)

(5) A is a C set if and only if there is an idempotent in A N J(S), where
J(S)={pepBS:(VBep)(Bisalset)}.

(6) Ais a B set if and only if d(A) > 0.

(7) Ais a D set if and only if there is an idempotent in A N A*(S), where
A%(S) = {p € S : (VB € p)(d(B) > 0)}.

(8) A is piecewise syndetic, that is a PS set, if and only if AN K(BS) # 0.

(9) Ais quasi central, that is a QC set, if an only if there is an idempotent in
ANclK(BS).

(10) A is central if an only if there is an idempotent in A N K (3S5).
(11) Ais syndetic if and only if for every left ideal L of 3S, AN L # ().

(12) A'is strongly central, that is an SC set, if and only if for every left ideal L
of 85, there is an idempotent in AN L.

(13) A is thick if and only if for each F' € P;(S) there exists z € S such that
Fz C A. Equivalently, A is thick if and only if there exists a left ideal L
of 85 such that L C A.

(14) A is strongly piecewise syndetic, that is a SPS set, if and only if there
exists H € Py(S) such that |J,,; At~ is thick.



The names Q, P, and IP come from “quotient”, “progression”, and “infinite
dimensional parallelepiped” respectively. The names C, J, B, and D have no
particular significance.

We show now in Theorems 2.2, 2.3, and 2.5 that for all but five of the notions
R that we have defined, either () is an aR set, so that «R is not a notion of
largeness, or every aR set is an R set, so that aR is not of separate interest.

We remind the reader that we are assuming that all hyothesized semigroups
are left amenable.

Theorem 2.2. Let (S,-) be a semigroup.

(a) If R is a notion of largeness for S, then 0 is an aR set if and only if there
is an R set A such that d(A) = 0.

(b) If A C S and d(A) = 0, then for any notion of largeness R for S, S\ A is

an aR* set.

(¢) If R is a notion of largeness for S, A is an R set in S, and d(A) = 0,
then S\ A is an aR* set which is not an R* set.

Proof. (a) For any A C S, d() A A) = d(A).
(b) S'is an R* set and (S\ A) AS=As0 S\ Aisan aR* set.
(c) Since A is an R set, S\ A is not an R* set. O

In [7, Theorem 2.1] it was shown that there is a subset A of N with d(A4) =0
which is a C set. Consequently, if R is any of C, J, IP, P, or Q, then 0 is an aR
set and there is an aR* set which is not an R* set. It is a consequence of the
next two theorems that C*, J*, IP*, P* and Q* are the only of the notions
that we have defined whose almost versions are distinct from them.

Recall that a notion of largenss R is partition regular provided that if the
union of two sets is an R set, then one of them is an R set.

Theorem 2.3. Let (S,-) be a semigroup and let R be a partition regular notion
of largeness for S such that every R set has positive density. Then every aR
set is an R set and every aR* set is an R* set.

Proof. Suppose A is an aR set which is not an R set. Pick an R set C' such
that d(AAC) =0. Then C C AU(C\ A). Since R is partition regular, (C'\ A)
is an R set and so d(C'\ A) > 0, a contradiction.

Suppose A is an aR* set which is not an R* set. Pick an R* set C' such
that d(A A C) = 0. Since A is not an R* set, S\ A is an R set and (S'\ A) =
(C\A)U(S\(AUC)). Since (S\(AUC))NC =0, S\ (AUC) is not an
R set. Since R is partition regular, C'\ A is an R set so that d(C \ A) > 0, a
contradiction. O

The partition regular notions considered in [8] with the property that all
sets satisfying those notions have positive density include central, QC, PS, D,
and B so each of central, QC, PS, D, B, central®, QC*, PS*, D*, and B* are
identical with their almost versions.



Lemma 2.4. Let (S,) be a semigroup and let A be a piecewise syndetic subset
of S. Then d(A) > 0.

Proof. By [6, Theorem 2.8], A*(S) is a two sided ideal of 35 so K(3S) C A*(S).
Since A is piecewise syndetic, A N K(3S) # 0 so AN A*(S) # 0. O

Theorem 2.5. Let (S,-) be a semigroup and let R be a notion of largeness for
S. Assume that for any R set C and any subset A of S which is not an R set,
AN C is piecewise syndetic. Then every aR set is an R set and every aR* set
is an R* set.

Proof. Suppose that A is an aR set which is not an R set. Pick an R set C
such that d(A A C) =0. Then A A C is piecewise syndetic so by Lemma 2.4,
d(A A C) >0, a contradiction.

Now suppose that A is an aR* set which is not an R* set. Then S\ A is an
R set. Pick an R* set C such that d(A A C) =0. Then S\ C is not an R set
so (S\A) A (S\C) is piecewise syndetic. That is, A A C' is piecewise syndetic
so d(A A C) > 0, a contradiction. O

The remaining properties considered in [8] that we have not yet determined
whether they and their almost versions agree are SPS, SPS*, thick, syndetic,
SC, and SC*. Since syndetic is thick*, it suffices now to verify that SPS, thick,
and SC satisfy the hypotheses of Theorem 2.5. For the verification for each of
these properties we will assume that (5, -) is a semigroup.

Let C' be an SPS set and let A be a subset of S which is not an SPS set.
Since C' is an SPS set, pick H € Py(S) such that (J,.; Ct™! is thick and pick
a minimal left ideal L of 55 such that L C UteH Ct—1. Since A is not an SPS
set, Uyep At~ is not thick so L\ Uey At~1 # 0. Pick p € L\ U,y At
Since p € L, pick t € H such that Ct~—! € p. Then At~! ¢ p so A ¢ pt while
C € pt and thus C' \ A € pt. Since pt € K(BS), C \ A is piecewise syndetic so
A A C is piecewise syndetic.

Let C be a thick set and let A be a subset of S which is not thick. Pick a
minimal left ideal L of 3S such that L C C. Since A is not thick, L\ A # ) so
pick p € L\ A. Then C'\ A € pso C\ A is piecewise syndetic and thus A A C
is piecewise syndetic.

Let C' be an SC set and let A be a subset of S which is not an SC set. Since
A is not an SC set, pick a minimal left ideal L of 8S such that there is no
idempotent in LN A. Since C is an SC set, pick an idempotent p € LNC. Then
C\ AepsoC\ A is piecewise syndetic and thus A A C' is piecewise syndetic.

We have established that if R is any of C*, J*, IP*, P*, or Q*, then in
(N, +) there is an aR set which is not an R set. If R is any other of the notions
we have defined, then in any (left amenable) semigroup, either {) is an aR set
or any o set is an R set.

Lemma 2.6. Let (S,-) be a semigroup, let R be a notion of largeness for S,
and let A be a B* set in S. Then A is an aR* set.



Proof. Since A is a B* set, S\ A is not a B set so d(S\ A) = 0. Then S is an
R* set and d(A A S)=0so0 A is an aR* set. O

We note now that if S is commutative, then the notions aP* and aJ* are
each equivalent to B*.

Theorem 2.7. Let (S, ) be a commutative semigroup and let A C S. The
following statements are equivalent.

(1) A is an aP* set.
(2) Ais an aJ* set.
(3) Ais an aB* set.
(4) A is a B* set.

Proof. Tt was established in [8] that in commutative semigroups (B = J) and
(J = P) so (1) implies (2), and (2) implies (3). By Theorem 2.3, (3) and (4)
are equivalent. By Lemma 2.6, (4) implies (1). O

3 IP, sets and SIP, sets

In [4], following [5], the authors define an IP, set as a set which contains
FS((ay)j—1) = {Xiepme : 0 # F C {1,2,...,r}} for some (z;)j_;. (If the
operation is denoted by -, then FP({(x;)}_;) is defied analogously.) In [1], an
I P, set is defined as one which, whenever it is finitely colored, there is monochro-
matic FS((z¢)f_,) for some (z;);_;. These are different notions so we introduce
separate terminology.

Definition 3.1. Let (S,-) be a semigroup, and let A C S.

(1) For r € N, A is an IP, set if and only if there exist x1,x2,...,2, in S
such that FP({(z:);_;) C A.

(2) For r € N, Ais an SIP, set if and only if whenever A is finitely colored,
there exist 1,2, ..., 2, in S such that FP({z;)j_;) is monochromatic.

(3) Ais an IP, set if and only if A is an IP, set for every r € N.
(4) ForreN, S,.(S)={pe pBS: (VA€ p)(Aisan IP, set in S)}.

Note that if A is an I P, set, then it is also true that for each n € N, A is
an STP, set; given r and n in N a standard compactness argument establishes
that there is a sufficiently large k so that whenever an [P} set is r-colored,
there is a monochromatic I P, set. (See [11, Section 5.5] for an introduction to
compactness arguments.)

The notation S, is from [10], where it was noted that for each r € N, S,.(N, +)
is a compact subsemigroup of (SN, +) containing the idempotents.

By Theorem 2.2, if R is any of the notions in Definition 3.1, then @ is an aR
set and there is an aR* set which is not an R* set.

We establish now some algebraic facts about S,.(.5).



Theorem 3.2. Let (S,-) be a semigroup and let r € N\ {1}.

(a) S-(S) is a compact subset of (3S,-) containing the idempotents, S.(S) =
{{p € BS: (VA € p)(A is an SIP, set in S)}, and for every A C S, A is
an SIP, set in S if and only if AN S,.(S) # 0.

(b) If S is commutative, then S,.(S) is a subsemigroup of 5S.

Proof. (a) Trivially S,.(S) is compact. If p is an idempotent in S, then every
member of p is an I P set, hence an I P, set. Let p € S,.(S) and let A € p. To see
that A is an STP, set, let A be finitely colored. Then one color class is a member
of p, hence an I P, set. The final conclusion is an immediate consequence of [11,
Theorem 3.11] and the fact that STP, is a partition regular property.

(b) Assume that S is commutative, let p and ¢ be members of S,.(S5), and
let A €p-g Then {z € S:27'A € ¢} € p so pick (y)j_; in S such that
FP({y)i_y) C{zr e S:axtAeq}. Let B={z 4 :2 € FP({y)}_1)}
Then B € ¢ so pick (z)j_; in S such that F'P((z);_,) C B. Then
FP((ye - 21)i=1) € A. O

Theorem 3.3. (a) For everyn € N\ {1}, nN is an SIP5 set in (N,+), hence
an SIPY set for every m > 2 in N.

(b) For every r € N\ {1}, S, (N, +) is an ideal of (BN, ). In particular, every
piecewise syndetic subset of (N, ) is an I P, set in (N, +).

Proof. (a) Let n € N. Then N\ nN = U?;ll(nN —¢) and for each
i€{1,2,...,n—1}, nN — 4 does not contain any {z,y,z + y}.

(b) Let r € N\ {1}, let p € S (N, +), and let ¢ € SN. First let A € ¢-p. Pick
a € N such that a1 A € p and pick (z;);_; in N such that F'S((x;)}_;) C a 1A.
Then F'S({az:)j—;) C A.

Now let A € p-gandlet B = {x € N: 2714 € ¢}, Then B € p so pick
(w;)7_; in N such that FS((z),_,) C B. Picka € {y *A:y € FS({(x)i_,)}.
Then FS({(z:a);_;) C A.

For the “in particular” conclusion, let A be a piecewise syndetic subset of
(N,:). Then AN K(BN,-) # 0. For each r € N\ {1}, K(8N,-) C S,(N,+) so
AN S,.(N,+) # 0 and so Theorem 3.2(a) applies. O

Theorem 3.4. If (S,-) is a left cancellative semigroup, and A is a Q set in S,
then A is an SIP; set.

Proof. Assume that A is a @ set and choose a sequence (s,)%; in S with
Sm € Sp - A whenever n < m. For each such n < m let t, , be the unique
member of A such that s,, = s, -ty m. Given F C A, let B(F) = {{n,m} n <
m and t, , € F} Given a finite partition F of A, one has that {B(F') : F € F}
is a finite partition of the set of two element subsets of N, so pick by Ramsey’s
Theorem k < n < m and F € F with {k,n}, {k,m},{n,m} € B(F). Then
Sm = Sn tnm = Sk " thn tnm and Sy = Sk - thm and SOty =tk - tnym. O



We see now that one cannot weaken the assumption of left cancellation in
Theorem 3.4 to weakly left cancellative, even if one adds the assumption of
commutativity.

Theorem 3.5. There exist a countable, commutative, and weakly cancellative
semigroup (S,*) and a @ set A C S such that A is not an SIPy set. In fact,
there do not exist X and Y in S such that X xY € A.

Proof. Let S = P¢(N) and for X,Y € 5, let X *Y = {max(X UY)}. Given
XY, Ze S, (XUY)UZ=XU(YULZ), so *is associative. It is easy to verify
that for U,V € S, {X € S: U x X =V} is finite, so S is weakly cancellative.
Let A={X € S:|X| =2} Then for any X, Y € S, XY ¢ A. To
see that A is a @ set, let for each n € N, X,, = {n}. If m < n in N, then
X, =Xm*{l,n} and {1,n} € A. O

Note that the proof of Theorem 3.5 works equally well if S = {X € P;(N):
| X | < 2}, in which case the sizes of some of the solution sets are reduced.

We turn our attention now to characterizing aR* sets for partition regular
notions of largeness.

Definition 3.6. Let S be a semigroup and let R be a notion of largeness.
(a) B ={B C S:Bisan R* set in S}.
(b) Mp=({E:E € Bgr}.

Lemma 3.7. Let R be a partition reqular notion of largeness im a semigroup

S.
(a) Br is closed under finite intersections.
(b) For all BC S, B is an R set if and only if BN Mg # ().
(c) For all BC S, B is an R* set if and only if Mr C B.

Proof. (a) Let B and C be R* sets. If BN C ¢ Bg, then S\ (BNC) =
(S\B)U(S\ ) is an R set so either (S\ B) or S\ C is an R set.

(b) Necessity. Assume B is an R set. If C € By, then CNB # § so it follows
from (a) that Br U {B} has the finite intersection property so pick p € 8S such
that Br U {B} C p. Then p € BN Mg.

Sufficiency. Assume that BN Mg # () and pick p € BN Mpg. Then S\ B ¢ p
so S\ B ¢ Bg so B is an R set.

(c) Since Mg C B if and only if S\ BN Mg = 0, this follows from (b). O

Theorem 3.8. Let S be a semigroup, let R be a partition regular notion of
largeness, and let A C S. Then A is an aR* set if and only if A*(S)NMpg C A.



Proof. Necessity. Assume that A is an aR* set and let ¢ € A*(S) N Mp. Pick
by Theorem 1.4(4), C' C S such that d(C) = 0 and AU C is an R* set. Since
q€ Mg, AUC € q. Since g € A*(S), C ¢ q. So A€q.

Sufficiency. Assume that A*(S) N Mr C A. We claim that there is some
E € Bg such that A*(S)NE C A. Suppose not, and for E € Bg, let Cp =
A*(S)yNENS\ A. Then {Cg : E € Bgr} is a collection of nonempty compact
subsets of 3S which is closed under finite intersections by Lemma 3.7(a). So
0 # Ngep, Cr = A*(S)NMpN S\ A, contradicting the fact that A*(S)NM C
A.

So pick E € Bg such that A*(S)NE C A and thus E\ ANA*(S) = 0. Thus
d(E\ A) =0 so by Theorem 1.4(2), A is an aR* set. O

We will be concerned in the next section with determining which notions of
largeness imply which other notions.

Theorem 3.9. Let R and T be partition regular notions of largeness in a semi-
group S. The following statements are equivalent.

(1) Every T* set in S is an aR* set.
(2) A*(S)N Mg € My.

Proof. (1) implies (2). Assume that every T™* set in S is an aR* set, let p €
A*(S) N Mg and suppose that p ¢ Mp. Since Mr is compact, pick B € p such
that BN My = (). Then M7 C S\ B so by Lemma 3.7(c), S\ B is a T* set so
by assumption S\ B is an «R* set. Then by Theorem 3.8, A*(S)NMpr C S\ B.
But then S\ B € p, a contradiction.

(2) implies (1). Assume that A*(S) N Mg C Mr and let A be a T* set. It
suffices by Theorem 3.8 to show that A*(S) N Mg C A so let p € A*(S)N Mg
and suppose that p ¢ A. Then S\ A € p and since A*(S)N Mg C Mz, p € Mr
so S\ AN Mr # 0 so by Lemma 3.7(b), S\ A is a T set so A is not a T* set, a
contradiction. O

Given p € BN, —p € (Z is defined to be the ultrafilter on Z generated by
{-A:Aep}

Lemma 3.10. Letp € K(SN) and letr € fN. Then —r+p € K(BN) C A*(N).

Proof. By [11, Exercise 4.3.5] —r +p € N*. By [11, Exercise 4.3.8], K(pN,+)U
—K(AN,+) = K(BZ,+) so —r +p € K(BZ,+)NN* = K(BN,+). By [6,
Theorem 2.8] A*(N,+) is an ideal of (BN, +) so K (8N, +) C A*(N, +). O

In the proof of the following theorem we use the algebraic structure of
(AN, +) and of (ON;,-).

Theorem 3.11. Let A C N and assume that for every minimal idempotent
p€ (BN,+), A€ —p+p. Then A is [P, in (N,+) and for any C C N such
that d(C) =0, (N\ A)UC is not IPX, in (N,+).
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Proof. Pick a minimal idempotent p € (8N, +) and let D = {—sp+sp: s € N}.
By [11, Lemma 5.19.2] for any s € N, sp is a minimal idempotent in (8N, +) so
cfD C A. We claim that ¢D is a left ideal of (AN, -). To see this, let ¢ € ¢/D,
let r € BN, and let B € r - q. Pick € N such that 7 'B € ¢q. Pick s € N such
that —sp+sp € z=1B. Then 27 'B € —sp+ sp so B € x(—sp+ sp) and by [11,
Lemma 13.1] z(—sp + sp) = x(—s)p + xzsp. It is an easy exercise to show that
x(—8)p = —(zs)p so —xsp+xsp € DN B.

Since ¢fD is a left ideal of (ON,.), pick ¢ € ¢/D N K(BN,-). Then ¢ €
cfD C A. Given s € N, sp € K(pN) so by Lemma 3.10, —sp + sp € A*(N) so
D C A*(N).

For cach m € N\ {1}, S,(N) = {g € AN : (VE € 0)3(ae) ) (FS((ze)fy) €
E)}. By [10, Theorem 4.3] each S,,(N) is an ideal of (8N, ) so ¢ € K(AN,-) C
Moo Sm(N). Since g € ,°_y Sm(N), every member of ¢ is an TP, set in
(N, +) and in particular A is an P, set.

For the second conclusion of the theorem, let C' C N such that d(C) = 0,
and suppose that (N\ A)UC is IP%, in (N,+). Then (N\ A) UC meets every
member of g so (N\A)UC € q. Bt N\ A ¢ gand since g € A*(N,+),C ¢ ¢q. O

4 Implications among notions of largeness

Given notions of largeness R and T for subsets of a semigroup S, we will abbre-
viate the statement “if A is a subset of S and A is an R set in .S, then Aisa T
set in S” by writing “R implies 7.

Figure 1 shows implications involving the almost versions of all of the notions
of largeness R that we have been considering for which (} ¢ R and aR # R,
as well as B* and D*. The only known implications that are missing from the
diagram are the facts that R* implies aR* for R as IP,, SIP,,, and I P,,.

All of the implications in Figure 1 follow from implications that were estab-
lished in [8] or in results presented earlier in this paper. For the implications
involving D*, we have that I P* implies D* so al P* implies aD* which is equiv-
alent to D*. Similarly, if S is commutative, then C* implies D* so aC* implies
D*.

11



| Implication valid for B* SIP; -~ IP2*
IS left cancellative J l
' /

al Py —aSIPy SIP;~—1P;3

alP} —aSIP} /

\ Q* 1Pz,
N
ol Pz, aQ* IP* P

V Implication known \ l / l

Vo hold if S is al P*

\/ commutative. l><

\
v
V

CH ~—J"

AN

aP
§><
\/

aC*>>>>D*<—DB*<<<<aJ*

Figure 1
| Implication valid B*
| for S cancellative
\{
alP; ZvaSIP;
alP} —aSIP}

/

Q*

\

SIP;~—IP;

s

SIP;~—1IP;

e

1Pz,

Nk i i
S
P

(S commutative)
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Figure 2 is Figure 1 under the assumption that S is commutative (in which
case aP* and aJ* both disappear because they are the same as B* and the
fact that ol P* implies D* is omitted since it follows from the facts that ol P*
implies «C* and aC* implies D*).

In Figure 3 we display the implications that are known to hold among SIP;;,
SIPy, IP, I[Py for aSIP}, aSIP}, alP}, and al P} for 1 <m <nin N.

SIP:, ~ 1P}

<

aSIPY <— alPY

l

aSIP: «— oIP}

SIP; ~ 1P}
Figure 3

All of the implications listed in Figure 3 hold trivially. Note that B* appears
twice in Figure 2, so, for example, the fact that P* implies a@Q* follows from
the implications shown in Figure 2.

Theorem 4.1. Let R and T be notions of largeness in a semigroup S. The
following statements are equivalent.

(1) Every R* subset of S is an aT* set.
(2) Every aR* subset of S is an oT* set.

Proof. That (2) implies (1) is trivial. To see that (1) implies (2), assume that
(1) holds and let A be an aR* set in S. By Theorem 1.4(3), pick an R set B
and a subset C of S such that d(C') =0 and B= AUC. Since B is an R* set,
B is an oT™* set so pick a T set D and a subset E of S such that d(F) = 0 and
D=BUE. Then B=AU(CUE) so Aisan aT* set. O

Theorem 4.2. Let R be a notion of largeness for a semigroup S. If there is
an R subset A of S such that d(A) = 0, then for any notion T of largeness in
S, S\ A is an oT* which is not an R* set. In particular, if R is any of C, J,
IP, P, Q, IP.,, or IP, or SIP, for somen € N\ {1}, then for any notion of
largeness T', oT™* does not imply R* in (N, +).

Proof. Pick such A. By Theorem 2.2(b), S\ A is an aT* set. For the “in
particular” conclusions, all follow from the fact shown in [7, Theorem 2.1] that
there is a C set in N which has density 0. O

In the remainder of this paper we set out to determine, as far as possible,
whether any of the missing implications in Figures 2 or 3 are valid in (N, +).
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Theorem 4.3. Let r € N\ {1,2}. Then rN is an IPF set but not an ol P}
set.

Proof. To see that rN is an TP’ set, let (x;);_; be a sequence in N. For each
te{1,2,...,r} pick sy € {0,1,...,r — 1} such that 22:1 x; = 8¢ (mod r). If
any s; = 0, we are done so assume that each s; € {1,2,...,7 — 1}. Pick j < ¢
in {1,2,...,r} such that s; = s;. Then Z§=j+1 z; € TN

Suppose rN is al P} and pick subsets B and C of N such that B is IP}_;,
d(C) =0, and TN =B\ C. Forn € wand t € {0,1,...,r — 2} let z,;, =
r(r — n+tr + 1 and let K, = FS((x,+);=3). Since B is IP’_,, for each
n € w, K, N B # (. Note that if § # F C {0,1,...,7 — 2}, then ), pan; =
|F'| (mod r). In particular, for each n € w, K, N\*N = (. Further, if z € BN K,
then z € C, since otherwise, z € B\ C = rN.

Next we note that if m < n in w, then K,, N K,, = 0. To see this let
F,G € P¢({0,1,...,7 — 2}) and suppose that ), pTmt = D ,cq Tnt. Then
|F| =3 1cr Tmit = D ieq Tt = |G| (mod 7) so |F| = |G].

Let [ = [F|. Then ) ,cp@mi < lZmyr—2 = Ir(r —1)m +I(r — 2)r + 1 and
Doea Tt = D oieq Tmatt > Tmyr0 = Ur(r —=1)(m+1) +1) =Ir(r — 1)m +
Ir=1)r+150,cpTmt <D icqZn,t, a contradiction.

73 —3r? +4r —2

Let m € N. Note that max K,,, = (r — 1)%rm +
Nowm+1<|CnU" K, <|CN{L,2,...,max K,,}| so

|ICN{1,2,...,max K, }| > -max K, .

1
(r—1)2r
Thus the upper asymptotic density of C' is at least m so d(C) > T @
contradiction. O

Lemma 4.4. Let
A=N\({2>"+m2"+1:mneNandm <n}U{}, 2" : F e P;(N)}).

Then A is a J* set in N and is neither a P* set nor an IP* set.

Proof. Let B ={2?"+m2"+1:m,n € Nand m < n} andlet C = {}° _2*":
F € P;(N)}. Since B is a P set and C is an IP set, A is neither a P* set nor
an IP* set. By [9, Lemma 4.3, B is not a J set. Since C' does not contain any
three term arithmetic progressions, C' is not a P set so not a J set. Since J is
a partition regular notion by [11, Lemma 14.14.6], B U C is not a J set so A is

a J* set. O
Lemma 4.5. There is a subset of N which is a Q* set and is not an IPZ, set.

Proof. Choose a sequence (B,,)>2 in P;(N) such that for each n € N, |B, | =n
and max FS((2")ep,) < min FS((2")ep,,,). Let A = Up_; FS((2") e, )
Then A is an TP, set. We claim that A is not a @ set, so that N\ A is as
required by the lemma.
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Suppose instead we have a sequence (x,)2; in N with {x,, — 2, : n,m € N
and m < n} C A. Notice that (z,)52 is increasing. Pick n € N and nonempty
F C By suchthat zo—21 = ), 2t. Pick m € Nsuch that z,, > xﬁ—EteE" 2t
Pick k € N and nonempty G C By, such that x,, —zo = > ,.;2". Then
e > xm > Y, cp 2 so k > n. Therefore FNG = 0 so , — 21 =
Sieruc 2t ¢ A, a contradiction. O

We now set out to show in Theorem 4.15 that IP* does not imply a@* in
(N, +).
Definition 4.6. Given z € N, m(x) is the number of blocks of 1’s in the binary

expansion of z. We let (a;(z ))m(x) and (5;(2))"™) be the increasing sequences in
w defined by x = me Et o, ( )2 2t where for i > 1 (if any) a;(z) > §_1(x)+1.

Thus «;(z) and J;(z) are respectively the start and end positions of the ith
block of 1’s in the expansion of .

Definition 4.7. Define f : N — {0,1} by f(z) = m(z) (mod 2) and let
f: BN — {0, 1} be the continuous extension of f.

Lemma 4.8. Let A be a subset of N. A is a Q set if and only if A€ —p+p
for some p € N*.

Proof. First assume that p € N* and that A € —p+p. Let B={z e N:a2+A¢€
pt. Then B €p. So,if C={zx e N:xz+ A€ p} e p, then C € p. Choose
z1 € C. Given n € N, having chosen (z;)_; in C, pick z,11 € CN(j_; (z¢+A).
Then (x,)52 , is as required for A to be a Q set.

Now assume that A is a @ set. Choose (r,)22; such that z,, € z,, + A
whenever m < n. Let p be any member of N* such that, for every m € N,
{=Zm +x, :n €Nand n >m} € p. Then —xm—&-pEZfor every m € N, and

SO —p+p € A. O
The following corollary is immediate.
Corollary 4.9. The property of being a Q subset of N is partition reqular.

Corollary 4.10. A subset A of N is a Q* set if and only if A € —p+ p for
every p € N*.

Proof. Suppose that A is a Q* set. If p € N*, every member of —p +p is a @
set, by Lemma 4.8. So A meets every member of —p+ p and hence A € —p+ p.

Now suppose that A is a member of —p + p for every p € N*. If B is a
@ subset of N, B is a member —p + p for some p € N*, by Lemma 4.8. So
AN B # 0. O

Corollary 4.11. In the case in which S =N, Mg = clgn({—p+p:p € N*}).

Proof. By Corollary 4.10, clgn({—p +p : p € N*}) C Mg. For the reverse
inclusion, assume that ¢ € M,, suppose that ¢ ¢ clan({—p+p:p € N*}), and
pick E € ¢ such that EN{—p+p:p € N*} = (). By Corollary 4.10, N\ E is a
Q* set so ¢ € N\ E, a contradiction. O
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Lemma 4.12. Let p be an idempotent in SN. Then f(p) = 0 and for each
reN, {x e N:m(z) >r}ep.

Proof. Let A = {z € N: f(z) = 1} and suppose that f(p) = 1. Then A € p
sopick x € A* ={zx € A: —x+Acp} Let k= 6,)(r). Then 282N € p
so pick y € 22NN AN (—z + A). Then f(z +y) = f(z) = f(y) = 1 while
m(z +y) = m(z) + m(y), which is impossible.

For the second assertion suppose we have some r € N such that B = {z €
N:m(z) =r} € p. Pick € B such that —x + B € p and pick y € (—x 4+ B) N
2m(@)+2N, Then m(z + y) = m(y) + 7. O

Lemma 4.13. Let Jy={x € N: §1(z) = a1(x)} and let J; = {x € N: §;(x) >
ai(z)}. Let x,y € N and assume that ay(y) > Opmz)(v) +2, m(x) > 4, and
m(y) > 4. If v,y € Jo, then m(y —x) = m(z) + m(y) — 1. If z,y € J1, then
m(y —z) = m(z) +m(y) + 1.

Proof. For ¢ € {1,2,...,m(z)} let a; = o;(z) and let b; = 6;(z). For i €
{1,2,...,m(y)} let ¢; = a;(y) and let d; = §;(y).

Assume first that x,y € Jy. For i € {1,2,...,m(z) + m(y) — 1} define e;
and f; as follows:

€1 = ay andflzagfl.

Forie {2,3,...,m(z) —1},e; =b; + 1 and f; = a;41 — 1.

Cm(z) = bm(x) + 1 and fm(z) =c — 1.

For i € {2,3,...,m(y)}, ema)+i—1 = ¢ and fr,(z)i—1 = d;.

Then Ziwi(lvam(y)—l fi ot _

t=e;
as—1 m(x)—1 a;11—1 c1—1 m(2 d;
tial 2"+ Zi:(2) t:t71+1 2+ Ztlzbmmﬂ 2"+ Zi:(:;j) Zt:ci 2=y-ua
Since for each i € {1,2,...,m(x) + m(y) — 2}, fi + 1 < ei+1, we have that
m(y —z) = m(z) + m(y) — 1 as required.

Now assume that z,y € J;. For i € {1,2,...,m(x) + m(y) + 1} define e;
and f; as follows:

€1 = ay and f1 =aj.

Forie {2,3,...,m(z)},e;=b;—1+1and f; =a; — 1.

Cm(z)+1 = bm(r) +1 and fm(z)+1 =c — L

Cm(z)+2 = C1 + 1 and fm(m)+2 = d;.

For i€ {2,3,....,m(y)}, ema)+it1 = ¢ and fr(o)1it1 = di.

Then Z;V;(lvam(y)H Zf ot _

t=€i
m(x a;—1 c1—1 d m d;
20 ) M 2 e 2 D 2 L 2 =y
Since for each i € {1,2,...,m(z) + m(y)}, fi + 1 < €11, we have that
m(y —x) = m(z) + m(y) + 1 as required. O

Lemma 4.14. Let A= {z € N: f(z) = 1} and let p be an idempotent in SN.
Then A € —p + p.

Proof. Let Jy and J; be as in Lemma 4.13 and pick ¢ € {0, 1} such that J; € p.
By Lemma 4.12 {z € J; : m(z) is even and m(x) > 4} € p. We claim that
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{z € J; : m(z) is even and m(z) > 4} C {# € N: 2+ A € p} which will
suffice. So let x € J; with m(z) even and m(z) > 4. Recalling that 2*N € p
for each k£ € N, we have that C = {y € J; : m(y) is even, m(y) > 4, and
a1(y) > Om() +2} € p. To see that C C 2 + A, let y € C. By Lemma 4.13,
m(y —x) is odd so y € x + A. O

Theorem 4.15. Let B={z € N: f(z) =0}. Then B is IP* and is not aQ™.

Proof. By Lemma 4.12, B is IP*. Pick an idempotent p € K(SN) and let
g = —p+p. By Lemma 4.14, B ¢ q. By Lemma 3.10 ¢ € A*(N). By Lemma
4.8 if F is a Q* set, then F € q. By Theorem 3.8, B is not an a@Q™* set. O

Theorem 4.16. Let B = {z € N : f(x) = 0}. Then B is IP* and is not
ol P,

Proof. By Lemma 4.12, B is IP*. By Lemma 4.14, for every idempotent p € SN,
N\ B € —p + p. Suppose that B is al P, and pick by Theorem 1.4(4) C C N
such that d(C') =0 and BUC' is I P.,,. This contradicts Theorem 3.11. O

The equivalences in the following questions are consequences of Theorems
4.1 and 3.9.

Question 4.17. (1) Does Q* imply ol Pk, in N? FEquivalently does aQ*
imply ol P%,, in N? Equivalently is A*(N) N Mrp_, C Mq?

(2) Does C* imply alP* in N? FEquivalently does aC* imply oI P* in N?
Equivalently is A*(N)NM;p C Mc?

(8) Does IP%,, imply a@Q* in N? Equivalently does o P%,, imply aQ* in N?
Equivalently is A*(N)N Mg € Mp_, ?

(4) Let m € N\ {1,2}. Does IP}, imply aQ* in N? Equivalently does ol P},
imply a@Q* in N?

(5) Letm € N\{1,2}. Does SIP} imply aQ* in N? Equivalently does aSIP},
imply aQ* in N? Equivalently is A*(N)N Mg C Mgrp,, ?

(6) Let m € N\ {1}. Does Q* imply aSIP}, in N? Equivalently does aQ*
imply aSIPY in N? Equivalently is A*(N) N Mgrp, C Mg?

(7) Letm € N\{1}. Does IP% , imply aSIPy, in N? Equivalently does ol PX,
imply aSIP, in N? Equivalently is A*(N) N Mgrp, C Mip_,?

(8) Letm,n € N withl <m <n. Does [P} imply aSIP}, in N? Equivalently
does al Py imply aSIP}, in N?

(9) Let m,n € N with 1 < m < n. Does SIP} imply «SIP}, in N? Equiva-
lently does aSIP} imply aSIPY in N? Equivalently is A*(N)N Msrp,, C
Msip, ?

(10) Does D* imply aC* in N? Equivalently is A*(N) N Mg C Mp?
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Note that the parts of Question 4.17 are not independent. For example if
Question (7) has a positive answer then so do Questions (8) and (9).

Theorem 4.18. Question 4.17 contains all of the things that are not known
about implications among the notions listed in Figures 2 and 3 for subsets of N.

Proof. We divide the notions from Figures 2 and 3 into two sets. Let
I' ={Q*, aQ*, IP*, alP*,C*,aC*,IP: ,, ol P, P*, J*, B*, D*}, and let
O =U _o{SIP:, aSIP}, 1P}, al Pk},
We present four tables, namely I' x I', © x I', ' x ©, and © x O.
If R and T are notions of size, then the entry in row R* and column 7™ of
one of these tables is

(i) + if the fact that R* implies 7" in N follows from the fact that IPZ
implies af P, and the implications shown in Figures 2 and 3;

(ii) X, where X is a capital letter referring to an example showing that R*
does not imply 7" in N; or

(iii) @Qn, where the question whether R* implies T* is Question 4.17(n).
We begin now the listing of the examples.

A) By Lemma 4.5 there is a subset A of N which is @Q* and not IP% . Then
<w
A is also aQ*, IP*, alP*, C*, aC*, and D* and A is neither IP} or
SIP?* for any m € N\ {1}.

(B) Given z1 x5 in N, {x1, 29,21 + 22} N2N #£ (). So the set 2N satisfies all of
the listed notions except P*, J*, and B*.
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I'xT

Q* |aQ* [IP* |aIPC* |aC* IP*w?P*wP* J* |B* |D*
Q* |+ |+l +|+|+|+]|A|Q|B|B|B|+
aQ* | C |+ | C| +|C| +|A| Q1| B| B| B| +
P D|D|+ |+ |+ |+ | A|E|B|B|B|+
alPfC | D|C|+|C|+|A|E|B|B|B|+
¢ |pD|D|F|@Q|+|+|A|E|B|B|B|+
oc*| Cc | D|C|@Q|C|+|A|E|B|B|B|+
Pl G|l Q3| + |+ |+ |+ | +|+|B|B|B|+
?P*w cl@glc|+|c|+|c|+|B|B|B|+
P | H| + | H|+ |+ |+ | H|+ |+ |+ |+ ]|+
J* | H| + +l+ |+ | H|+|F|+|+]|+
B* |H| + | H|+ | I |+ |H|+|F|TI|+]|+
D |pD|D|F|J |1 |1 |J|B|B|B|+

(C) By Theorem 4.2, for any notion of largeness T, oT* does not imply any
of Q*, IP*, C*, IP% ,, or IP} or SIP} for any m € N\ {1}.

w?

(D) By Theorem 4.15 there is a subset of N which is P* and not a®*. This
set is also al P*, C*, aC*, and D* and is also not Q*.

(E) By Theorem 4.16 there is a subset of N which is IP* and therefore af P*,
C*, and aC” and is not alPZ_, and therefore not aSIP;, for any m €

N\ {1}
(F) By Lemma 4.4 there is a subset of N which is J* and neither P* nor I P*.

This set is also C*, B*, and D* and is also neither of I P} or SIPy for
any m € N\ {1}.

(G) The set {22" —22™ : m < n in N} is a Q set and it is easy to see that it is
not an IP3 set. So N\ {22" —22™ :m < n in N} is I P;, hence also [P,
and IP}, and SIP} for m > 3, and is not Q*.
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OxI',m>2

QR* |aQ* |IP* |alPYC* |aC* IP*W?P*WP* J* |B* |D*
i+ |+ |+ ]|+ |+ |+ |+ |+ | B| B|B| +
alP ¢ | +|c|l+|c|+|c|+|B|B|B]|+
w6l loal v+ |+ |+ |+ | +|+|B|B|B|+
alPl Ccloalc |+ || +|c|+|B|B|B]|+
stPyl + |+ |+ |+ |+l +|+|+|B|B|B|+
gIPz* cl+|lcl+|cl+|c|+|B|B|B|+
SIPH G | Q5| + | + | + | + | + | +| B | B| B | +
gIP* cl|l|Cc |+ | C |+ ]| C |+ | B|B|B]| +

(H) The set {3, cp2%" : F € Py(N)} is an TP set which contains no 3 term

@

arithmetic progression so its complement is P*, hence also J* and B*, and

not IP*, hence not @, not IPZ ,, and neither I P}, nor SIP}, for m > 2.

By [7, Theorem 2.1] there is a subset A of N which is a C set such that
d(A) =0. So N\ A is B*, hence D*, and is not C*, hence not IP%, and
not J*.

In [12, Theorem 3.1], a subset A of N was produced which is not a D set
in Z, hence not a D set in N, and for each E C Z with d(E) =0, A\ E is
an TP set in Z, hence in N. Then N\ A is a D* set. Given £ C N with
d(E) =0, A\ E is an IP set missing (N\ A) U E so by Theorem 1.4(4),
N\ A is not an ol P* set, hence also not alP%, and neither ol P}, nor
aSIPy for any m > 2.

m

Let 1 < m < n. By [10, Corollary 3.8] there is a set A C N which is STP,,
and not I P41 so not IP,. Then N\ A is IP}, hence SIP} and IPZ ,
and not SIP} hence not IP},.

Let 1 < m < n. By Theorem 3.3(a), (n+ 1)N is SI Py, hence all of SIP},
SIPY, aSIPY, aSIPY, Q*, aQ*, IP*, alP*, C*, aC*, IP%,, and alPZ,.
By Theorem 4.3 (n + 1)N is not al P} hence also not alP};,.

Let 1 < m < n. By Theorem 4.3, Nn is IP}, hence SIP}, alP}, and
aSIP}, but not alP)_,, so not al P}

n’ m*
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'k, m>1

1P |aIP:| SIP; gIP;:

Q" | A| L | A|qgs
aQ*| c| L | C|Q6
| A|L | A|E
aIP C | L | C|E
cr | A|lL | A|E
«c*| Cc|L | C|E
Pr| K|L | K|Qr
(0%

px| c|L | C|Qr
P | H| +| H| +
J | F| +| F| +
B | F| +| F| +
D | A| J| A|l J

(N) Let 1 < m < n. Then FS((2%)™,) is I P, and not SIP, and FS((2*)1,)
is 1P, and not SIP,. So so N\ FS((2%!)/,) is SIP;, hence SIP}, and
not IP}. And N\ FS((22)) ) is SIPy, hence SIP}, and SIP;}, and not
IPx.
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OxO,1<m<n

a 1o’
IP! |alP:|SIP:SIP:IPY |oIPt|SIP!|SIP;
o+ |+ |+ |+ ]+
alPr| C + C + C + C +
SIP:| N |L + + N | L + +
o
SIpP:| C |L C + C | L C +
1P K| M| K |Q8 + + + +
alPF| C | M| C |@Q8 | C + c +
SIP| K | M| K |[Q9 | N |L + +
a
SIpPx| C M| C |Q9 | C |L C + 0
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