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Abstract. Let a finite partition F of the real interval (0,1) be given. We show that
if every member of F is measurable or if every member of F is a Baire set, then one
member of F must contain a sequence with all of its finite sums and products (and, in
the measurable case, all of its infinite sums as well).

These results are obtained by using the algebraic structure of the Stone-Cech com-
pactification of the real numbers with the discrete topology. And they are also obtained
by elementary methods. In each case we in fact get significant strengthenings of the
above stated results (with different strengthenings obtained by the algebraic and ele-
mentary methods).

Some related (although weaker) results are established for arbitrary partitions of
the rationals and the dyadic rationals, and a counterexample is given to show that even
weak versions of the combined additive and multiplicative results do not hold in the
dyadic rationals.

1. Introduction.

The Finite Sums Theorem [8, Theorem 3.1] says that whenever the set N of positive
integers is partitioned into finitely many classes, one of these classes must contain a
sequence together with all of its finite sums taken without repetition. As an immediate
corollary one obtains the corresponding statement for a sequence with all of its finite
products. That is, whenever N is partitioned into finitely many classes, one of these
classes must contain a sequence together with all of its finite products. (Simply consider
the powers of 2.) For some time it was an open question as to whether or not one could
always get in one cell of a partition of N a sequence with all of its sums and products.
(This question was answered in the negative in [10].)

The Finite Unions Theorem [8, Corollary 3.3] is equivalent to the Finite Sums

Theorem: it states that whenever the finite nonempty subsets of N are partitioned into
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finitely many classes, one of these classes contains all finite unions of some sequence
(F)5%, of pairwise disjoint sets. By way of the Finite Unions Theorem, one easily
sees that similar statements hold in the real interval (0,1). That is, whenever (0,1)
is partitioned into finitely many classes there must exist a sequence (x, )52 ; with all
of its finite sums in one class and there must exist a sequence (y,)5° ; with all of its
finite products in one class (possibly a different class). (See, for example, [11, Lemma
3.8].) The question as to whether or not the sequences (z,)52; and (y,)52; can be
chosen to be the same remains open. In Section 5 of this paper we are able to answer
the restriction of this question to the dyadic rationals in (0,1) in the negative. Let us
briefly remark here that, of course, any positive result about (0,1) trivially implies a
positive result about the entire set of non-zero reals — one works with (0, 1) mainly for
convenience. However, the above negative result about D N (0,1) (D being the set of
dyadic rationals) does in fact extend to a negative result about the full set of non-zero

dyadics.
In Section 4 of this paper we show that given any finite partition F of (0, 1), if all

of the members of F are measurable or if all of the members of F are Baire sets, then
there exists one cell of the partition which contains a sequence ()% ; together with
all of its finite sums and all of its finite products. This seems to be the first positive
result linking addition and multiplication of the same sequence. (There was an earlier
result [9] concerning special partitions of N: if only one cell of the partition supports
a sequence with finite sums, i.e., one cell is an “IP*-set”, then that cell will contain a

sequence ()5 together with all of its finite sums and all of its finite products.)
In fact, the results of Section 4 are stronger than this in three directions.

Firstly, one allows the sums and products to be intermixed in a restricted fashion.
(One allows expressions built up from items whose “supports” do not overlap. For
example, the support of x1 + x3 is {1,3} and 3 < 5 so (1 + x3) - 5 is an allowable
expression as is (7 +xg) - x11. Since b < 7, (z1+x3) -5+ (27 +x9) - 11 is an allowable

expression also.)

The second strengthening is related to the (m, p, ¢)-systems of [6]. That is, instead

oo

of producing a sequence of numbers (x,)5% ,,

one produces a sequence of finite sets
(Gp)52, and then allows any choice of x,, € G,, in the expressions described above.
The sets (G,, consist of solution sets for partition regular systems of equations, either
additive or multiplicative — so one could, for example, ask that each G5, be a length n
arithmetic progression and each Ga,_1 be a length n geometric progression. See [7] for

general background about partition regular equations.
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The third strengthening concerns infinite sums. Given a sequence (x,)52 ; with
all of its finite sums in (0, 1), one has that 322 ;x,, converges. Consequently, one may
ask whether given any finite partition of (0, 1) there must exist one cell and a sequence
(xn)o2, with all of its sums without repetition (finite or infinite) in that cell. It is
easy to see via a standard diagonalization argument that this is false in such generality.
However, Promel and Voigt [16] showed that if one assumes that each cell of the partition
is a Baire set, then one does get one cell and a sequence with all of its sums, finite or
infinite, in that cell. (We remind the reader that the Baire sets are the members of
the smallest o-algebra containing the open sets and the nowhere dense sets. Thus the
Baire sets are precisely those sets that can be expressed as the symmetric difference of
an open set and a meager set, where a set is meager provided it is the countable union

of nowhere dense sets.)

Later, Plewik and Voigt [15] obtained the same conclusion from the assumption that
each cell of the partition is Lebesgue measurable. A simplified and unified presentation
of the results in [15] and [16] is given in [4], along with several strengthenings and

(counter)examples.

The third strengthening in Section 4 is to allow, as well as finite sums and products,
infinite sums as well, in the measurable case. In other words, we show that given any
finite partition F of (0,1), if all of the members of F are measurable then there exists
one cell of the partition which contains a sequence (x,,)5° ; together with all of its finite
and infinite sums and all of its finite products. It turns out that we obtain these infinite
sums with almost no extra work. Interestingly, we do not know what happens in the

Baire case.

Our methods in Section 4 involve ultrafilter techniques. It is therefore natural
to ask how much can be proved by “elementary” techniques (in other words, without

appeal to the structure of the Stone-Cech compactifications of various spaces).

This question is addressed in Section 2. Although we are unable to recover any
of the results concerning the sets GG,,, we are able to prove the statements about sums
and products in a Baire or measurable partition that were mentioned in the Abstract.
Rather curiously, we also prove some rather strong extensions of this that we have not
been able to prove by the techniques of Section 4. For example, in the Baire case, we
show that given any sequence of increasing homeomorphisms (¢,,)7 ; from (0,1) onto

(0,1) and a finite coloring of (0, 1) one can get a sequence (y,)52; such that the color

o0

of sums of products of the functions applied to the terms of (y,)>°; in appropriate

order depends only on the function applied to the lowest order term. (For concrete
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illustrations see the discussion before Theorem 2.15.) Similar results are obtained for
the measurable case for a more restricted class of functions. We do not know if there
are common extensions of the results of Sections 2 and 4.

In Section 5, in addition to the counterexample mentioned earlier, we establish in
QN (0,1) (and indeed in D N (0,1)) separate additive and multiplicative statements

(e @]
n=1

involving sequences (G,,) similar to those in Section 4.

Since the methods used in Sections 4 and 5 involve topological semigroups, Section
3 consists of some topological-algebraic preliminaries. In spite of the fact that the results
in Section 4 use notions based on the usual topology of the reals, we will work with
the algebraic structure of the Stone-Cech compactification 83Xy, where X = (0,1) or
(0,1) "D, and the subscript indicates that one puts the discrete topology on X. We
emphasise once again that the restriction to (0, 1) is purely for convenience.

Our notation is mostly standard. We write P¢(A) for {B : B C A, B is finite, and
B # 0}, and we often write ¢/ to denote closure.

We use the notations F'S, FP, and FU for “finite sums”, “finite products”, and
“finite unions” respectively. That is given a sequence (z,)>° ; in R and a sequence
(Gn)azy1 in Pp(N) we write FS((zn)oZ1) = {Ener on : F € Pr(N)}, FP((zn)32,) =
{per zn : F € Pp(N)}, and FU((Grn)pzy) = {Upcp Gn: F € Pr(N)}.

2. Elementary Results.

As will be the case in Section 4, the proofs of the results for Baire sets and for
measurable sets are nearly identical. We develop the corresponding notions side by
side, beginning with the parallel notions of largeness that we shall need. Several of the
preliminary lemmas are similar to results in [4].

For our results about measurable partitions of (0,1) we use the notion of upper
density near 0. We denote Lebesgue measure by p and write p*(A) for the outer
Lebesgue measure of the set A. In this section when we use Lebesgue measure, it will
always be with measurable sets. However, in later sections we will deal with ultrafilters
with the property that for every member A, its upper density d(A) > 0 and we cannot
assume that every member of an ultrafilter is measurable. Consequently we define d(A)
in terms of the outer measure.

Let A be a subset of R. A point z is a density point of A if and only if lim.jo p* (Aﬂ
(z—ex+e)/(2) = 1.

2.1 Definition. Let A C (0,1).



(a) The upper density near 0 of A, d(A), is defined by

d(A) = limsélj(;)) 1 (AN (0,€)) /e .

(b) The density near 0 of A, if it exists, is d(A) = lilrgl p (AN (0,¢€)) /e
(c¢) 6(A) ={x € A: x is a density point of A}.

Observe that if = is a density point of A, then d(A —x) = 1. (When we write A —x
in this section we mean {y € (0,1) :y+xz € A}, thatis {y —x:y € A} N(0,1).)

We now introduce a notion of largeness at 0 in terms of meager sets, that is sets
that are the countable union of nowhere dense sets. (The terminology “Baire large” was

also used in [4], but the notions do not coincide unless A is a Baire set.)

2.2 Definition. Let A C (0,1).

(a) A is Baire large (at 0) if and only if for every e > 0, AN (0, ¢€) is not meager.

(b) A is Baire small (at 0) if and only if A is not Baire large. (Equivalently A is
Baire small (at 0) if and only if there is some € > 0 such that AN (0, ¢€) is meager.)

(c) A is Baire huge (at 0) if and only if there is some ¢ > 0 such that (0,¢)\A is
meager.

(d) 6p(A) = {z € A: A — zx is Baire huge}.

Thus a set A is Baire huge if and only if (0,1)\ A is Baire small.
2.3 Lemma. Let A be a measurable subset of R. Then p(A\6(A)) = 0.
Proof. This is the Lebesgue Density Theorem — see for example [14, Theorem 3.20].J
2.4 Lemma. Let A be a Baire subset of R. Then A\6y(A) is meager.

Proof. Pick open U and meager M such that A = UAM. We show that A\d,(A) C M,
or equivalently that A\M C §,(A). Let x € A\M. Then z € U\M so pick ¢ > 0 such
that (x — e,z +¢€) CU. Then (0,)\(A—z) C M — . O

Note that if A is measurable and d(A) = 1, then 6(A) is measurable and d(6(A)) =
1. Similarly, if A is a Baire set which is Baire huge, then d,(A) is a Baire set which is
Baire huge. (One has deleted a meager set from a Baire set.)

We combine the Baire and measurable versions of the next two results, and omit

the trivial proofs.



2.5 Lemma. Let A,B C (0,1).
(a) If d(A) = d(B) =1, then d(AN B) = 1.
(b) If A and B are Baire huge, then AN B is Baire huge. O

When we write A/x in this section we mean
{ye(0,1):yr e A} ={z/x:2€ A} N (0,1).

2.6 Lemma. Let A C (0,1) and let = € (0,00).
(a) If d(A) = 1, then d(A/z) = 1. (Similarly, if d(A) =1, then d(A/x) =1.)
(b) If A is Baire huge, then A/x is Baire huge. O

In one respect the results of this section are stronger for Baire partitions than for
measurable partitions. (In another respect the results for measurable partitions are
stronger. See the discussion before Lemma 2.11.) That is, the results in either case
are stated in terms of a collection of functions from an interval (0, «) to (0,00). In the
case of Baire partitions, this collection is simply the increasing continuous functions
which would (if extended) take 0 to 0. The collection used in the measurable case is
considerably more restricted.

Our guiding principle is that we need Lemma 2.9 to hold. In the measurable case
one might at first expect absolutely continuous functions to be sufficiently restrictive,
but a little thought shows that they are not. (See Proposition 2.10.) We use the

definition of admissible functions that we do, because it allows us to prove Lemma 2.9.

2.7 Definition. A function ¢ is an admissible function if and only if

(1) there is some « > 0 such that ¢ : (0,a) — (0,00) and 1;{8 o(x) =0,

(2) ¢ is differentiable on (0, «) and for each = € (0, ), ¢'(z) > 0, and

(3) either

<lor

(a) ¢’ is nonincreasing on (0, ) and for every n < 1, limsup pl2)
z|0 SD(I)

(b) ¢’ is nondecreasing on (0, «) and for every 7 > 0, hmlionf ‘p(zﬂg) S0

Given any 7 > 0 one has that the function ¢ defined by () = 27 is an admissible

function. Other examples include the function v defined by v(z) = e* —1 and its inverse

v~ H(x) = log(x+1). On the other hand, consider the function v defined by v(z) = ﬁ.

Then ¢/ is decreasing on (0, e~2) but given any n < 1 one has liﬁ)l V((m;)
x v\x

an admissible function. (And by Proposition 2.10, it could not be under any definition,

=1, so v is not
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given that we want Lemma 2.9 to apply to any admissible function.) Also v~! fails to

-1
v (Tx
be an admissible function because given any 7 > 0, lim 1—() = 0.
zl0 v—1(x)
It is easy to check that the inverse of an admissible function is again an admissible

function.

2.8 Definition. (a) H = {¢ : there is some o > 0 such that ¢ is an increasing
continuous map from (0, «) to (0, 00) and h?ol o(z) = 0}.
x

(b) Z = {¢ : ¢ is an admissible function}.

2.9 Lemma. (a) Let ¢ € H where domain(p) = (0,«) and let A C (0,a) such that
©lA] is Baire huge. Then A is Baire huge.

(b) Let ¢ € T where domain(p) = (0,«) and let A C (0,«) such that d(p[A]) = 1.
Then d(A) = 1.

Proof. (a) Since ¢ is a homeomorphism (onto its image), so is ¢~ 1.

(b) Observe first that if ¢’ is nonincreasing, then given a < b < a — ¢ one has

b b+c
o) —p@) = [ GOz [P0 d= b+ - plato).
a a—+c

Consequently, if 0 < n < 1, z € (0,a), {(an,bn))*_; is a sequence of pairwise disjoint
intervals in (0,z), and ¥*_, (b, — a,) < nz, then
() Shi(ebn) = plan)) < @)
(Shifting intervals to the left keeps the first sum fixed and increases the second sum.
Consequently the worst possible case is when a; = 0 and for each t € {1,2,...,k — 1},
by = apy1.)

Similarly, if ¢ is nondecreasing, then given ¢ < a < b < a one has p(b) — ¢(a) <
(b —c) — ¢(a—c). Consequently, if 0 <n < 1, x € (0,a), ((an,b,))_; is a sequence
of pairwise disjoint intervals in (0, ), and ¥*_, (b, — a,) < nx, then
() ZE (p(ba) — elan)) < ¢(@) — oz — ).
(Shifting intervals to the right keeps the first sum fixed and increases the second sum.
Consequently the worst possible case is when b,, = = and for each ¢t € {1,2,...,k — 1},
by = ar41.)

To see that lifg (AN (0,e))/e =1, let n < 1 be given. If ¢ is nonincreasing,

choose v < 1 such that v > limsup elz)
x]0 @(%)
1—n)x
that 1 — ~ < lim inf P((L=ma)
|0 o(x)

. If ¢ is nondecreasing, choose v < 1 such



Then v < 1 so pick € > 0 (with € in the range of ¢) such that whenever 0 < z < ¢,
one has that p*(¢[4] N (0,2)) > yz. We may also presume that if ¢ is nonincreasing,

then whenever 0 < z < €, one has elne) ~ and if ¢ is nondecreasing, then whenever

( ) ()
wl(1-n)z

Now let 0 < 2 < ¢~ *(¢). We claim that p* (AN (0,z)) > nz. So suppose instead
that u* (AN (0,z)) < nz and pick pairwise disjoint intervals ((an,bn))72; such that
AN(0,z) CUZ(an,by) and 352, (b, — an) < na.

Then ¢[A] N (0,¢(z)) € U,Z;(¢(an),¢(by)) so choose k € N such that
Sk _ 1 ((bn)—p(an)) > v-¢(z). If ¢ is nonincreasing, then we have that v-¢(z) > ¢(nz)

0 < x < ¢, one has

contradicting statement (*). So assume that ¢ is nondecreasing. Then we have that

v (x) > ¢(z) — ¢((1 — n)x), contradicting statement (¥*). O

We pause now to observe that at least part of the requirement in the definition of
an admissible function is necessary. Notice that we do not assume any monotonicity for
¢’ in the following.

2.10 Proposition. Let a > 0 and let ¢ be an increasing function from (0, «) to (0, 00)

such that lim p(x) = 0. If there is some n < 1 such that lim sup (n2)
g w0 P(x)
is a set A C (0, ) such that d(p[A]) =1 but d(A) # 1.

=1, then there

Proof. Choose a sequence (b,,)5% ; converging to 0 such that for each n, ¢(b,+1) <
elibe) and £00) > 1 — L Let A= (0,0)\ U, (7bn, bn)-

Then for each n, (AN (0,b,)) < nb, so d(A) # 1. To see that d(¢[A]) = 1, let
€ > 0 be given, pick n such that 2% < ¢, and let x < p(nb,,) be given. Pick m such that
©(nbm,) < x < @(Nby,—1) and note that m > n + 1.

Assume first that < ¢(b,,). Then

(0,2)\A C (0, 9(bmt1)) U (¢(nbm), x)

SO

,u((A N (0, m))

Next assume that = > ¢(b,,). Then

p((AN0,2) > x—@bmi1) — (©(bm) — ©(nbm))
> x—%
> (1-50)x



a

We do not know the precise class of functions for which Lemma 2.9 holds.

We have already seen that in one respect the results of this section for Baire par-
titions are stronger than for measurable partitions. In another respect, the results for
the measurable case are stronger. One gets the closure of the set of all of the finite
configurations contained in one set. This stronger conclusion depends on the following

simple lemma.

2.11 Lemma. Let A be a measurable subset of (0,1) such that d(A) > 0. Then there
exists B C A such that B U {0} is compact and d(A\B) = 0.

Proof. For each n € N, let A, = AN (1/2",1/2" YY) and let T = {n € N : u(A,) > 0}.
As is well known (see [14, Definition 3.8]) given any measurable set C' and any € > 0
there is a compact subset D of C' with pu(D) > p(C) —e. Thus for each n € T, pick
compact B,, C A, with u(B,) > u(A,) — 7. Let B = J,,cr Bn. Then BU {0} is
compact.

Suppose now that d(A\B) = a > 0. Pick m € N such that 3% < «. Pick
x < 1/2™ such that p*((A\B)N(0,7))/x > =2+ . Pick n € N with 1/2" <z < 1/2""1

3.2m
and note that n > m. Then

neT

o0 | 1
p((A\B) N (0,2)) < S 1(An\Bn) < ¥ 7 = 57

ande%so

1 < 1
3.2n ~ 3.2m’
a contradiction. |

p((A\B) N (0, z)/x <

2.12 Lemma. Let r € N and let (0,1) = J;_, C; where each C; is measurable. Then
for each i € {1,2,...,r} there exists D; C C; such that D; U {0} is compact and
d(Ule D;)=1.
Proof. For each i € {1,2,...,7}, if d(C;) =0, let D; = () and if d(C;) > 0 pick D; C C;
as guaranteed by Lemma 2.11. Then d((0,1)\U!_, D;) < d(U;_,(Ci\D;)) = 0. O
As a final preliminary, we have the following well known result. (See the discussion
in [3] regarding the fact that this result is “elementary”.) Given finite nonempty subsets
of N, we write F' < G to mean that max F' < minG.
2.13 Definition. Let (F,)0%; and (Gy)5%; be sequences in Py(N). Then (F),)0%; is
a union subsystem of (G,)5% if and only if there is a sequence (H,,)>2; in Ps(N) such
that for each n € N, H,, < H,, 41 and F,, = UteHn Gs.
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2.14 Lemma. Let (F,)5% be a sequence in Ps(N), let r € N, and let
o: FU(Fn)p2,) — {1,2,...,r}.

There exists a union subsystem (Gn)2>, of (F,)02, such that ¢ is constant on
FU((Gn)nZ1)-

n=1

Proof. This follows immediately from [3, Lemma 2.1]. O

Let a partition (or coloring) of (0,1) into Baire sets, or into measurable sets, be
given. Our elementary results will produce a sequence (y,,)52 ; such that all sums of
products of images under nice functions (in appropriate order) have a color depending
only on the function applied to the lowest order product. We allow the functions to vary
within a particular product except that only one function can be applied to the lowest
order product. Consider for example functions of the form ¢(z) = 27, which we have
already observed are members of Z (and of course, members of H). We will get that
the colors of Y73 - y51/2 + y3 - y1 and y10V2 - yo + ys - ¥ - Y2 are the same. Also the colors
of y7® -5/ + 43100 1190, 410V2 g + 45100 10 - 1% and log(yrz + 1) - ys + y7 '
are the same. (Recall that log(z + 1) defines a admissible function.)

We prove our main elementary result for Baire partitions first.

2.15 Theorem. Let (0,1) = |J;_, C; where each C; is a Baire set and let {©,)2%,
be a sequence in H. There exist a sequence (yn)o>, and v : N — {1,2,...,7}
such that for each k € N and each F' € Py(N) with min F' > k, {IL,cr @r(yn)} U
(¥ heq; s, (Yn) + per pr(yn) : m € N, G1,Ga,...,Gp, € Ps(N), G < Gy <
... < G, and for each n € ;" Gi, sn <n} C Cypy.

Proof. We may presume the sets C1,Cs,...,C, are disjoint. For each = € (0,1), let
Y(x) be the color of = (so that = € Cy (). We inductively construct sequences (By)32 ;,
(zr)52 1, and (Ag)2,. Let By =J;_, C; and let A; = U;_, 6(Ci) = Ui_; op(B1 N C}).
(Recall that §,(A) = {x € A: A — x is Baire huge}.)

Note that by Lemma 2.4, A; is a Baire huge Baire set. Pick 1 € ¢~ ![A4;]. Then
(1) € 06(B1 N Cypay))) 50 (B1 N Cypzy))) — ©(r1) is a Baire huge Baire set. Let
By = Ay N Ar/o(x1) N ((B1 N Cy(par))) — ¢(21)). Then by Lemmas 2.5 and 2.6, By is
a Baire huge Baire set.

Inductively, given By which is a Baire huge Baire set, let Ay = (J;_, 6(Bx N C;).
Then by Lemma 2.4, Aj, is a Baire huge Baire set. By Lemma 2.9 ¢, ~![A;] is Baire
huge for each n € {1,2,...,k}, so by Lemma 2.5, ﬂizl ©n 1[Ay] is Baire huge, and is
in particular nonempty. Pick x; € ﬂfz:1 on Ag].

10



For each ¢ € {1,2,...,k}, let Hop = {Ilier @s,(ar) : 0 # F C {{,0+1,...,k},
min F' = ¢, max F = k, and for each t € F', s; <t}. Let

Bry1 = Ax N (Vo—y Ar/pe(zr) 0 Moy Meer,, (BeN Cyz)) = 2) -

(Note that H; 1 = {®1(z1)} so that the definition previously given of By abides by this
formula.) In order to show that By, is a Baire huge Baire set, it suffices to show that
for each ¢ € {1,2,...,k}, Her C Ay. Indeed, assume we have done so. Then given
2 € Hog, 2 € 6p(Br N Cyz)) so (Be N Cyz)) — 2 is a Baire huge Baire set. Further, by
Lemma 2.6, each Ay /¢¢(z) is a Baire huge Baire set. Thus By is a finite intersection
of Baire huge Baire sets, so by Lemma 2.5, By, is a Baire huge Baire set.

So we establish by induction on |F| that if £ € {1,2,...,k} and = = Il;cp @5, (z1)
where min F' = ¢, max F' = k, and each s; < ¢, then z € Ay. Assume first that |F| =1
in which case ¢ = k. Then z = ¢, (x)) for some n € {1,2,...,k} so by the choice of z,
z € A. Now assume |F| > 1,let G = F\{/}, let v =minG , and let w = ;cq vs, (T41).
Then w € Hy o C Ay € Bopr € Ag/ps, (xe) s0 2 = g, (2) - w € Ay as required.

The construction of (zj)?°, being complete, we now construct the sequences
(Yn)orq and (y(n))p2;. For each k € N, define v, : Py(N) — {1,2,...,r} by
ve(F) = ¢¥(Ier or(zy)). By Lemma 2.14, pick a sequence (Fy )52, in Ps(N) such
that for each n € N, Fy,, < F} 41 and vy is constant on FU((F} ,)5%). Let (1) be
this constant value.

Inductively, given a sequence (Fji_1,)52 1,
(Frn)ory of (Fr_1n)5, such that vy is constant on FU((Fin)pe;). Let y(k) be

pick by Lemma 2.14 a subsystem

this constant value. For each n € N, let y, = lliep, ,, 4.

Then if F € Py(N) and k < min F, one has that ¢ (Il,er ¢r(yn)) = v(k), that is,
her ¢r(yn) € Cymy. To see this just observe that for each n € F there is some G,
with G,, < G, if n < v, such that F,, , = UteGn Fii.o Thus if H =, cp UteGn Fit,
then v (H) = (k) so ¥ (Iluer ¢r(yn)) = o(Msen on(@s)) = (k).

To complete the proof, let m € N, let G; < G2 < ... < Gy, in P¢(N), and for each
ne U, G, let s, € {1,2,...,n}. Let a = minGy, b = maxGy, { = min F, ,, and
k = max Fy, ;. We show by induction on m that X" Il,,cq, ¢s, (yn) € Be. If m =1,
then Il,eq, ¢s, (Yn) € Her € Ae C By. Now assume that m > 1. Let ¢ = min Gy and
let ¢ = min F. .. Then X" I, e, ¢s,(yn) € By C Bry1 € By — Ilheq, @s, (Yn), sO
Y ea; s, (Yn) € Be.

Now let v = minJ,,c p Frn,n and let w = max|J

By C Byiy C
< t = tl = C¢<H7L€F ‘Pk(y'n))

nelF an”' Then EQIHHGGi Psn (yn)
—1Ilher or(yn) = C’y(k) —Iner 0k (Yn)- O
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2.16 Corollary. Let (0,1) = [J;_, C; where each C; is a Baire set. There exist a
sequence (Yn )22 1 and somei € {1,2,...,1} such that F'S((yn)s>1)UFP((yn)s>,) C C;.
O

2.17 Theorem. Let (0,1) = J;_, C; where each C; is measurable and let {©,)22,
be a sequence in . There exist a sequence (y,)>>; and v : N — {1,2,...,r} such
that for each k € N and each F € P;(N) with minF > k, cl({Il,er ¢r(y,)} U
{(Em hea; s, (Yn) + per pr(yn) : m € N, G1,Ga,...,Gp, € Pr(N), G < Gy <

... < Gy, and for eachn € ", G;, s, <n}) C Cyuy U{0}.

Proof. For each i € {1,2,...,r}, pick D; C C; as guaranteed by Lemma 2.12. Then
proceed exactly as in the proof of Theorem 2.15 using D; in place of C;, with all
references such as “A is a Baire huge Baire set” replaced by “A is measurable and d(A) =
1”7 and all references to J, replaced by §. One then concludes that {Il,cr @i(yn)} U
{(E" hea; s, (Yn) + ner vr(yn) : m € N, G1,Gs,...,Gy € Pr(N), G1 < Gy <
... < G, and for each n € J;~; Gi, s, < n} C D). The conclusion then follows
since D.(x) U {0} is compact. O

2.18 Corollary. Let (0,1) = {;_, C; where each C; is measurable. There exist a
sequence (y,)o2, and somei € {1,2,...,r} such that cl(FS({yn)sZ,)UFP((yn)22,)) C

C; U{0}. O
3. Algebraic Preliminaries.

Recall that $X,; denotes the Stone-Cech compactification of the set X with the
discrete topology. The points of X, are the ultrafilters on X, the principal ultrafilters
being identified with the points of X. If (X, ) is a semigroup, then the operation - on X
extends to X4 so that 53X is a right topological semigroup. That is, for each p € X4,
the function p, : X4 — BX4, defined by p,(q) = q - p, is continuous. Also, given any
x € X, the function A\, : X4 — (X4, defined by A\, (p) = z - p, is continuous. Similarly
if Y = R or Q or D, the operation + extends to SYy so that (5Yy, +) is a compact right
topological semigroup. The operations + and - on 3Y,; can be characterized as follows.
Given p,q € BYy and A CY onehas A€ p-qifandonlyif {z € Y : 2714 € ¢} € p,
and A€p+qifandonlyif {z €Y :—az+A€q} €p, wherex 'A={yeY :ayec A}
and —x+ A={yeY :x+ye€ A}. See [12] for an introduction to (3S,-) where (S, )
is a discrete semigroup (with the caution that there S is taken to be left topological

rather than right topological).
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The reader might wonder why we work for example with (0, 1)y rather than with
(0,1). The reason is that it turns out that the algebraic operations on (0,1) do not
extend sensibly to 3(0,1).

As a compact right topological semigroup (5Xg, -) has significant known algebraic
structure. In particular it has idempotents. (The fact that compact right topological
semigroups have idempotents will often be used without specific mention.) Also, again
as a consequence of the fact that it is a compact right topological semigroup, (8Xy, )
has a smallest two-sided ideal (that is, a two-sided ideal contained in all other two-sided
ideals), which is the union of all minimal right ideals and also the union of all minimal
left ideals. (Recall that in a semigroup (S, -) a subset A is a left (respectively right) ideal
provided SA C A (respectively AS C A).) See [5] for the basic facts about compact
right topological semigroups.

Since we are working with (0, 1)y rather than 3(0,1), it seems that we have lost
all the topology of (0,1). Thus our first task is to put the topology of (0, 1) back in.

Let us call an ultrafilter p € 5(0,1)4 large at 0 if the interval (0,€) belongs to p
for every 0 < € < 1. (The set {(0,¢) : € > 0} has the finite intersection property, so of
course it is contained in an ultrafilter.) We shall restrict our attention to the ultrafilters
that are large at 0, and in this way essentially recover the topology of (0,1). Let us now
introduce our main algebraic tool, namely the space Ox, showing it to be an ideal of

(X4 under multiplication.

3.1 Definition. Let X be a dense subsemigroup of ((0,1),-). Then Ox = {p € Xq4 :
for every € > 0, (0,€) N X € p}.

Note that there are no principal ultrafilters corresponding to real numbers in Ox.
It consists of “infinitesimal” ultrafilters, that is ultrafilters living in the vicinity of zero.
The set Ox is also a semigroup under addition and has interesting and intricate
algebraic structure. We put off a detailed study of this structure for another day,

presenting only enough here to establish our combinational results.

3.2 Lemma. Let X be a dense subsemigroup of ((0, 1), ) Then Ox is a compact two-
sided ideal of (8X4,-). Consequently the smallest ideal of Ox is the same as the smallest
ideal of fX4. Ox is also a subsemigroup of (6S4,~+) where S is the subsemigroup of
(R,+) generated by X .

Proof. First observe that {(0,e¢) N X : € > 0} has the finite intersection property, so
Ox # 0. If p € 8X4\Ox, then for some € > 0, (0,e) N X ¢ p so cl((¢/2,1) N X) is a
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neighborhood of p missing Ox and hence Ox is compact. That Ox is a two-sided ideal
follows immediately from the fact that for any € > 0, ((0,1)NX)-((0,€)NX) C (0,€e)NX.
Since Oy is a two-sided ideal of X, it follows that the smallest ideal of X is
contained in Ox. Thus by [5, Corollary 1.2.15], the smallest ideal of O is the smallest
ideal of BX4.
To see that (Ox,+) is a semigroup, let p,q € Ox. Let € > 0. Then (0,e) N X C
{reX:—2+(0,e)NnX eqg}so(0,e)NX ep+gq. O

For most of our algebraic preliminaries we will be dealing only with the multiplica-

tive structure of Ox.

3.3 Definition. Let X be a dense subsemigroup of ((O, 1), ) Then Kx is the smallest
ideal of (Ox,-).

As a consequence of Lemma 3.2 we obtain “for free” some important information
about members of multiplicative idempotents in Kx. We first describe the “columns
condition” introduced by Rado [17] in his characterization of partition regularity of

homogeneous equations.

3.4 Definition. Let u,v € N, let C be a u X v matrix with entries from R, and let
R be a subring of R. Then C satisfies the columns condition over R if the columns
C1,Ca,...,Cy of C can be ordered so that there exist m € N and kq, ks, ...,k in N with
1<k <...<k, =wvsuch that

(1) ©%,& =0 and,

(2) if m > 1, then for every t € {2,3,...,m} we have a; ¢, asy, ..., ax+1,+ in R with
kt

z’:kt,1+15i = Zf;_llai,tgi-
3.5 Theorem. Let X be a dense subsemigroup of ((O, 1), ) and let p be a multiplicative
idempotent in Kx. Let A € p and let D = (d;;) be a u X v matriz with entries from Z.
(a) If D satisfies the columns condition over Z, then there exist x1,%a,...,T, in A
such that for each i € {1,2,...,u}, nglx?” =
(b) If X = (0,1) and D satisfies the columns condition over Q, then there exist
T1,X2, ..., Ty 0 A such that for each i € {1,2,...,u}, H}’le?” =1.
Proof. Since p is an idempotent in Kx, which is also the smallest ideal of (6Xg, "),
and A € p, A is known as a “central” set in X. Then, after converting from additive
to multiplicative notation, condition (a) follows immediately from [13, Theorem 2.5(a)].
Also, if X = (0,1), then for any n € N, (0,1) = {2 : = € (0,1)} so conclusion (b)
follows from [13, Theorem 2.5(b)]. O
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As an example, note that Theorem 3.5 tells us that whenever A is a member of
a multiplicative idempotent in Kx, one has that A contains arbitrarily long geomet-
ric progressions, together with their increments. For example, to see that A contains

2

{r,a,ar,ar?, ar®}, consider the matrix

We will be interested in showing that sets central in (X, ), i.e. members of multi-
plicative idempotents in Kx, also contain additive configurations (like arithmetic pro-

gressions).

3.6 Definition. Let D be a ux v matrix and let X be a dense subsemigroup of ((0, 1), )
Then Ux,p = {p € Ox : for all A € p there exist z1,x2,...,2, in A with D7 = 6}

3.7 Lemma. Let D be a u X v matriz and let X be one of DN (0,1), QN (0,1), or
(0,1). Then if either
(1) the entries of D are rational and D satisfies the columns condition over Q or
(2) the entries of D are real, D satisfies the columns condition over R, and X =
(0,1),
then Ux p is a two-sided ideal of (Ox,-) and a subsemigroup of (Ox,+).

Proof. Let V = {p € X4 : for all A € p, there exists x1,x3,...,2z, in A such that
D7 = 6} (so Ux,p = VNOx). We first show that if V' # (), then V is a two-sided ideal
of (6X4,-). Indeed, let p € V and let ¢ € X 4. To see that ¢-p €V, let A € q-p and
pick y € X such that y='A4 € p. Then pick z1,2o,...,z, in y~ LA such that DZ = 0.
Then yz1,yxa, ..., yx, are in A and DyZ = 0.

To see that p-q € V, let A € p-q and pick z1,2,...,7, in {r € X : 27 1A € ¢q}
with DZ = 0. Pick y € Ni_y :L’,L-_lA. Then yz1, Yo, ..., Yz, are in A and DyZ = 0.

Thus if V' # 0, then Ux p = V N Ox is a two sided ideal of (X4,-) and hence
of (Ox,-), by Lemma 3.2. Thus in particular, if V' # ), then Ux o # 0. To see that
under this assumption (Ux, p,+) is a semigroup, let p,q € Ux p and let A € p+q. Pick
L1, %o, ..., 2y in{z: —x+A € q} such that DZ = 0. Pick y1, 92, ..., Yy € Nieq(—z;+A)
such that D = 0. Then @1 + y1, Zo + Y2, ..., Ty + Yy are in A and D(ZF+7) =0 .

Consequently, it suffices to show that V' # (. By [7, Theorem 6.2.3] it in turn
suffices to show that whenever X is partitioned into finitely many cells, ones of them

contains 1, s, ...,T, with DI = 0.
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If D satisfies the columns condition over Q then by [17, Theorem VII| D is partition
regular over N so by compactness (see [7, Section 1.5]) given any r € N, there is some
n(r) € N so that whenever {1,2,...,n(r)} is r-colored there is a monochrome solution
to DZ = 0. Picking k with 2 > n(r) one has {5, & ) n(r)} C X and whenever

2k
{55, & 0y n2(,:)} is r-colored there must be a monochrome solution to DZ = 0.

The proof in case (2) is similar. Again by [17, Theorem VII] D is partition regular
over Rt = {z € R: 2 > 0} so given 7 € N there is a finite subset F' of RT such that
whenever F' is r-colored there is a monochrome solution to DZ = 0. Pick n > max F.

Then whenever { : x € F'} is r-colored there is a monochrome solution to DZ = 0. O

3.8 Definition. £ = {p € O(g,1) : for all A € p, d(A) > 0}.
3.9 Lemma. L is a left ideal of (O,1),")-

Proof. It is an easy exercise to show that if d(A U B) > 0 then either d(A4) > 0 or
d(B) > 0. Consequently, by [7, Theorem 6.2.3], we have £ # 0.

Let p € L and let ¢ € Og,1). To see that ¢ -p € L, let A € ¢-p and pick = such
that 271 A € p. Another easy exercise establishes that d(A) = d(z~*A) > 0. O

The next theorem, and its Baire analogue, Theorem 3.13, are the ones that allow

us to obtain our combined additive and multiplicative results.

3.10 Theorem. Let p be a multiplicative idempotent in L and let A be a measurable
member of p. Then {xr € A:x"1A€pand A—x € p} € p.

Proof. Let B={rc A:27'A€p}. Then Bepsincep=p-p. Let C={yecA:y
is not a density point of A}. By Lemma 2.3, u(C) = 0. Consequently since p € L,
C ¢ pso B\C € p. We claim that B\C C {x € A: 27'A € pand A — 2z € p}.
Indeed, given x ¢ C one has 0 is a density point of A — z so by an easy computation,

d((0,1)\(A—=2))=0s0 (0,1)\(A—z)¢pso A—z € p. O
3.11 Definition. B = {p € O : for all A € p, A is Baire large}.
3.12 Lemma. B is a left ideal of (O(0,1),").

Proof. Since the union of finitely many meager sets is meager, one sees easily that
whenever (0,1) is partitioned into finitely many sets, one of them is Baire large. Con-
sequently, by [7, Theorem 6.2.3], it follows that {p € 5(0,1)4 : for all A € p, A is Baire
large} # (). On the other hand, if p € 3(0,1)4\O(9,1) one has some (¢,1) € p and (e, 1)
is not Baire large. Thus B # () . To see that B is a left ideal of Oy, let p € B
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and ¢ € O1) and let A € ¢-p. Pick « € (0,1) such that 27 'A € p. Given € > 0,
r71AN(0,€) is not meager and AN (0,z¢) C AN (0,¢). O

3.13 Theorem. Letp be an idempotent in B and let A be a Baire set which is a member
of p. Then {x € A:27*Ac€pand A—x € p} €p.

Proof. Let B={z € A:271A € p}. Then since p=1p-p, B € p. Also A is a Baire
set so pick an open set U and a meager set M such that A = UAM. Now M\U is
meager so M\U ¢ p so U\M € p. We claim (U\M)NB C{z € A:27'A € p and
A—x € p}. Solet z € (U\M)N B and pick € > 0 such that (z,z +¢) C U. To
see that A — z € p, we observe that (0,1)\(A — x) is not Baire large. Indeed one has
((0,1)\(A — 2)) N (0,e) C M — z, a meager set. (Given y € (0,¢), y + z € U so, if
y+ax ¢ A theny+xe M.) O

We thank A. Blass for pointing out that BNL = ). Indeed, as is well known (see eg.
[14, Theorem 1.6]), there is a set A C (0,1) which is meager such that p((0,1)\A) = 0.
Then BN clA =) and L C clA.

4. Ramsey Theory Near 0 in (0,1).

We begin by defining the kinds of combined additive and multiplicative configura-
tions that we shall produce in one cell of a measurable or Baire partition of (0,1). The
notation “FSP” stands for “finite sums and products” and o(z) is intended to be the
“support” of z. We remind the reader that P¢(N) is the set of finite nonempty subsets
of N.

4.1 Definition. Let (G,)52; be a sequence of finite subsets of (0,1). We define
FSP((Gp)p2y) and 0 : FSP((Gn)52,) — P(P#(N))

inductively to consist of only those objects obtainable by iteration of the following:
(1) If m € Nand z € G,,,, then x € FSP((Gy,)52,) and {m} € o(z) .

n=1

(2) If 2,y € FSP((Gn)32,), F € o(x), H € o(y), and max H < min F, then
{y-z,y+2} CFSP((G,)2,) and FUH €o(y+x) and FUH € o(y - x).

n=1

For example, if each G,, = {x,,} and z = ((331 +x3) x5+ (v7 + 29) - 9311) “T12 - T13
then z € FSP((G,)>2,) and {1,3,5,7,9,11,12,13} € o(z). (Of course, it is also
possible that z = x4 + x12 - 213, in which case also {4,12,13} € o(z).) Note also that
(x3 + x5) - (2 + x4) is not, in general, a member of F'SP((G,,)5 ).

In the case that G,, = {z, }, we write F.SP((z,)52 ;) rather than FSP({({z,})>2 ).
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Given a partition of (0,1) all of whose cells are Baire sets (or all of whose cells
are measurable) we are after the result that we can get a sequence (z,)>°, with
FSP((x,)2>,) contained in one cell of the partition. Unfortunately, we don’t quite
get this result, obtaining instead arbitrarily close approximations to it. To be precise,
we define below the notions F'SPy({x,)22 ) for each k € NU {0} in such a way that
FSP((2,)521) = Upeo FSPi({x,)22) and get one cell A of the partition so that for
each k € N, FSP,((zy)02 ;) C A.

4.2 Definition. Let « € NU {oo} and let (G,,)%_; be a sequence of finite subsets of
(0,1). We define

FSP((Gn)n—1) and oy, : FSPy((Gr)ni) — P((Ps({n € N:n < a}))

inductively to consist of only those objects obtainable by iteration of the following:

(1) FSPy((Gn)2-1) =Un_; Gpandifn € N,n < o, and x € G,,, then {n} € o¢(x).

(2) If k € NU{0}, z € FSP,({Gp)%_1), and F € oy (x), thenx € FSPi11((Gn)%—4)
and F' € o41(x).

(3) If k € NU{0}, 2 € FSPi1((Gn)%_1), y € FSP.((Gn)%_1), F € op41(x),
H € oi(y), and max H < min F, then {y-z,y + 2} C FSP,11((Gn)%_,) and FUH €
orr1(y+x) and FUH € o11(y - x).

To return to the example above, (z1 + x3) - 25 € FSPy((x,)72 ;) but need not be
in FSPy((x,)5% ), while 1 +x3 - x5 € FSP({(x,)52 ). We leave it as an exercise to
determine the first k& for which z = ((:c1 +x3) - x5 + (7 + T9) - mu) - T12 - 13 must be
in FSPy({x,)52 ). At any rate, we have the following lemma whose routine proof we

omit.

4.3 Lemma. Let (G,,)%, be a sequence of subsets of (0,1). Then FSP((Gn)52 ) =
Urzo FSPe({Gn)7Ly)- O

4.4 Definition. G = {S : S is a set of finite subsets of (0,1) and for every p =p-p in
K(o,1) and every A € p there exists G € S such that G C A.}

We pause to observe that G is a large collection.

4.5 Theorem. Let D be a u X v matriz with real entries.

(a) If the entries of D are integers and D satisfies the columns condition over Q,
then {{331,332,...,561)} : for eachi € {1,2,...,u}, IIj 1T dis 1} €eg.

(b) If D satisfies the columns condition over R then {{z1,22,...,2,} : for each
ie{l,2,...,u}, X¥_idi; -x; =0} € G.
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Proof. (a) This follows immediately from Theorem 3.5(b).

(b) By Lemma 3.7 we have that U 1,p is a two sided ideal of (O 1), -) and hence
K,1) € U0,1),p-

Thus p € Ug,1),p- O

In the following theorem we choose S,, € G. One could, for example, let for each n,
Son = {{a,d,a+d,a+2d,...,a+nd} N (0,1):a,de (0,1)}

and

Sons1 = {{a,r,ar,ar?, ... ar™} :a,7 € (0,1)}.

One thus obtains, in the special sets A, arithmetic and geometric progressions of every
length as well as all sums and all products (and some combined sums and products)
choosing at most one from each progression. (See [1], [2], and [3] for additional examples

of the kinds of monochrome expressions that one can guarantee.)

4.6 Theorem. For eachn € N, let S,, € G. Letp=p-p in BN Kp1). If A€ p and
A is a Baire set, then there exists a choice of G, € S, for each n such that for each
keN, FSP,((Gn)52 ) C A.

Proof. Let A;9 = A and inductively let A;;41 = {z € A1y : 271A1; € p and
A1y — 2 € p}. By Theorem 3.13 A; 5 € p so, since p € K(g1) there is some G; € Sy
with G1 C A1 2. Let Ay = AN ﬂmeGl (ac_lAl,l N(A1 — x)) and note that As g is
Baire and Ay € p.

Inductively, given A,, ¢ a Baire set such that A,, o € p, let for each ¢t € {0,1,...,n},
Apiyr ={z € Apy 27 1A, € pand A, —x € p}. By Theorem 3.13 A, 11 € p
so pick G,, € S,, with G,, C A, p41. For r € {1,2,...,n} and k € {0,1,...,7}, let
Hokr = {2 € FSP,((G¢)]—,) : there exists F' € oy(z) such that max F' = n and
min F' = r}. Let Api10= Anpy1 N m?:l ﬂ;;:o ﬂzeHn,k,r (Z_lAnm—k N (Anp—k — z))
(Observe that FSP;({(Gy)i_;) = FSP,({Gy)}_;) = G so that the definition here agrees
with the definition given above for As g.)

Then A, 41, is a Baire set. To see that A, € p it suffices to show that
(*) for each r € {1,2,...,n}, k€ {0,1,...,r}, and 2 € Hp g, 2 € Arr_g+1-

We show this by induction on |F| where F' € o0i(z), maxF' = n, and min F = r.
If |[F| =1, then FF = {n}, r =nand 2z € G, C Annt1 € Apn_it+1 = Ar ki1
Now assume |F| > 1 and the claim is true for smaller values of |F|. We proceed

by induction on k. If &k = 0, then F' € o¢(z) so F' = {n}, a case we have already
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handled. So assume k£ > 0. If I € oj(2) because of clause (2) of Definition 4.2,
then 2 € Hy k-1, € Arr—k42 © Apr_p+1. So we may assume that we have some
x € FSP,((G)11), y € FSP,_1((G¢)}—1), L € or(z), and H € o;_1(y) such that
max H <minlL, z € {y+x,y-x} and F = HU L. Let £ = max H and let v = min L.
Then y € Hog—1, 50 Ars10 C Y Aryegr1 N (Apr—gy1 — y). Also, @ € Hy g and
since |L| < |F|, Hnkw C Avo—it1 C Ary10 C Yy Arriy1 N (Arr—kg1 — y) so that

{y+2x,y -2} C A ,_k41 as required.
The construction of the sequence (G,)52 ; is now complete. Let k£ € N and let
z € FSP((Gn)22,). Pick F € oi(2) and let n = maxF and r = minF. Then

n=~k

KAS Hn,k,?" - Ar,T—k—l—l - A. O

4.7 Corollary. Letr € N and let (0,1) = U;_, A;. If each A; is a Baire set, then there
exists i € {1,2,...,r} such that given any choice of S, € G(o,1) for n € N there exists a
choice of G,, € Sy, such that for each k € N, FSP,((Gy)52 ) C A;.

Proof. By Lemma 3.12 B is a left ideal of (O,1),-) so (see [5, Theorem 1.3.11]) there
a multiplicative idempotent p € BN K (g 1). Pick ¢ such that A; € p and apply Theorem
4.6. O

In particular we have the following corollary.

4.8 Corollary. Letr € N and let (0,1) = U;_, A;. If each A; is a Baire set, then there
eristi € {1,2,...,7} and a sequence (x,,)22; such that for each k € N, FSP({x,)52 ) C

n=1

A;. O

In the case of a Lebesgue measurable partition, just as with the elementary results,
we will obtain the stronger conclusion that for each k € N, clrFSP,((G,)52 ) C
A; U{0}. In particular AS((Gn)S2 1) = {Znerxn : 0 # I C N and for each n € I,
xn € Gp} C A;.

4.9 Theorem. For eachn €N, let S,, € G. Letp=p-pin LN K 1). If A€pand A
s measurable then there exists a choice of G,, € S,, for each n such that for each k € N
cARFSPL((Gn)2 ) € AU{0}.

Proof. Since A € p and p € L, one has u(A) > 0. Pick by Lemma 2.11 some B C A
such that B U {0} is compact and d(A\B) = 0. Then A\B ¢ p so B € p.

Now proceeding identically as in the proof of Theorem 4.6, using Theorem 3.10 in
place of Theorem 3.13, one obtains (D)2 ; with F.SP,((Dy)o2,.) C B for each k € N.
Since B U {0} is compact, one has c/p F'SP,((D,)52,) € BU{0} C AU{0}. O
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4.10 Corollary. Let r € N and let (0,1) = U;_, 4;. If each A; is measurable, then
there exists i € {1,2,...,r} such that given any choice of Sy, € Gy for n € N there
exists a choice of Gy, € S,, such that for each k € N, clrF'SP,((G,)5 ) € A; U{0}.

Proof. By Lemma 3.9, £ is a left ideal of O(g 1) so there is a multiplicative idempotent
p € LN K,1). Pick ¢ such that A; € p and apply Theorem 4.9. O

4.11 Corollary. Let r € N and let (0,1) = J;_, Ai. If each A; is measurable, then
there exist i € {1,2,...,r} and a sequence (x,)>°, such that clgFSP({x,)22 ) C
A; U{0}. |

In contrast with the results of [4], some of the results we obtained here are weaker
for Baire partitions than for measurable partitions. We do not know how much remains

true for Baire partitions. For instance, we have the following question.

4.12 Question. Let » € N and let (0,1) = UJ;_; A;. If each A; is a Baire set,
must there exist ¢ € {1,2,...,r} and a sequence (z,)5%; such that for each k € N,
CKRFSP]C(<I7L>ZO:]€) C AU {O}?

If A is measurable and d(A) = 1, then £ C /A so we get immediately from
Theorem 4.9 (or, by revising the proof, from Theorem 2.17) that one can get a sequence
()22, with FS({(x,)02 1) U FP((2,)521) € A. On the other hand, given any o > 0
there is a set A with d(A) > 1 — a such that for any =,y € A, x-y ¢ A. To see this, let
by = a. Inductively, given b, let a,, = b, -« and let b,, 1 = a,%. Let A = Uo— i (an, by)
and let z < y be members of A. Pick n such that a, <z <b,. Then a, <y <b =«

SObpi1=a,2<z-y<a-b,=ay.

4.13 Question. Can one replace clpFSP,((Gpn)>2,) in Theorem 4.9 by
clp FSP((G)>2,)?

n=1

5. Ramsey Theory Near 0 in the Rationals
and the Dyadic Rationals.

In this section we obtain results for Q@ N (0,1) (and indeed for (D N (0,1)) that
are much weaker than the results of Section 4 for (0,1). These results yield separate
sequences for sums and products. We also show that, at least in the case of DN (0, 1),

the stronger conclusions are not possible.

5.1 Definition. Let (G,,)2; be a sequence of finite subsets of (0, 1).
(a) FS((Gn)22y) = {¥nerx, : F is a finite nonempty subset of N and for each

n=1

ner, x, €G,}
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(b) FP((Gn)%y) = {Illhepxy, : F is a finite nonempty subset of N and for each

n=1

neF, x, €G}.

We stated the results in Theorems 4.6 and 4.9 in terms of choices from G because
one cannot enumerate the matrices with coefficients from R that satisfy the columns

condition over R. In the current context we have no such problem.

5.2 Definition. Fix an enumeration (D,,)o2 ; of the matrices with rational coefficients

o
n=1

that satisfy the columns condition over Q so that (Ds,) enumerates the matrices
with integer entries that satisfy the columns condition over Z. For each n € N, pick
(u(n),v(n)) € N x N such that D,, is a u(n) x v(n) matrix. For each n € N, let

(a) Rn = {{z1,22,...,%y(n)} CD: D, & = 6} and

(b) Sp = {{z1, 22, ..., Ty2n)} S D: for each i € {1,2,...,u(2n)}, e pdi — 1}

J=1 77
where Dgn = <d1J>

In the following lemma, note that we are not yet claiming that there is an additive
idempotent in (), Ux,p,. (Recall Definition 3.6.)

5.3 Lemma. Let X =DnN(0,1), let p be an additive idempotent in (.~ Ux,p,,, and
let A € p. Then there is a choice of G,, € R,, for each n such that FS({G,)52 ) C A.

Proof. This is a simplified version of the proof of Theorem 4.6. Let A; = A and
let By ={zr € X : —x+ A; € p}. Then By € p and p € Ux p, so pick G; € Ry
with G; C By and let Ay = Ay N Ngeg, (—x + A1). Inductively given A, € p, let
B, ={r e X :—x+ A, € p} and pick G,, € R,, with G,, C B,, and let 4,1 =
A, NNgea, (—x 4+ A,). One then shows by induction on |F| that if m = min F' and for
eachn e F, x, C G,, then X,cpx, € A,. O

5.4 Lemma. Let X = (0,1) N D, let p be a multiplicative idempotent in Kx, and let
A € p. Then there is a sequence (Hp)?2 | such that FP((H,)2,) C A and for each
neN, Hy, €S, and Hy,_1 € R,,.

Proof. Observe that by Theorem 3.5 one has for each B € p and each n € N some
H e S, with H C B. Further, by Lemma 3.7, one has that ﬂ;o:l Ux p,, is a two sided
ideal of (Ox, ) so that Kx C (. —, Ux p, -

Thus for each B € p and each n € N one has some H € R,, with H C B.

Now let Ay = A, let By = {z € X : 271 A; € p}, and pick H; € Ry with H; C Bj.
Let Ao = A1NNyeq, (z71Ay). Inductively given A,, € p,let B, = {x € X : 271 A, € p}.
If n = 2m, pick H,, € §,,, with H,, C B,,. If n =2m — 1, pick H,, € R,,, with H,, C B,,.
Let Apy1 = AN ﬂern(x_lAn).

22



One then verifies as before that FP((H,)>2 ;) C A. O

Now we worry about finding additive idempotents in (2, Ux,p, that are located

near Kx.

5.5 Lemma. Let X = (0,1)ND andlet M ={p:p+p=pandp € (., Ux,p, }-
Then cfM is a left ideal of (Ox,-).

Proof. Since (by Lemma 3.7) Kx C (\._,Ux,p, we have (", Ux p, # 0 so by
Lemma 3.7 one has (), Ux,p, is a subsemigroup of (Ox,+). Since also each Ux p, is
closed, as one sees easily from the form of its definition, one has (_, Ux p, is compact
and thus contains an additive idempotent. Consequently, M # (). To see that clM is
a left ideal of (Ox,-) let ¢ € ¢/M and let r € Ox. Let A € r - q and pick z € X such
that 2714 € ¢. Since 2714 € ¢ (so cf(x~1A) is a neighborhood of ¢) one has some
peclxztA)N_,Ux,p, withp+p=p. Thenz 'A€pso A€z -p=z-p+z-p.
Further, as was shown in the proof of Lemma 3.7, each Ux p, is a left ideal of (5X4, )
sox-p€()—Uxp,. Thus clANM # 0. O

The following is the main (affirmative) result of the section. Note that of course it

immediately implies that corresponding statements hold for (0,1) and for (0,1) N Q.

5.6 Theorem. Let X = (0,1)ND, let r € N, and let X = J._, A;. Then there exists
i €{1,2,...,r} and for each n € N there exist choices of G,, € Ry, Hap € Sy, and
Hyp—1 € Ry, with FS((GR)221) UFP((Hy,)5% ) C A;.

Proof. Let M = {p:p+p=pandp€(),—,Uxp,}. Then by Lemma 5.5, c/M is
a left ideal of (Ox,-) so ¢/M N Kx is a left ideal which thus contains a multiplicative
idempotent ¢q. Pick ¢ € {1,2,...,r} such that A; € q. Now ¢ € ¢/M and clA; is a
neighborhood of ¢ so pick p = p+p € (,—, Ux,p, with A; € p. Since A; € p apply

Lemma 5.3 to get the sequence (G,)5° ;. Since A; € ¢ apply Lemma 5.4 to get the

n=1-*

sequence (H,,)5% ;. O

5.7 Corollary. Let X = (0,1)ND, let r € N, and let X = J;_, A;. Then there exists
i € {1,2,...,7r} and sequences (x,)?2, and (y,)S>, in X such that FS({(x,)%,) U

n=1

We conclude by showing that one cannot get a combined sums and products result

like those in Corollaries 4.7 and 4.10 for an arbitrary finite partition of D.

5.8 Definition. Let (x,,)22; be a sequence in R.
(a) FS((zn)02 1) = {Enerpxy, : F is a finite nonempty subset of N}.
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(b) FP({x,)52 1) = {Il,epx, : F is a finite nonempty subset of N}.
(¢) PP({xn)S% 1) = {xn - Ty, : nym € N and n # m}.

Thus FS({x,)2

n=1

) as defined in Definition 5.8 and FS(({z,})s2 ;) as defined in
Definition 5.1 are identical, and similarly for F'P.
Our final result states that, for partitions of DN(0, 1), or even of the whole of D\{0},

oo

one cannot guarantee to find a sequence (,,)02 ; with F.S((z,,)0% ) UF P({x,)52 ) con-

tained in one cell. In fact, one cannot even guarantee to find F'S((z,)5% 1 )UPP((xn)0> ;)
contained in one cell.

In the proof, when we talk of a “coloring” we mean a function to a finite set. In
this case the members of the finite set will typically be k-tuples of natural numbers, for

various k.

5.9 Theorem. There exists a finite partition D\{0} = J,_; A; such that there do not
exist i € {1,2,...,7} and a sequence (x,)52 1 with F'S({(x,)52 1) UPP((x,)52 ) C A;.

Proof. We start by giving a coloring for just I N (0,1): this will contain some of the
ideas to be used in the general case. For z € DN (0, 1), write
T = Z 2_i,
iel

where [ is a finite subset of N = {1,2,3,...}. The start of z is s = minI, and the
end of x is e = max[. If z is not a power of 2 (in other words, if |I| > 2) then we
say that the type t of z is 1if e —1 € [ and 0 if e — 1 &€ I. The previous point p
of an x that is not a power of 2 is max{l <i<e—1: ¢€ I} if z is of type 0 and
max{0<i<e—1:i¢I}ifzisof type 1, and the gap length of x is g = e — p. Thus
we always have g > 2. Finally, if x is not a power of 2 then the ratior of zis 1if g > s
and 0 if g < s.

We now color D N (0,1) by giving x the color ¢(z) = (t,gmod2,r) if z is not a
power of 2 and ¢(z) = 0 (say) if = is a power of 2. Thus we are coloring D N (0, 1) with
9 colors.

We claim that, for the coloring ¢, there is no sequence (x,,)°; with FS((z,)) U
PP((z,)) monochromatic. Indeed, suppose to the contrary that (z,,) is such a sequence.
Since all finite sums must belong to (0,1), we have z,, — 0 as n — oo. In particular,
the x; are not powers of 2 (since the sum of two distinct powers of 2 is not a power of
2).

Now, since z,, — 0, we certainly have s(z,) — oo and e(z,,) — oco. We claim that,

in addition, we have g(x,) — oo. For if this is not the case then we can find infinitely
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many , with a common value of g(x,), and hence there certainly exist distinct m
and n such that g(x,,) = g(x,) and either p(x,,) — 1 & I(z,), p(z,) — 1 & I(x,) or
p(zm) —1 € I(xy), p(z,) — 1 € I(x,). However, in each case it is easy to check that
we have g(z,,z,) = g(z,) + 1 (whether the type of all the x,, is 0 or 1), contradicting
A(Tmxn) = c(xy).

Because s(z,) — o0, it follows that r(z1 +z,) = 1 for n sufficiently large. However,

it is also clear that r(xy2,) = 0 for n sufficiently large, a contradiction as required.

We now turn to the more general case of the dyadics. It is enough to give a coloring
for the positive dyadics D, since we may then extend to D by giving all negative dyadics
a different color: the fact that all z,, and all z,,z,, have the same color then forces all
T, to be positive. Our aim is, roughly speaking, to use new colors to force enough
conditions onto a sequence (z,) that we can somehow argue as for D N (0, 1).

For a finite subset I of N, let us put ¢(I) = —1 if I is empty. If I is not empty,
put s(I) = min/, and if |I| = 1 then put ¢(I) = smod?2. If |I| > 2, we define ¢(I)
as follows. Put e(I) = max I, and define ¢(I), p(I), g(I) and r(I) as before. Also, let
the parity q(I) of I be 1'if 1 € I and 0 if 1 ¢ I. Finally, let the zero-start of I be
2(I) = min{i e N: i ¢ I'}, and let the opposite ratio u(I) of I be 1if g > z and 0 if
g < z. Define ¢(I) = (smod 2,emod 2,t, gmod 2,1, q, z mod 2, u).

For z € ]D+, write
r=>Y 274> 2
ieJ el
where I and J are finite subsets of N. Color DT by giving 2 the color ¢(z) = (c(J), ¢(I)).
We will often write eg. s*(x) for s(J(x)), and similarly s~ (x) for s(I(x)).

We claim that this is a suitable coloring of D". Indeed, suppose to the contrary
that there is a sequence (z,)2%; in DT such that the set FS((z,)) U PP((z,)) is
monochromatic.

We cannot have J(x1) = (), because then z,, — 0, and so we would be done by the
argument for DN (0,1). Can we have I(x1) = 0?7 If so, then we must have s (z,,) — oo,
for otherwise we could find distinct m and n with s*(z,,) = s*(z,) (= s, say) and
s+1¢ J(xy) A J(x,), and this implies s(x,, + x,) = s + 1, a contradiction. But,
given s (z,) — oo, we may argue for .J in a manner similar to the argument for I in
the DN (0, 1) case, arriving at a contradiction.

Thus we now know that I(x1) # 0 and J(z1) # 0. We must have et (z,) — oo,
because if et (z,,) = et (x,) then et (z,, + z,) = €T () + 1. We must also have

e (x,) — oo. Indeed, if this is not the case then we can find distinct m and n with
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e (xm) = e (x,) (=e,say) and e—1 & I(x,,) A I(x,). But this implies e (x,, +x,,) =
e — 1, a contradiction.

It follows immediately that I(x;) cannot be a singleton, because I(x; + x,) is
certainly not a singleton, for n sufficiently large. Similarly, J(x1) is not a singleton.
Thus we may assume from now on that |I(z,)|,|J(z,)| > 2 for all n.

We now turn to the parity of J(x1). If p*(x1) = 0 then we must have s~ (z,,) — oo,
for otherwise some finite sum z of the x,, would have p*(z) = 1, and we must also have
st (x,) — oo, for otherwise we could find, as above, distinct m and n with s (z,, +x,) =
sT(zm)+1 (by choosing m and n with s*(z,,) = s~ (z,) and s1(z,) € J () AT (x4)).
Similarly, if p™(z1) = 1 then we must have 2~ (x,) — oo and also 2T (z,,) — oc.

Now, just as for D N (0,1), we certainly have g~ (x,) — oco. Hence in the case
pt(z1) =0 we have r~ (21 +x,) =1 and r~ (z12,) = 0 for n sufficiently large (whether
the type of all the I(z,) is 0 or 1), a contradiction. And in the case p*(z1) = 1 we have

u” (r1 +x,) =1 and u™ (z12,) = 0 for n sufficiently large, again a contradiction.  [J

Unfortunately, we are not able to extend the above construction even to Q. However

we are willing to conjecture that it can be done.

5.10 Conjecture. There exists a finite partition Q\{0} = |J._; A; such that there do

not exist i € {1,2,...,r} and a sequence (x,,)5% with FS((x,)22,) U FP({x,)5%,) C
A;.

At least one of the authors is less confident about the situation with respect to R

so we conclude with the following.

5.11 Question. (a) Does there exist a finite partition R\{0} = |J;_; A; such that there
do not exist i € {1,2,...,7} and a sequence (x,)>2 ; with F'SP({x,)5%,) C A;7?

(b) Does there exist a finite partition R\{0} = [J;_, 4; such that there do not exist
i€{1,2,...,r} and a sequence (x,,)°° ; with F.S({(x,),) U FP({x,)2,) C A;?

In view of Corollary 4.7, an affirmative answer to Question 5.11(a) could not be
a partition into sets with the property of Baire — one would thus expect that it would
involve some diagonal arguments (in other words, use of the Axiom of Choice).

We are grateful to A. Blass for making the above remark precise in a rather appeal-
ing way. There is a model M of ZF in which all sets of reals have the property of Baire.
(This was constructed by Shelah [18], following related work by Solovay [19]. The essen-
tial difference in the models is in the hypotheses used to construct them—Solovay used

an inaccessible cardinal while Shelah did not.) Now, of course AC fails in this model,
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so we cannot directly apply Corollary 4.7 in this model (since we have made heavy use

of AC in our proof of Corollary 4.7). However, what Shelah actually constructed was a

model of ZFC that contains the above model M as a transitive submodel with the same

set of reals. It can now be checked that we may pass from M to this model, and apply

Corollary 4.7 there. It follows that, in M, Question 5.11 has a negative answer. Thus

any example answering Question 5.11 in the affirmative must involve AC.
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