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Abstract. We provide a unified and simplified proof that for any partition of (0, 1]
into sets that are measurable or have the property of Baire, one cell will contain an
infinite sequence together with all of its sums (finite or infinite) without repetition. In
fact any set which is large around 0 in the sense of measure or category will contain
such a sequence. We show that sets with 0 as a density point have very rich structure.
Call a sequence (t,,)22; and its resulting all-sums set structured provided for each n,

t, > Ziin 41 bk We show further that structured all-sums sets with positive measure

are not partition regular even if one allows shifted all-sums sets. That is, we produce a
two cell measureable partition of (0, 1] such that neither set contains a translate of any
structured all-sums set with positive measure.

1. Introduction.

In [1] it was shown that whenever the set N of positive integers is partitioned into
finitely many classes, some one of these contains an infinite sequence together with all
of its finite sums (without repetition). That is, if one defines as usual the set of finite
sums of a sequence by FS((t,)521) = {3 ,,cp tn : 0 # F C N and F is finite}, then
whenever € N and N = |J;_, 4;, there exist ¢ € {1,2,...,7} and a sequence (t,)>2;
in N with FS({t,)52 ;) C A;.

Given a sequence (t,,)5% in (0, 1], such that Y > , ¢, converges, define the set of
all sums of the sequence by AS((t,)521) = {> ,,cp tn : 0 # F C N}. In [6], Promel
and Voigt considered the question: If (0,1] = |J;_; Ai, must there exist i € {1,2,...,7}
and a sequence (t,)5 ¢ in (0, 1] with AS({¢,)52 ) C A;7

As they pointed out, one easily sees (using the Axiom of Choice) that the answer is
“no” by a standard diagonalization argument. (There are continuum many sequences in

(0,1] with convergent sums. Well order them. At stage o < ¢ = 2% of the construction
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h sequence — which

chose previously unassigned elements of the all-sums set of the ot
has ¢ members — putting one in each of the two cells being constructed.) At the end of
this introduction we will however observe that one can always get i and (¢,)0° ; with
FS((t,)22,) CA;and Y 07 t, € A

Prémel and Voigt showed that if one adds the requirement that each A; has the
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property of Baire, then the answer becomes “yes”. (The sets with the property of Baire
are the members of the smallest o-algebra containing the open sets and the nowhere
dense sets.) In [5] Plewik and Voigt reached the same conclusion in the event that each
A; is assumed to be Lebesgue measurable. It is well known (assuming choice) that there
are Baire sets which are not measurable and measurable sets which are not Baire. (See
[4].) Consequently neither of these results is stronger than the other.

In Section 2 we present a unified and simplified proof of both of these results. In
addition to using a common method of argument our approach has the advantage that
the terms of our sequence are chosen and fixed inductively, so that at stage n of the
induction one has at hand the first n terms of the sequence. (In [6] and [5] one chooses
at stage n a new n-term sequence and concludes at the end that the desired infinite
sequence must exist.)

In Sections 3, 4, and 5 we restrict our attention to sets with positive measure. In
Section 3 we show that if a set has 0 as an upper density point, it contains a very rich
additive structure. (The point 0 is a density point of A C (0, 1] if and only if

(AN (0,€))

lim —= =
€l0 €

It is an upper density point if and only if

limsup MAN09)
el0 €

A point x € (0,1) is a density point of A if and only if

. p(ANn(z—ez+e)
lim
€l0 2€

~1)

As a consequence any set of positive measure contains many translates of sets with this
very rich additive structure since almost all points are points of density.

The results of Sections 2 and 3 raise the question of the possible partition regularity
of all-sums sets with positive measure. That is, one wonders if whenever an all-sums

set with positive measure is partitioned into finitely many measurable sets, must one
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of these contain an all-sums set with positive measure, or at least a translate of such
a set? We show in Section 4 that, at least for sufficiently well behaved sequences, the
ones we call structured, this is not the case. (See Question 4.13.)

It is an important property of the kind of sequences considered in Section 4 that if
the measure of the all-sums set is positive, then it has 0 as a density point (Theorem
5.2). We show in Section 5 that there is a sequence (obviously not of the kind considered
in Section 4) whose all-sums set has measure as close to 1 as we please (in fact contains
an interval of length close to 1) but has 0 as a density point of its complement.

As promised earlier, we show now that any finite partition of (0, 1] must contain a

sequence with all of its finite sums as well as the sum of all of its terms in one cell.

1.1 Lemma. Let (¢,)52 be a sequence in (0,1] such thaty . t, converges, letr € N,

and let o : AS((t,)22 1) — {1,2,...,r}. Then one (or both) of the following statements

holds.

(1) There exists a sequence (s,)52 such that ¢ is (defined and) constant on
PS((sa)30) UL 50}

(2) There exist (z,)52 and j € {1,2,...,r} such that AS({z,)52 1) C AS({tn)5%,)
and for all x € AS((zn)521), ¢(x) # j.

Proof. Let F = {F C N: F # () and F is finite}. Define 7 : F — {1,2,...,r} by
T(F) = ¢(>_,cptn). By the Finite Union Theorem [1, Corollary 3.3] pick a pairwise
disjoint sequence (F,)>°; in F and j € {1,2,...,r} such that ¢(|J F,) = j for
every G € F. For each n € N, let w,, = Zian ti.

Case 1. For some infinite H C N, o(>°, . wyn) = j. Then let (s,)52; enumerate

neG

(W )nen and one sees that conclusion (1) holds.

Case 2. For each infinite H C N, o(>, cy wn) # j. Let (H,);2, be a pairwise
disjoint sequence of infinite subsets of N and for each n let 2, = >, g, Wi Then
conclusion (2) holds. O

1.2 Theorem. Let r € N, let (s,,)52 be a sequence in (0,1] such that > >~ s, <1,
and AS((sn)221) = Ui_, Ai, then there exist some (t,,)32, and some i € {1,2,...,r}
with FS((tn)22) U{> 0" tn} C A;. In particular, if (0,1] = J._, A;, then there exist
i €{1,2,...,r} and some sequence (t,)7; such that F'S({(t,)52,) U{> " tn} C A;.

Proof. We proceed by induction on r. The case r = 1 is trivial. Let r € N and assume
the result for . Let AS((sp)0%,) = :;1 A; and define f: AS((sp)5%,) — {1,2,...,
r+1} by

fQner sn)=min{i € {1,2,...,r+1}: > s, € Ai} .

3



Now apply Lemma 1.1. If conclusion (1) holds, we are done, while if conclusion (2)
holds, the induction hypothesis applies.
The “in particular” conslusion follows by taking s, = 2% U
2. All-sums sets contained in large
Baire sets or measurable sets.

We present here a unified proof that “large” Baire sets or (Lebesgue) measurable
sets contain all-sums sets. We write pu(A) for the Lebesgue measure of A. Both notions

of “large” involve being large close to 0.

2.1 Definition. Let A C (0, 1].

(a) The set A is measurably large (at 0) if and only if A is measurable and for every
e>0, un(AN(0,€) > 0.

(b) The set A is Baire large (at 0) if and only if there exist an open set U and a meager
set M such that U\M C A and for every e > 0, UN(0,¢€) # 0. (“Meager” = “First

category” = “Countable union of nowhere dense sets”.)

HANO) o

can similarly formulate the notions of 0 being a point of positive upper or lower density of

Recall that 0 is a density point of A C (0, 1] if and only if liﬂc)l

A. Observe that the statement that A is measurably large is weaker than the statement
that 0 is a point of positive upper density of A. In fact, if A = (o (1/22",2/2%"),
then A is measurably large but 0 is a density point of (0, 1]\ A.

We thank the referees and the editor for suggesting a simplification of the proof of

the following lemma.

2.2 Lemma. Let A C (0,1] be measurably large. There exist (many) t € A such that
AN (A —t) is measurably large.

Proof. We first establish two simple observations.

(1) If E is a measurable subset of R and p(F) > 0 then there is some € > 0 such that
for all z € (0,¢), u(EN(E —x)) > 0.

(2) If E is a measurable subset of R, u(E) > 0, and 0 is an accumulation point of
T C (0,00), then there is some ¢t € E such that 0 is an accumulation point of
TN(E—t).

To verify (1) pick any density point ¢ of F with ¢ > 0. (By the Lebesgue Density

Theorem [4, Theorem 3.20] almost every point of F is a density point of E.) Pick € > 0
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such that p(E N (t —€,t+¢€)) > 3e. Then given any z € (0, ),
3
p((E-z)N(t—z—et—x+e€) > 2>

sopu(EN(E—z)N(t—et—x+¢€) >3+ 3e— (2¢+x) > 0.

Now we verify (2). Notice that we may pick a compact subset D of E such that
w(D) > 0 so we may presume that F is compact. Let F4 = E and by observation (1)
pick 21 € T such that ,u(El N(E; — ml)) > 0, let E5 = E1 N (F; — x1) and note that
F) is compact. Inductively, given E,, compact with positive measure, pick x,, € T" with
Ty < m"gl such that ,u(En N(E, — xn)) >0andlet E, 1 = E,N(E, —z,).

Clearly li_)m z, = 0. And {E,, : n € N} is a nested collection of compact subsets
of R so pick ; Eoﬁle E,. Thent € E and for eachn e N, z,, € TN (E —t).

Now we apply observation (2) with E =T = {x € A : x is a density point of A}.
By the Lebesgue Density Theorem u(E) = p(A) > 0. Choose t € E such that 0 is an
accumulation point of EN(E —t). To see that AN (A —t) is measurably large, let € > 0
be given. Pick x € EN(E —t) such that x < ¢/2. Now x and =+t are density points of A
so pick § < €/2 such that p(AN(z—6,z+06)) > 36 and p(AN(z+t—0,2+t+4)) > 34.
Then also p((A—t)N(z—8,246)) > 38, so p(AN(A—t)N(z—0,2+68)) > 36+36—26 > 0.
Since z + & < €, we have (AN (A —1¢)N(0,€)) > 0 as required. O

We remark that if we had used the stronger notion of measurably large which
requires that 0 be a point of positive upper density of A, the result of Lemma 2.2 would
be trivial. Simply take any density point of A and observe that 0 is a point of positive
upper density of AN (A —t).

Now we have the Baire version of Lemma 2.2.

2.3 Lemma. Let A C (0,1] be Baire large. There exist (many) t € A such that AN
(A —t) is Baire large.

Proof. Pick an open set U and a meager set M such that U\M C A and UN(0,¢) # 0
for each € > 0. Choose sequences (a,)5>; and (b,)>2; such that for each n, b,y1 <
an < by, < + and ;7 (an,b,) € U. We show that for each t € (J,—(an,bn)\M,
AN (A —t) is Baire large. So let n € N and let t € (ay,b,)\M. Let 6 = b, —t and
pick m such that b,, < 6. Let V = s>, (ax,bx) and let M = M U (M — t). Then
M is meager and for every € > 0, VN (0,¢) # (). We claim that V\M C AN (A —t).
Let € V\M and pick k > m such that = € (ay,b). Then 2 € U\M so = € A. Also

rT<bpy<bp<dsoa,<t<z+t<d+t=b,sox+tecU\M. O
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2.4 Lemma. Let A C (0,1] and let € > 0.

(a) If A is measurably large, then there exists t € AN (0,¢€) such that AN (A —t) is
measurably large.

(b) If A is Baire large, then there exists t € AN (0,¢€) such that AN (A —t) is Baire

large.

Proof. In either case AN(0,¢) is large so apply Lemma 2.2 or Lemma 2.3 to AN (0, ¢€).
O

We need one more preliminary result, namely part (b) of the following lemma. Part

(a) will be used in the next section.

2.5 Lemma. Let A C (0,1] be measurable. There is a subset B of A such that BU{0}
18 compact and

(a) if 0 is an upper density point of A, then 0 is an upper density point of B;

(b) if A is measurably large, then B is measurably large.

Proof. Recall that given any measurable set C' and any € > 0 there is a compact
subset D of C with pu(D) > u(C) — € [4, Definition 3.8]. Now for each n € N, let
A, =An(@/27,1/27 ) and let T = {n € N : u(A4,) > 0}. For each n € T, pick
compact B, C A, with u(B,) > u(A,) — min{w, o} Let B=J,cr Bn. Then
immediately B U {0} is compact and conclusion (b) holds.

We observe now that given any a € (0,1),if n € Nand 1/2" < a < 1/2"" 1 then
n(BN(0,a)) > u(AN(0,a)) — 54 from which fact conclusion (a) follows immediately.

To see this, we first note that

p(B.N(1/2%,0)) = p(Ba) — p(Ban (00, 1/2°71))
> u(Ba) — p(An 0 (0,1/2071)
> u(Ay) = 1/47 — (A, 0 (a,1/277Y)
= p(A,N(1/2",a)) —1/4"1 .
Consequently
p(BN(0,a)) = Y02, n(Br) +p(Byn(1/27, )

V

S (a(AR) = 1/4540) 4 (A, 0 (1/27, ) — 1/47+1

w(AN(0,a)) — 55 -

O

2.6 Theorem. Let A C (0,1] be measurably large. There is a sequence (t,)>2 ; in (0, 1]
such that AS({(t,)52 1) C A.



Proof. Pick by Lemma 2.5(b) some B C A such that B U {0} is compact and B is
measurably large. Let B; = B and pick by Lemma 2.4(a) some t; € By N (0,1/2) such
that By N (By — t1) is measurably large. Let By = By N (By — t1). Inductively, given
B,+1 = B, N (B, — t,), choose by Lemma 2.4(a) some t,+1 € B,11 N (0,t,/2) such
that Bpy1 N (Bpy1 — the1) is measurably large.

Now we show by induction on |F'| that whenever F' is a finite nonempty subset of
N and 7 = min F', one has ) . t, € B,. If |[F| = 1, this is immediate, so assume
|F| > 1, let G = F\{r}, and let m = minG. Then ) tn € By € Bry1 C (B — ty)
SO Y .cr ln € By as required.

neG

Since every finite sum from (t,,)02; is in B and B U {0} is compact we have that

n=1
all infinite sums from (¢,,)72 ; are also in BU{0}. Since none of these sums is 0, we are

done. [l

2.7 Theorem. Let A C (0, 1] be Baire large. There is a sequence (t,)52 ;1 in (0, 1] such
that AS((t,)2,) C A.

Proof. Pick an open set U and a meager set M such that U\M C A and for every
e >0, UN(0,¢) # (. Since there is no harm in replacing M by a larger meager
set we may presume M = (0,1]\ (2, D,, where each D,, is open and dense in (0,1)
and each D,41 € D,. Then UN( 2, D, C A. Pick sequences (a,)5>, (bn)52q,
(cn)o2q, and (d,)52, such that for each n, b,y1 < ap, < ¢, < dy, < b, < 1/n and
Uo—(an,bn) CU. Let Uy = U, (cn,dyn) and let A; = U;\M. Then A; is Baire large
so by Lemma 2.4(b), pick some ¢t; € A1 N(0,1/2) such that A1 N(A; —t1) is Baire large.
Let Ay = A1 N (A1 —ty).

Inductively let n > 1 be given and assume A,, = A,,_1 N (A,_1 — t,—1) is Baire
large. Now as in the proof of Theorem 2.6 we see that for each nonempty
FC{l1,2,....,n—1}, >, cp tx € A1, and hence ), . tx € D,. For each such F' pick

€n, 7 > 0 such that (3, cp tk —€n,r, D pep th +€nr) € Dy Let
€, =min({t,—1} U{enr:0#F C{1,2,...,n—1}}).

Pick t,, € A, N (0, €,/2) such that A, N (A, —t,) is Baire large.
Now we have (as in the proof of Theorem 2.6) that

FS((tn)pzy) € A1 C Ule[cmdn]

s0 AS((tn)52q) C U= len,dn]) C U (since {0}UU,—[cn, dy] is compact). Thus we only
need show that AS((t,)5 ;) C (.-, Dy. To this end, let I be a nonempty subset of N
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and let n € N be given. Since for each k, D11 C Dy we may presume that n > min /.
Let F=1N{1,2,...,n— 1} and let H = I\F. Now

(zkEF tr — €n, ZkGF by + 6n) C <Ek€F ty — €n,F, ZkGF by + En,F) cD,.

If H=0 wehave ), ; tx €D, as required. Otherwise, we have
ZkeH tr < Zzozntk <t (since e < Ek/2 < Tk_1/2 < Ek_1/4... ),

SO D rer th =D ner th+ Dpen th € Qrer thy Doper tk t€n) € Dy, U

2.8 Theorem. Let r € N and let (0,1] = J;_, Ai. If each A; is Baire or each A; is

measurable, then there exist i and a sequence (t,)>2 ; such that AS({t,)32 1) C A;.

Proof. If each A; is measurable, one of them must be measurably large. If each A; is

Baire, one of them must be Baire large. U
3. Sums with repetition.

As was observed in [5], it is easy to prevent repetition of sums in Theorem 2.8.
For example, let A; = |Jo—,(1/22"71,1/2?"72] and let Ay = ;o (1/22",1/22"71].
Then given any t < 1/2 and ¢ € 1,2, if t € A;, then 2t ¢ A; and A; and Ay are both
measurably large and Baire large. We shall see in this section that if 0 is an upper
density point of a measurable set A, one can obtain substantial repetitions. (Notice
that having 0 as a point of positive upper density is not good enough, as is established

by the sets A; and A5 above, each of which has upper density % at 0.)

3.1 Lemma. Let A be a measurable subset of (0,1] and let o« > 0.

(a) If 0 is an upper density point of A, then 0 is an upper density point of A/c.

(b) Ift € (0,1) is a density point of A/c, then ta is a density point of A.

(c) If F is a finite subset of (0,00) and 0 is an upper density point of A, then 0 is an
Ala.

upper density point of (,cp

Proof. Assertions (a) and (b) are established by routine computations based on the
fact that for 0 <z <y <1, p(A/an(z,y)) = (1/a) - n(AN (za,ya)).
To establish (c), we proceed by induction on |F|, the case |F'| = 1 being conclusion

(a). Assume |F| > 1 and let €, > 0. We show that there exists positive § < v such

that
N((Oa §) NNaer A/a)
4]

>1—c¢€.



Let x = max F and let y = max(F\{x}). Pick positive v < 1 such that v — (1 —
7)% >1—¢c Let C = naEF\{m} A/a. By the induction hypothesis, 0 is an upper
density point of C so pick § < v such that ,u(((), 5N C’) > - 0.

Now C C A/y so 2C C A/x so ,u((O,é%) ﬁA/az) > u((O,(S%) N %C’) >q-0-4L

Also, (0,02)NC = ((0,6) NC)\[64,6) so pn((0,62)NC) >~-6 — (6 —6%). Thus

p((0,64H)YNCNA/z) > v 6—(0—-0%)+~-6-%—5Y
= (v-1-7%)-6-2
> (1—¢)-6-%
and 0- ¥ < <. a

The statement of the following theorem is somewhat complicated. As a simple
example, let f((t;)7=") = {1,2,...,n}. Then given any measurable set A with 0 as a

density point one can get a sequence ()52 ; with
{>ncc ktn:0#GCNand for eachne G, ke {1,2,....,n}} CA.

We show in the following result that we can get all sums of linear combinations of
a sequence in (0, 1] where the coefficients of the linear combination can vary over any

prespecified finite set (depending only on the earlier terms).

3.2 Theorem. Let f be a function taking the set of finite sequences in (0,1) to the
set of finite subsets of (0,00) and let A be a measurable subset of (0,1] such that 0 is

an upper density point of A. There is a sequence (t,)°2 , such that, given any ¢ €
><§°:1f(<ti>?;11), {ZnGG Ontn:0#GC N} C A

Proof. Pick by Lemma 2.5(a) a subset B of A such that B U {0} is compact and 0
is an upper density point of B. As in the proof of Theorem 2.6 it suffices to produce
(tn)o2, such that, given any ¢ € X, f({t;)"-) and any finite nonempty G C N,
> mec Pntn € B.

Let By = Bandlet Iy = f(0) = f({t;)%_;). By Lemma 3.1(c), 0 is an upper density
point of (¢, (B1/a). In particular, for each € > 0, 1((0,€) N Nper, (Br/a)) > 0. Let
61 = max Iy and pick a density point t; of [ cp, (B1/a) with t1 € (), cp, (B1/a) such
that 0 < d1t; < 1/2 (using Lebesgue’s Density Theorem [4, Theorem 3.20]). By Lemma
3.1(b), for each o € Fy, aty is a density point of B; so 0 is an upper density point of
By = B1 N(yep, (B1 — aty).

Inductively, let B,, be given with 0 as an upper density point of B,,. Then as above,
let F,, = f({t;)"="). By Lemma 3.1(c), 0 is an upper density point of Nacr, (Bn/a).
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and hence for each € > 0, 1((0,€) N(,cp, (Bn/a)) > 0. Let 6, = max F, and pick a
density point t,, of (,cp (Bn/a) with t,, € (,cp (Bn/a) and 0 < §,t, < 1/2". By
Lemma 3.1(b) for each a € F,, at,, is a density point of B,, so 0 is an upper density
point of Bn11 = By N(Nyep, (Bn —aty).

Now let ¢ € X - F, be given. As in the proof of Theorem 2.6, we show by
induction on |G| that if 7 = minG, then ) _. ¢ -t, € B,. Again, if |G| = 1 the
conclusion is immediate, so assume |G| > 1, let H = G\{r} and let m = min H. Then
Yoncr Pntn € By C©Bry1 € By — @ 1,50 ) i ¢n - tn € B, as required. O

3.3 Corollary. Let (F,)22, be a sequence of finite subsets of (0,00) and let A be a
measurable subset of (0,1] with u(A) > 0. Then given any finite set H of density points
of A there is a sequence (t,)°>, such that given any p € X . F, and any a € H,
a+{>cc ¢n-th:0#GCN}CA.

Proof. Given any sequence (t,)%, and any n € N define f((;)'-') = F,,. We have
that 0 is a density point of (,.; (A — a) so Theorem 3.2 applies. 0

4. Counterexamples to partition regularity of
fat sets of sums and their translates.

In the case of finite sums of integers it is well known that the sets of finite sums
are themselves partition regular. That is, whenever r € N, (¢,,)22 ; is a sequence in N,
and FS((t,)22,) = U;_; Ai, there exist ¢ and (s,)02; with F.S((s,)22,) C A;. (As
in the proof of Lemma 1.1, if FS({t,)52,) = U;_; 4;, let for each i € {1,2,...,r},
B;={F:0# F CNand F is finite and ), . t, € A;} and apply [1, Corollary 3.3].)
Likewise, both of our largeness notions in Section 2 are partition regular.

Similarly, as was pointed out in [6], all-sums sets are partition regular with respect
to Borel partitions. Thus in view of Theorem 2.8, it is natural to ask whether it is
true that whenever (f,)02; is a sequence in (0,1] with >>>° ¢, < 1, r € N, and
AS((tn)22y) = Ui_; A; with each A; (Lebesgue) measurable, then for some ¢ and some
(Sn)oq, one has AS((sn)o2,) € A;. This is however easily seen to be false. Simply
take any sequence (t,)52; such that p(AS((t,)22,)) = 0, (for example ¢, = 3 ).
Then let By and By be (nonmeasurable) sets obtained by a diagonal argument (see the
introduction) such that (0,1] = By U By and for no sequence (s,)>° ; and no i € {1,2}
is AS((sn)5%1) C B;. Finally let A; = B, N AS({t,,)22 ;) for ¢ € {1,2}. Then u(A;) =
p(Az) = 0 so both are measurable.

But that is certainly a cheap way out. If 1(AS((t,)52,)) > 0, then this counterex-

ample is blocked. In fact, we have the following easy result.
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4.1 Theorem. Let (t,)22, be a sequence with p1(AS((t,)321)) > 0. Then AS({(tn)52 ;)
is measurably large. Consequently, if r € N and AS((t,)22;) = Ui, A; with each

A; measurable, then there exist i € {1,2,...,r} and a sequence (s,)52, such that

AS((52)321) € As.

Proof. Given any k € N we have that

AS(<tn>$zO:1) = UFg{Lz,.A.,k} (ZnGF tn + AS(<tn>%°:k+1))

so that 0 < p(AS((tn)521)) < 28u(AS((tn)22 1)) and hence p(AS((tn)o2 ;1)) > 0.
Let € > 0 be given and pick k € N such that > ° . ¢, <e. Then

H(AS((E0)320) 1 (0,6) = p(AS((£a)32411)) > 0.

Thus AS((t,)52 ;) is measurably large. The remaining conclusion of the theorem now

follows from Theorem 2.6. [l

Notice that Theorem 4.1 does not establish the partition regularity of anything.
That is we assume that the all sums set of ()52 is fat, and we do not guarantee
that the all sums set of (s,,)0%, is fat. One is thus naturally led to ask whether fat
all sums sets are partition regular. That is, is it true that whenever (£,)52 ; is a se-
quence in (0,1] with Y>>0, ¢, <1 and p(AS((tn)52;)) > 0 and AS((t,)52,) = Ui, 4
with each A; measurable, there must exist ¢ and (s,)52; with AS({s,)52,) C A4; and

1(AS((51)521)) > 07 We see now that the answer to this question is “no” as well.

4.2 Theorem. Let Ay = |J0_ (22%1, 22%2], let Ay = )00 (22%, 22%1], and for each

n=1 n=1

n let t, = 5=. Then AS({t,)>2 ;) = (0,1] = A; U Ay but there do not exist i € {1,2}

2n

and (sp)e2y with AS((sn)22,) € A; and p(AS((sn)52;)) > 0.

Proof. Assume essentially without loss of generality that we have a sequence (s,,)5%
with AS((s,)52,) C As. We show that p(AS((s,)52)) = 0. Each interval (53=, 52—
contains at most one term from the sequence so (assuming (s,)22 ; is decreasing) we
have each s, < 5m—r. Then by [3, Theorem 1] u(AS({s,)s2;)) = 0. (Alternatively let

for each k, a = W Then for each k,

AS((sn)az1) S U ner sn: (Cner sn) Har] :0#F C{1,2,... k}}

0 j1(AS((s0)i21)) < (25— 1) - ap < 5gh=r) 0

Each cell of the partition of Theorem 4.2 contains intervals, hence will contain a

translate of a “fat” all-sums set (i.e. one with positive measure). Corollary 3.3 then

11



suggests that one might be able to get translates of such fat sets of sums in one cell
of such a partition, or even in any set of positive measure. If one could establish the
latter assertion one would have that the set of translates of fat sets of sums is partition
regular just as the ordinary sets of finite sums are.

We present in this section counterexamples to both of these assertions which are,
unfortunately, valid only for a restricted class of sequences, ones we call “structured”
sequences. (These are the sequences considered by Menon in [3].) See Question 4.13. In
the following definition we follow Menon by suppressing the dependence of R,, on the

sequence (t,)52 ;.

4.3 Definition. Let (¢,)2°; be a sequence in (0, 1] such that > >~ ¢, converges. For
each n € Nlet R, = Y7 . tr. The sequence (t,)p2, is structured if and only if
>0 i tn <1 and for each n, t, > R,.

If (t,)22, is a structured sequence, p(AS((t,)52;)) > 0, and a € (0,1], then

n=1
a+ AS({tn)o ) is also known as a “symmetric Cantor set of positive measure”. We
thank the editor, David Preiss, and one of the referees for suggesting the proof that we
present (in Theorem 4.12) that there is a partition of (0, 1] into two Borel sets, neither
of which contains a symmetric Cantor set of positive measure. This proof is based
on an example of Talagrand’s which was presented in [2]. This proof in fact provides
a stronger result than our original proof of Theorem 4.12 in that one of the sets has
measure 1. Our original proof did not depend on [2], but it was longer and (even) more
cumbersome.

Given a decreasing sequence (t,)52 in (0,1] such that > 7 ¢, converges, it is an
easy exercise to show that there is some € > 0 with (0,€) C AS((t,,)o2,) if and only if
eventually ¢, < R,,. Consequently, badly nonstructured sequences (i.e. those for which

eventually t,, < R, and frequently ¢, < R, ) cause us no problem; any measurable set

which contains no interval could not contain a + AS((t,)52 ) for any such sequence.
Our problem arises with sequences for which infinitely often ¢,, > R,, and infinitetly

often t,, < R,,. We will return to this issue in Section 5.

4.4 Lemma. Let (t,)22, be a structured sequence. Then

p(AS((tn)o2,)) = lim 2" - R, .

n=1
n— 00

Proof. This is precisely [3, Theorem 1] except that it is assumed there that > >~ | ¢, =
1. However, if Y°°° | ¢, < 1, we may replace t; by 1 — > >~ , ¢, and apply [3, Theorem
1]. O

12



The following lemma provides a convenient characterization of structured sequences

with fat all-sums sets.

o0

4.5 Lemma. Let (t,)52, be a structured sequence with p1(AS((t,)52,)) =~ > 0. Then

there is a sequence (5,)52 , such that
(1) fOT each n, 6n Z 5n+1 Z 07

(2) lim 6, =0,

(3) Y+ <1,

(4) for each n, tyi1 = (Y — Ony1) - gt + On - 34,

(5) for eachn, R, = (y+0,) - 5, and

(6) for eachn, tyi1 — Ryg1 = (6 — Ont1) - 5

Conversely, if v > 0 and (6,)52, is any sequence satisfying statements (1), (2), and
(8), t1 =1—(y+01)/2, and for each n, tpi1 = (Y —6nt1) 5ot + On - 50, then (t,)5%,
is a structured sequence and p(AS((t,)22,)) = 7.

Proof. For each n let §, = 2™ - R,, — . Then (5) holds directly and (2) holds by
Lemma 4.4. Also, given n, t,4+1 = Ry, — Rpv1 = (v — Snt1) - # + O - 2% as required
by (4). Statement (6) follows from statements (4) and (5), while statement (1) follows
from statements (6) and (2) and the fact that ¢, 11 > Ry41.

To verify the converse, let v > 0, let (9,,)5%; be any sequence satisfying statements
(1), (2), and (3), let t1 = 1—(y+01)/2, and for each n, let t,1 = (Y—0n11) grrr +0n" 55
Then for each n,

R, = Ziinﬂ 2

Ziinﬂ(v — O) - ng + 0p—1 - 21e1—1
(- ZZ‘LM zik) + On - QLn
(v +6n) - an

so (5) holds.

Then immediately statement (6) holds, so the sequence ()% ; is structured and

hence by Lemma 4.4, p(AS((t,)52)) = 7. O

4.6 Lemma. Let (t,)0%, be a structured sequence, let a € [0,1], and let b,c € R with
b<c. If (bye)N (a+ AS((tn)52y)) =0, then one of the following holds.
(a) c < a.
(b)) b>a+ 30" tn.
(c) There exist k € N and F C{1,2,...,k — 1} such that
(i) a+ Y pep e+ ppiqte <band
(ii) a+ ) cp te+tr >c.

13



Proof. Assume that neither conclusion (a) nor conclusion (b) holds. Notice that a < b.
(For if @ > b then for some n, a +t, € (b,c).) Let n(1) = min{k € N : a + t; < b}.
Inductively, having chosen n(1),n(2),...,n(¢), if b = a + Zizl tn(k), then stop and
let H = {n(1),n(2),...,n(f)}. (We will see that in fact this case cannot happen.)
Otherwise, let n(¢ + 1) = min{k € N: k > n(¢) and a + Zle tn() + tk < b}

When the induction is complete, let H = {n(i) : i € N}. Thena+ >y t, <b.
Pick m such that t,,, < c—b. Then in fact {m, m+1,m+2,...} C H. To see this suppose
instead that for some £ > monehas ¢ ¢ H. Thena+)_, .y tn+te € (b,c)NAS((tn)5Z1),
a contradiction. Pick the first £ € NU {0} such that {k + 1,k +2,k+3,...} C H
and notice that k£ > 0 since we have excluded the possibility that b > a + > | t,.
Let F = HN{l,2,...,k —1}. Since k ¢ H we have a + ) _p tn + 1t > b s0

a+Y pep tnttr>c Alsoa+ Y cp e+ opiite=a+> ey te <D O

We now introduce some notation from [2, pages 259, 266, and 268]. The only
change that we make from their definition is that we require the set C' to be bounded.
We do this because we will be working with bounded sets and it keeps us from worrying

about infinite values for a,,(x|C), which is introduced in the following definition.
4.7 Definition. Let C' be a bounded subset of R. For z € R and n € N,

. b+c 1 c—b 1
an(:c]C):mf{|x—T|:b,c€R, [b,c]NC =10, and 5T < 3 §2—n

4.8 Lemma. Let (1,)22, be a structured sequence such that p(AS({t,)52,)) =~ >0,
let a € [0,1], and let C = a + AS((tn)52). There is a dense subset D of C' such that,

n=1

for every x € D,
1

< o0 .

Proof. Let D = {a+ Y cp te+ > pjoptw:k€Nand F C {1,2,...,2k — 1}}. Then
trivially D is dense in C. Fix x € D and pick k € N and F C {1,2,...,2k — 1} such
that = a4+ Y ,cp te+ D ey tar-

Pick a sequence (d,,)°° ; as guaranteed by Lemma 4.5. If eventually ¢,, = R,,, then
by Lemma 4.5(6), the sequence (0,)52 ; is eventually constant, hence by Lemma 4.5(2)
is eventually 0 and thus (by Lemma 4.5(4) ), eventually ¢, = g&. Then z is interior to
an interval which is contained in C' so the conclusion is trivial. Thus we assume that
infinitely often t,, > R,,.

Fix ¢ € N such that there is some m > 2k such that t,,, — R,,, > 2% For each n > ¢q
in N, let m(n) = max{m € N:t,, — R,, > 5=}. We claim that it suffices to show:

14



om(n)

(1) D ey T converges

(2) For each n > q, o, (2]|C) > 302 | tin(n)+20 + 5t
(In fact, equality holds in (2), but we won’t need that.)
So suppose that we have established (1) and (2). Given n > ¢, we have

23 i tmmyr2e > Doped tm(ny2e + D pey tm(n) 2041
= Rm(n)—l—l

and, since m(n) +1 > m(n), tpm)+1 — Bmm)+1 < 2% Thus for each n > ¢ one has

an(z|C) = Y02 ti(n)2e + FoeT
> 3Ru(ny+1 + g
1
= glmn)+1 -
Thus it suffices to show that >°° ——L1 — converges.

n=q 2n't'rn(n)+1

By Lemma 4.5(4), we have for each n > ¢ that

1 gm(n)

2"ttt 237 = $0m(m)+1 + Om(n))

1 < 2m(n)+2

Since eventually %7—%5m(n)+1 +0m(n) = }17 one has that eventually Ty =2y
so (1) applies.
To establish (1), let M = {m(n) :n€{qq+1,q+2,.. }} and for each m € M,

let a(m) = min{n : m = m(n)} and let b(m) = min{n : m = m(n)}. Then
oo m(n) m x—b(m
1

< ZmEM 2" zgia(m) 2¢
2m

ZmEM 2a(m)—1 -

For each m € M, ty, — Ry > 57y s0 by Lemma 4.5(6), 2(1(27”% < 4(6m—1 — 0p) and
hence, if £ = min M, then
Smer gt < Dmenr H0m-1— 0m)
< 4dp—1 .

To complete the proof, we establish (2). So let n > ¢ and suppose instead that
o (z]C) < 3021 ti(n)+2¢ + 3r- Pick by the definition of o, (z|C) some b, c € R with
b < ¢ such that [b,c]NC =), 2,1% < %b < 2%, and |z — %] < Y ()20 + zn%

Since xz € C, we have that b > x or ¢ < x. So assume first that b > x. Then

S t(myrar + g > T — B = (b—x) + G > b—x+ iy
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S0 b <+ 327 tnmyvae = @+ Dpep et DTy toe + 202y bin(n)+2e-

Now if m(n) is odd, this tells us directly that b < a + > ,cp te 4+ Yoo te While
if m(n) is even, one uses the fact that m(n) > 2k and t,,(n)12¢ < tim(n)420—1 to again
conclude that b < a+ > ,cp tr+ > ooy te-

In particular, b < a + 221 ty. Thus, by Lemma 4.6, pick some p € N and some
H C{1,2,...,p—1}suchthat a+y",cy te+>,2 ) <banda+) ,cy tett, > c. Since
neither b nor cis in C, both inequalities are strict. Then c—b < tp—ZEipH ly=1t,— R,
and ¢ — b > 5= so p < m(n).

Letting v = |

m(n)
2

tm(n)+2¢—1 in the case that m(n) is even)

], one thus obtains (again using the fact that ()42 <

b

<
< T+ ZZl tm(n)—i—%v -
S atDpep tet D tae D0 1 te

a+pem tet D, te

and hence Y, pr te+ 3,0 i te < Dpep Lo+ Dyt + Z;im(n)—l—l te.
Since (t,)52; is structured one has whenever >, te <> ,o; t¢ that

n=1

min(GAL) € L. Thus, letting
r=min((FU{2k,2k+2,...,20}U{m(n)+1,m(n)+2,.. HA(HU{p+1,p+2,...})) ,

one has that r € FU{2k,2k +2,...,2v} U{m(n) + 1,m(n) +2,...} and in fact, since
p<m(n), r€ FU{2k,2k+2,...,2v}.
Also, a+ Y pep te+ > poptar=x<b<c<a+) ,cpy te+1psoletting

s = min((F U {2k, 2k + 2,...}))A(H U {p}))

one has that s € H U {p} (and in particular s < p).

Now r € FU{2k,2k +2,...,2v} while s ¢ FU{2k,2k +2,...} so r # s. Suppose
that » < s. Then r € (FU{2k,2k+2,...,20})\(HU{p+1,p+2,...}) and since r < s,
r ¢ (FU{2k,2k+2,...})\(H U{p}, so r =p. But then p > s > r = p, a contradiction.

Thus we must have that s < r. Then s € (H U {p})\(F U {2k,2k + 2,...}) and
s¢ (HU{p+Lp+2,.. )\(FU{2k,2k+2,...,20} U{m(n) +1,m(n) +2,...}) and
s<r<2vsos=p. Alsor¢{p+1,p+2,...} sop>r>s=p,a contradiction.

This completes the case that b > x. So now assume that c < z. Then b< c <z <
a+ > 2, te. Also,

[ee} 1 btc| —b 1
Zgzltm(n)+2£+w>|x_TC|—x—C+CT>fL’_C+W
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SO
cC>T— ZZ; tm(ny+2¢ = @+ D pep te+ Zﬁk tor — Zg’il bm(n)+2¢ > @ .

Thus, by Lemma 4.6, pick some p € N and some H C {1,2,...,p — 1} such that
a+Ypey e+, <band a+ Y7,y te+1t, > ¢ Since neither b nor ¢ is in C,
both inequalities are strict. Then ¢ —b <, — Z;ipﬂ te=t, — Ry and ¢ — b > 5= so
p <m(n).

Now a4+ ye g tetty > ¢ > =371 tin(n)+20 50 2 pe g tottpT D peq tin(n)+2e >
x. Let v = L@j Then

T<a+ Y ey tetty+ D2 tavya

where, if m(n) is odd, we use the fact that ¢,,(n)120 < tru(n)+20—1-
Thus

dover tet D tar < Dpey te ity D00 tautae -

Also, x> c>b>a+ 3 ey te+ 2,2, te 50

Dover tet D pmptor > D ey te+ 20 te -

Let
r=min((FU{2k,2k+2,.. h)A(HU{p+1,p+2,...}))
and
s=min((HU{p} U{2v+2,2v+4,.. HAF U{2k,2k +2,...})) .
Then
re(FU{2k,2k+2,.. )\(HU{p+1,p+2,...})
and

se (HU{ptU{2v+2,2v+4,.. P)\(FU{2k,2k+2,...}) .

One sees immediately that s # r. Since r ¢ {p+1,p+2,...}, r < p. Suppose that
s<r.Thens<r<p<m(n)<2v+1,sose H\(FU{2k,2k+2,...}), contradicting
the minimality of r.

Consequently r < s. Now r € (FU{2k,2k+2,...})\H and r < p < 2v + 2 so if
r # p, then r € (FU{2k,2k 4+ 2,...}))\(H U{p} U {20+ 2,2v + 4,...}) contradicting
the minimality of s. Thus p =1 <s. Since s € (HU{p} U{2v+2,2v+4,...}) one has
s€{2v+2,2v+4,...}. Since 2v + 2 > m(n) > 2k we have that s € {2k,2k+2,...}, a

contradiction. O

Now we are ready for our final preliminary result.
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4.9 Lemma. Let € > 0. There is a closed nowhere dense set E C [0,1] such that
u(E) > 1— € and for every x € E,

Yot Tl E) = OO
n=12"a,@E)

Proof. On pages 269 through 271 of [2] it is proved that:
For any 6 > 0 and any K > 0 there is a set Z C [0, 1] such that (Z) > 1 — 9§ and for
almost all x in Z, Y7 | W > K.

Notice that whenever B C C, z € R, and n € N, one has an(:v|B) < a,(z|C). B
discarding a set of measure 0 one may presume that » -, m > Kforallz € Z.
Also, since as we have already noted, given any measurable set C' and any v > 0 there
is a compact subset D of C' with p(D) > u(C) — ~ [4, Definition 3.8], one may also
presume that Z is compact.

Now for each j € N choose compact Z; C [0, 1] such that

€
M(Z)>1—2—jandforeachx€Zj, > 1W—J

Let £ = ﬂ;‘;l Z;. Then FE is clearly as required, except possibly for the assertion that
FE is nowhere dense. So suppose E has nonempty interior. Given z in the interior of
one has some v > 0 such that o, (z|E) > v for every n and hence Y -, 2+($|E) < 00,

a contradiction. O

We show now that one cannot be guaranteed a translate of some fat set of sums in

a set of positive measure, even quite large measure.

4.10 Theorem. Let € > 0. There is a compact set E C [0,1] with u(E) > 1 — €
such that there do not exist any structured sequence (t,)5%, and any a € [0,1) with
p(AS((t,)221)) > 0 and a + AS((t,)22,) C E.

Proof. Let F be as guaranteed by Lemma 4.9. Then Lemma 4.8 together with the
observation that whenever B C C, x € R, and n € N, one has «a,(z|B) < a,(z|C),
establish the conclusion. (For this, one only needs that the set D of Lemma 4.8 is

nonempty.) U

Notice that since the set E of Theorem 4.10 is compact, one has in fact that there do
not exist any structured sequence (t,)52; and any a € [0,1) with p(AS({(t,)22,)) >0
and a + FS({t,)52,) € E. In this respect we can contrast the situation in which
w(E) = 1.
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4.11 Theorem. Let A C (0,1] with u(A) = 1. Then for each € > 0 there is a structured
sequence (t,)o2 with p(AS((tn)52,)) > 1 — € and FS((t,)22,) C A.

Proof. Pick v € N with w% < e Let Ay = A. Now A1 N (% — 2l

t1 € AN ( 217, 2) and let Ay = A1 N (A1 — t1) and observe that (

Inductively, given A; with ,u(Ak N (0, 2k; T )) = 2%1 and given

# () so pick

)
n0,3) =3

1
2
2

1 1 1 1
lk—1 € (Qk—l - 97+k—3 + 9y+2k—47 2k—1)

observe that Akﬂ(tk; — 2%%,6_2, t’“;) # () and pick t;, € Akﬂ(t’gl — 2W+%k_2, t’g ). Let
Agy1 = AN (A —tx) and note that, since t_1 < 2%1 we have ,u(AkH N (0, 2%)) = Lk

- and
lh—1 1
tk > 2 oyt2k—2
1 1 1 1
> ok T 9 FR-—2 + vF2k—3 ~ yF+2k—2

1
ok — ovFk-—2 + Y+2k—2 -

As in the proof of Theorem 2.6 one sees that F'S({t,)52 ) C A. Since for each

n=1
(tn)22 4 is structured. Also

n=1
Ry = Zk nt1 Uk > Zk n+1(i’€ o 2v+1k*2 + zwék—z)
1
> ;k=n+11(2k - 2v+k72)

2w i
so 2"R, > 1 — 5 > 1 —e. Consequently, by Lemma 4.4, p1(AS((t,)52)) > 1—e. O

The following result shows, however, that one can get a set of measure 1 which does
not contain a translate of a fat all-sums set. Theorem 4.10 leaves open the possibility
that translates of fat sets of sums of structured sequences could be partition regular.

That possibility is also eliminated by the next result.

4.12 Theorem. There exist disjoint measurable (in fact Borel) sets A and B such that
n(A) =1, AUB = [0,1], and for no structured sequence (t,)5% | with p(AS({t,)s2,)) >
0 and for no a € [0,1) is a + AS((tn)521) € A (and of course, since u(B) = 0,
for no structured sequence (t,)5, with p(AS((tn)521)) > 0 and for no a € [0,1) is
0+ AS({ta)32,) C B).

3=

Proof. For each n € N pick a set F, as guaranteed by Lemma 4.9 for ¢ = =. Let
A=J;", E, and let B = [0,1]\ A.
Now suppose one has a sequence (t,)52; with u(AS((t,)52;)) > 0 and a € [0,1)

with a + AS((t,)52 ;) € A. Let C = a+ AS({t,)>> ) and pick by Lemma 4.8 a dense
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n=1 2n.

subset D of C such that, for every x € D, > °° W < 00. We claim that for
each m € N, C\E,, is dense in C. Indeed, suppose instead that there is some open
set U C R such that ) #U NC C E,,. Pick x € DNU. Since U is open, one either
has some v > 0 such that for all n € N, a,(z|U N C) > ~, or for sufficiently large
n, an(z|U N C) = ay,(z|C). In either case we have > -, WM < 00. On the
other hand, for each n, a,(z|U N C) < a,(z|En) so >0, WMUNC) = 0o0. This
contradiction establishes that C'\ E,, is dense as claimed.

Consequently, by the Baire Category Theorem, one has C\ A # (), a contradiction.

O

4.13 Question. Does Theorem 4.12 remain valid with the word “structured” removed?

5. A fat all-sums set with 0 as a
density point of its complement.

n=1

AS((t,)2° ;) is measurably large (at 0). We will show in Theorem 5.2 that if the

n=1

We saw in Theorem 4.1 that whenever p(AS((t,)22,)) > 0, one has that

sequence (t,)0 ; is structured, much more is true. That is, 0 is a density point of

AS((tn)52 ). By way of contrast, we show in Corollary 5.7 that it is possible to have a

n=1

(necessarily nonstructured) sequence (t,,)22; such that p(AS((t,)52;)) > 0 and 0 is a
density point of the complement of AS((t,)>2 ;).

n=1

We start with a preliminary lemma.

5.1 Lemma. Let (t,)22, be a structured sequence such that i(AS((t,)22,)) > 0. Then
for any F € Py(N),

H(AS({tn)ozy) N0, X er tn) = Xiner w '

Proof. We proceed by induction on |F|. If F = {m}, we have AS({t,)32 1) N (0,t,,) =
AS((tn)Zmy1) so the result is simply Lemma 4.4 applied to the sequence (s,)52,
where s, = t;4n. So assume that |F| > 1, let m = min F" and let G = F\{m}. Then

we notice that
AS((tn)nZ1) N (0,2 cp tn) =

(AS({tn)320) 0 0, tn]) U (i + (AS({)320) N0, e ta)) -

This suffices, since then we have

AS({tn)ne1 AS((tn)o2 4
WAS()) A (0,5 t)) = AASUED) o wlASenzy)

om 2k
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O

5.2 Theorem. Let (t,)72, be a structured sequence such that p(AS((t,)52)) > 0.
Then 0 is a density point of AS((tn)o> ).

n=1

22—1

Proof. Let ¢ > 0 be given and pick £ € N such that =

p(AS((tn)s21)). We claim that it suffices to establish
(*) Whenever F' C {0,1,...,¢} with 0 € F, k = max{—1,0,1,...,/}\F, and G =
(Fn{0,1,...,k—1})U{k}, one has

L Ter (/2201
W Yeg tun 2

> 1—€ Let v =

Indeed, assume that we have established (*). Since there are only finitely many

subsets of {0,1,...,¢}, pick p € N such that whenever m > p and F' and G are as in

>oner (/2777 S 201
ZnEG tmtn 2
p(AS((tn)s21) N (0,@)) > (1 —€) - . Solet o with 0 < v < ¢, be given, pick m such

that ¢, < a < t;,—1, and note that m > p. Pick F' C {0,1,...,¢} with 0 € F' and

> er 207" a maximum among all

(*), one has . We show that whenever 0 < o < t, we have

{3 en 2077:0€ HC{0,1,... .0} and Y, s timgn < ) .

(Note that H = {0} satisfies the requirements so the listed set is nonempty.) Now let
G be as in (*), so that Y, 527" =3 2"+ 1. Now if F = {0,1,...,¢}, then
G={-1}s0> ,cq tmin =tm-1 > a;if [ #{0,1,...,¢}, then G C {0,1,...,/} and
Snea 27 > cp 207 That is, we have Y., tin < a <D tmin.

Now we have

N(AS(<tn>$LO:1) N (0» Q‘)) > M(A5(<tn>§§°:1) N (07 ZneF tm+n)) = ZnEF Qm%
by Lemma 5.1. Thus by (*) we have

2t 1

H(AS((ta)70) 0 (0,0)) > =

'ZnEG lmtn > (1 _6) "

as required.
Now to establish (*), first observe that

Doner 27" _ Doer 2077 S 20 -1
ZnGG 2£fn ZnGF 26771_'_1 26
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so it suffices to show that
ZnEF (7/2m+n) _ ZnEF 2£_n

lim = .
m=oo ) eq tmin Donea 207"
Pick a sequence (0,,)5%; as guaranteed by Lemma 4.5. Then we have that
lim 7 = lim 7 =1

m—oo 2m+E. Ryppe  m—oo 2mtt . ('Y + 5m+€) ) (1/2m+£)
Further, for any ¢ € N, we have

_ m m—1
(1= 0m)/2" b /2

: =20 .
Ry m—oo (7 + 5m+i)/2m+l

lim
m—00

Thus we have

. ZnGG tm-i-n . tm—|—n {—n
rr}gnoo RerE - ZnGG rr}gnoo Rm+€ - ZnGG 2
and hence ,
2" R
lim 2= mt .
m— oo ZnGG tm—|—n
Putting these limits together, we have
L Ter (/27
im =
m=oo 3 ineq tmin
—ZnEF 26771. lim 2 oneg 25*”-Rm+e. lim —1— —
ZTLGG 267m m—oo ZnEG tmtn m—o0 2mFL. Rm-%
l—n
ZnGF 2
ZneG 2£—n
as required. U

What happens to the first few terms of a sequence is clearly irrelevant, so if
eventually ¢, > R,, (so that, in a manner of speaking, (t,)°°; is eventually a struc-
tured sequence) and p(AS((t,)52;)) > 0, then 0 is a density point of AS({t,)52,).

Also, as we have previously remarked, (before Lemma 4.4) there is some ¢ > 0 with
(0,€) € AS((tn)o2 ) if and only if eventually ¢, < R,,.

n=1
0o

We show in this section that one can get sequences (t,)52; with p(AS((t,)22,))
as close to 1 as we desire, in fact with AS((t,)72 ;) containing an interval of length as
close to 1 as we desire, such that the density of AS((t,)52 ;) at 0is 0, i.e. 0 is a density
point of (0, 1]\AS({(t,)5% ). (Necessarily of course, often t,, > R,, and often t,, < R,,.)

Given an infinite set B we write AS(B) = {>_F : ) # F C B} so that if (¢,)%2,
enumerates B then AS(B) = AS({t,)521).

n=1
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5.3 Definition. Let » € N. Define sequences (7,,)2 , (L,)22,, and (N,)52, by:
Ty = 20, L1 = r, and for each n € N, N,, = 2Tn—v —2 T, = 2Tn—1/4 _ 4 and
Lns1 = Ly + N,,. Let

B, ={271272 ... 27"yulUp {27t 427t it e (1,2, N, } )

5.4 Theorem. Let r € N and let A = AS(B,). The density of A at 0 is 0. That is

i HA002)
510 )

Proof. We first observe that for any n € N,

(*) ZZ.;THJ Zi\]:fl<2—Lz + 2—Lz—t> < 2—L,L+1+Tn.
Indeed

Z;.;'n—s—l 21{\21(2_&8 +27Rt) = ZZn+1( —Le + 2—Le 9= Lesn)

> rcn (( QTZ 1—2) .27 ke 4 27 ke 97 L)
Z;in+1( —LetTe—n _ 271’5 — 2*L£+1)

< 27 LnpitTn

Now let € > 0 be given and pick p € N such that p > 1 and 1/27»-1/6 < ¢/4. We
will show that for any § < 1/2Fr—1, M < e Solet § < 1/2E»—1 be given. Pick
n € N with 27»-1 > § > 27E» (so n > p) and pick the largest k € {0,1,...,T,_1 — 1}
with 275k < 6.

Now observe that if x € (0,8) N A, then x < 27 Ln+h+l (If k < T;,_; — 2 this is
because § < 27 Lntk+L g0 assume that k =T, 1 —1. Thenz < § <2 In-ts02x =3 C
for some

ccUg, {27t 27t it e {1,2,... N}

502 < 3p0, SO (270 4 27 Bty < 97 Int Tt = 9Lkt by (%))
Now let

H={m-2»+%, . 27" me{0,1,...,2" -1},
FC{L,+1,L,+2,...,L,+1 —T,}, and
m—"T, <|F| <ml}.

We claim that it suffices to establish the following two statements:
(*¥*) |H| < ONn—Trn+k+1-Tn-1/6 514

) (0,0)NAC U enlz 2+ 2~ LutatTutl]
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Indeed, assume for the moment that we have established (**) and (***). Then

1((0,0) N A) [H| - 27 b Tt
5 = oLtk
|H| < 92-Tu1/6

2Nn—Tn+k—1 —
< 227T1/6 ¢

as required.

To establish (**) observe that by Stirling’s formula we have for any even M > 0

M 2M
and any t € {0,1,..., M}, ;)< it Observe also that
(T, +1) 2Tn-1/4 3
VN, =T, 2T —2 _9Tu1/41 4
2Tn,1/4

\/2Tn—1 — 2Tn—1/4
1

S oy

Now for each m € {0,1,...,2*1 — 1}, let

Hy={m-27Le 43, 27t: FC{Ly+1,Ln+2,..., L1 — T} and
m—T, <|F|<m} .

ok+1_1

Then |H’ < Zm:()
Now, if m < T, then

|Hy|. Let M = Ny =Ty = {Lp 4+ 1,Ln +2,..., Loyt — Ty}

m (M m oM m41)-2M T, +1)-2M
Hm:Zz’_O( ><Zz’—03ﬁz(¢ﬁ < B

If m > T, then

. m M m oM _ (Tn+1)'2M
Hm = Zizm_Tn ( i ) < Zi:m—Tn VM v M ’

Thus

QL (T, +1)-2M  9Na=Tuthtl (T, 4 1) < gNu =Ttk 1-T, 1 /6

\/M B VNn_Tn

[H| <

Thus (**) holds.
Finally, we verify (***). Let = € (0,6) N A be given. For each ¢ € N with
¢ > n, pick G(¢) C {1,2,...,Ng} such that & = 337 37,5, (275 +275¢77). Let
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Yy = Ztea(n)(Z_L” + 27 L=ty (so that y = 0 if G(n) = ). Let m = |G(n)|. Then
y=m-2" 4 ZteG(n) 27 Ln=t Since y < x < 27 Lnth+l we have m < 281 — 1. Let

F={L,+t:teGn)andt <N, —T,}

and let z=m 27t + 3, . 27" Now m € {0,1,...,2" — 1},
Fc{L,+1,L,+2,....,L,+ N, —T,}, |F| <|G(n)| =m, and |F| > |G(n)| — T}, so
z € H.

Certainly z < z. Let K = {L, +t:t € G(n) and t > N, — T,}. Then y =

24+ ex 277 s0

T o= 2+ ek 270 + ZZin—i—l ZteG(E)(Q_L[ +27 0
N, L. Ne fo— L,
< z+ Zt:Nn—Tn—H 27 Fnt 4 Zt?im-l > (2 Le ot ‘)
< z _|_ 2—Ln_Nn+Tn _|_ 2_Ln+1+Tn (by (*) )
= 492 LnpatTu+l
so (***) holds. O

We now set out to show that AS(B,) contains intervals. The following lemma

shows that we can write certain terminating binary expressions as members of AS(B,).

5.5 Lemma. Let r,n € N and let >, _, 22\21(2_’:4 +2 kY < <1
such that 2Ln+1 .2 € N. Then there exist Go C {1,2,...,7} and for each
e {l1,2,...,n} some Gy C {1,2,..., Ny} such that

= ZtEGo 270+ Z?:l ZteGe(Q_Le + 2_Le_t) .

Proof. We proceed by induction on n. First let n = 1. We have that
olz . p e {1,2,...,22 — 1}

so pick F € {0,1,..., Ly — 1} such that 2122 =%, . 2", Thenz =", 2712, Let
G1 = {Nl —t:t€ Fﬂ{O,l,...,Nl —1}} and let H:Fﬂ{Nl,N1+1,...,L2—1}.
Lety=2—3,cq 27" 42717 Theny =3,y 20752 —|G1|- 27" s0 251 -y is an
integer. Also y > = — 71;11(2le + 275178 > (. Finally y < z < 10 21 .y € {0,1,
..,2l1 — 1}, Choose K C {0,1,...,Ly — 1} such that 251 -y = %, 2" and let
Go={Li—t:teK}. Thenz =3, 27"+, (277 +27517") as required.
Now let n > 1 be given and let >, _, 221(2_“ +2 ket < g < 1 with 2Fn+1.0 €
N. Pick F € {0,1,..., Lp41 — 1} such that 25»+1 . 2 = 3, . 2", Let

Gn={N,—-t:te Fn{0,1,...,N, — 1}}
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andlet H = FN{Ny,N,+1,...,Lpy1—1}. Let y =2 -3, (275> +27F»7"). Then
Y= icH 2t=Ln+1 |G, |- 2717 g0 2L . ¢ is an integer. Also

n—1 N, _ —L,— N, _ L. —

1 14 (2 Ly +2 Ly t) x_Zt:1(2 Ln_|_2 L, t)

t=1
T — ZteGn(z_Ln +275 )
y<zx<l.

IIVARVAN

Thus y satisfies the induction hypothesis so pick Gy C {1,2,...,7} and for each
¢e{1,2,...,n} some Gy C {1,2,..., Ny} such that

_ -1 _ 1,
Y= ZtEGo 27t + 22:1 Z:ter(2 ke omtet).
O

5.6 Theorem. Let r € N and let v = Y 2, Zi\zl(?_“ +27Le=t) . Then (v,1) C
AS(B,).

Proof. Let z € (v,1) and pick H C N with ¢ = > ,.; 27" For each n let
F,=Hn{1,2,...,L, 1} and let @, = >, 27t Then z,, < z < 1. We claim
that also z, > Y5 STt (2750 4+ 27 Fe=t). Indeed, = > Y00, STt (27 Le 4 27 Loty

and x — z,, < ZanHH 27t = 27 En+1 Thus

T > T D@ 2 ) T 2 2 ) -2k
> Yl S @2

Since also 2F»+1 .z, € N we have z,, satisfies the hypotheses of Lemma 5.5 so pick
Go(n) € {1,2,...,r} and for each ¢ € {1,2,...,n} pick G¢(n) C {1,2,..., Ny} such
that @, = 3 cqom) 27+ > Zter(n)(Q_L‘f +27Le=t). Then z, € AS(B,). Tt
suffices to show that {0} U AS(B,) is compact. For then, since lim x, = z, we have
z € AS(B,). e

To verify that {0} U AS(B,) is compact, let b € c/AS(B,) and note that b < co.
Enumerate B, as (t,)22 ;. For each m € N choose a sequence (a(m,n))52; in {0,1}
such that |77 a(m,n) - t, — b| < . Choose infinite A; C N and o(1) € {0,1} such
that for all m € Ay, a(m,1) = o(1). Inductively, given Ay, choose infinite Ax11 C Ag
and o(k + 1) € {0,1} such that for all m € Agy1, a(m,k+1) = o(k +1). We claim
that Y7 o(n) - t, = b, so suppose instead that e = |Y_°  o(n) - t, — b| > 0. Pick k
such that > ", t, < § and pick m € Ay such that L < £ Then

|2 o(n) tn — bl
n) -t + Zf:kﬂ o(n) - tn — bl

Il
(]
S =
I
Q

_10(
= | ZZ:1 a(m,n) - t, — Zfzkﬂog(m, n) - tn + Zfzo:k—i—l Uogn) “tn — bl
< 2 pmra(myn) -ty = bl 4| 32, almyn) - tn| + |22 0 o(n) -t
< s+5+735.
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O

5.7 Corollary. Let € > 0 be given. There is a decreasing sequence (t,)S2 | such that

S i tn <1 and there exist a < b < 1 such that b—a > 1—¢€, (a,b) C AS({t,)52,),
and 0 is a density point of (0, 1]\AS({t,)3 ;).

n=1

[e.¢]

& 1, and (V)22 as in Definition

1- T

5.3 and let v, = >_,2, i\f:‘fl(Q_L‘Z + 27Le=t). Choose r such that . 7
Yr

Then AS(B,) C (0,1 + ~,), and by Theorem 5.6, (y,,1) € AS(B,). By Theorem

1
5.4, 0 is a density point of (0,1 + 7,)\AS(B,). Let C = T B, and let (t,)

Proof. Given r € N, define sequences (T,,)5 , (L)
>1-—ce

n=1
T

enumerate C' in decreasing order. Then AS((t,)52 ;) € (0,1) and 0 is a density point

n=1

>0 ’y o0
of (0, 1)\AS(1<tn)n_1). Let a = s and let b = T Then (a,b) € AS((tn)o2;)
and b —a = _%>1—e. [l
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