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ABSTRACT. Central sets in semigroups are known to have very rich combinato-
rial structure, described by the “Central Sets Theorem”. It has been unknown whether
the Central Sets Theorem in fact characterizes central sets, and if not whether some
other combinatorial characterization could be found. We derive here a combinatorial
characterization of central sets and of the weaker notion of quasi-central sets. We show
further that in (N, +) these notions are different and strictly stronger than the charac-
terization provided by the Central Sets Theorem. In addition, we derive an algebraic
characterization of sets satisfying the conclusion of the Central Sets Theorem and use
this characterization to show that the conclusion of the Central Sets Theorem is a

partition regular property in any commutative semigroup.

1. Introduction. The notion of central subsets of the set N of positive integers
was introduced by Furstenberg in [7] where he proved the “Central Sets Theorem” [7,
Proposition 8.21]. This theorem is mildly complicated but has several easily derivable
consequences. For example, any central set has solutions to any partition regular system
of homogeneous linear equations with rational coefficients. Also, given any sequence
()22, and any central set A, there exist arbitrarily long arithmetic progressions in A
whose increment comes from F'S((z,)>° ) = {X,crz, : F is a finite nonempty subset
of N} . (See [7, pp. 169-174] for both of these consequences.)

The definition of “central” in [7] was in terms of dynamical systems, and the def-
inition makes sense in any semigroup. In [3] (with the assistance of B. Weiss) that
definition was shown to be equivalent to a much simpler algebraic characterization if
the semigroup is countable. It is this algebraic characterization which we take as the

definition for all semigroups.
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The algebraic characterization of a central set in (5,-) is in the setting of (595, -)
where S is the Stone-Cech compactification of the discrete space S and - is the
extension of the operation on S to 85 making (55 a right topological semigroup with
S contained in its topological center. (By “right topological” we mean that for each
p € BS, the function p, : BS — BS is continuous where p,(¢) = ¢-p. By the “topological
center” we mean the set of points p such that A, is continuous, where A\,(¢) =p - ¢.)

As a compact right topological semigroup, S has a smallest two sided ideal denoted
K (3S). Further K(395) is the union of all minimal right ideals of 5.5 and is also the union
of all minimal left ideals. (See [5, Chapter 1] for these and any other unfamiliar facts
about compact right topological semigroups.) Any compact right topological semigroup
has an idempotent and one can define a partial ordering of the idempotents by p < ¢ if
and only if p=p-qg = ¢-p. An idempotent p is “minimal” if and only if p is minimal
with respect to the order <. Equivalently an idempotent p is minimal if and only if
p e K(3S).

1.1 Definition. Let (S,-) be a semigroup and let A C S. Then A is central if and
only if there is some minimal idempotent p € 35S with p € clA.

We take the points of S to be the ultrafilters on S, identifying the principal
ultrafilters with the points of S. Then given A C S one has ¢/lA = {p € 3S : A € p}
and the topology on (3S has as a basis {c/A : A C S}. Accordingly a subset A of S is
central if and only if A is a member of some minimal idempotent.

Now it is well known that a subset A of S is a member of some idempotent in
BS if and only if there is some sequence (x,)>° ; in S with FP({x,)52 ;) C A where
FP({x,)2,) = {llher x, : F is a finite nonempty subset of N}, the products being
taken in increasing order of indices. Likewise it is known that A is a member of some
p € K(BS) if and only if A is “piecewise syndetic”. (See Definition 3.1.)

Since members of idempotents and members of minimal ultrafilters (i.e. those
ultrafilters in K(3S)) both have simple combinatorial characterizations, it is natural
to hope for a combinatorial characterization of their combination, members of minimal
idempotents. In particular, one can ask whether the powerful “Central Sets Theorem”
characterizes central sets.

In Section 2 we present a proof of the strongest version of the Central Sets Theorem
for commutative semigroups of which we are aware. We define a rich set (Definition 2.4)
as one satisfying the conclusion of the Central Sets Theorem. We derive an algebraic
characterization of rich sets (Corollary 2.11) and use this characterization to show that

rich sets are partition regular in the sense that whenever a rich set is partitioned into
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finitely many parts, one of these parts must be a rich set.
We also conclude from the algebraic characterization of rich sets that any member

of any idempotent in ¢/K(8S) is a rich set. This suggests a definition.

1.2 Definition. Let (S,-) be a semigroup and let A C S. Then A is quasi-central
if and only if there is some idempotent p € /K (3S) with p € clA.

Thus an additional question presents itself. Namely are all quasi-central sets in fact
central? (Equivalently are all idempotents in ¢/K(3S) in fact in ¢f{p : p is a minimal
idempotent of 3S} ?)

In Section 3 we provide some combinatorial characterizations of central sets as
well as similar characterizations of quasi-central sets. In Sections 4 and 5 we use these
characterizations to show that in the semigroup (N, +), there are quasi-central sets that
are not central and there are rich sets that are not quasi-central.

We have already remarked that we take the points of 35 to be the ultrafilters on
S. We mention now a characterization of the operations - on 3S that we will utilize.
Given p and ¢ in 3S and A C S, one has A € p-qifand only if {z € S: 27 1A € ¢} € p,
where x !A={ye S:x-ye€S}. (We are not assuming S is embeddable in a group.)
See [9] for a detailed description of the semigroup (4S5, ), with the caution that there
(S is taken to be left topological rather than right topological. This problem exists
throughout the literature. There are in fact four different choices that can be made,
and all four do in fact appear in the literature. (One may choose either of the two
kinds of continuity and one may choose what one calls it. That is, what we call right
topological is called by some authors left topological.) The connection between the two
operations is as follows: Let -, denote the operation making (.5 left topological. Then
given p and ¢ in 35S and A C S one has A € p-,qif and only if {r € S: Az=! € p} € ¢
where Az~! = {y € S : y-x € A}. Thus if one defines an operation * on S by z*y = y-z,
one has for all p,q € 85 that p-q = ¢*;p. (And in particular, if S is commutative, then
p-q=q-¢p.) If Sis not commutative it is known ([1] and [6]) that the left topological
and right topological structures can be quite different. We point out in Section 2 that
being a member of a minimal idempotent in (35S, -¢) (being “left central”) differs from
the notion of central (or “right central”). We don’t present a separate treatment of “left

central” because the characterizations are identical with all operations reversed.

2. The Central Sets Theorem. We establish here that any quasi-central set in

a commutative semigroup (.S, -) satisfies a strong version of the Central Sets Theorem
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involving infinitely many prespecified sequences. We further provide and utilize an
algebraic characterization of sets which satisfy this strong conclusion.

The restriction to commutative semigroups is not essential, but the Central Sets
Theorem for non-commutative semigroups is much more complicated to state. See [4,
Theorem 2.8] for a statement of this theorem with finitely many prespecified sequences
in an arbitrary semigroup.

The algebraic proof of the Central Sets Theorem is based on ideas developed by
Furstenberg and Katznelson in the context of enveloping semigroups. We begin by

quoting a well known result.

2.1 Lemma. Letn € N and let Ty,T5,..., T, be compact right topological semi-
groups and let Y = X?:lTi with the product topology and coordinatewise operations.
Then K(Y) = X K(T;).

Proof. By [5, Proposition 1.3.6] Y is a compact right topological semigroup (so
K(Y) exists). Thus [5, Corollary 1.2.6] applies. [

The following lemma encodes an important part of the ideas of Furstenberg and

Katznelson which we will use repeatedly in this paper.

2.2 Lemma. Let (D, <) be a directed set and let (S,-) be a semigroup and let ¢ € N.
For each i € D let E; and I; be subsets of szlS such that

(1) for eachi € D, ) # I, C E;;

(2) for each i,j € D if i <j, then I; C I; and E; C E;;

(8) for each i € D and each & € I; there exists j € D such that - E; C I;; and

(4) for each i € D and each ¥ € E;\I; there exists j € D such that - E; C E; and
Z-I; CI..
Let E = (\,cp clE; and I = (), cl1; where the closures are taken in szlﬂS. Then

E is a compact right topological semigroup and I is an ideal of E.

Proof. It is a routine exercise to show that X le (S is a compact right topological
semigroup and that for & € szlS , Az is continuous. By conditions (1) and (2) we
have ) # 1 C E.

To complete the proof we let p, ¢ € E and show that p- ¢ € E and if either p'e I
or ¢ € I, then p- ¢ € I. To this end, let U be an open neighborhood of p'- ¢ and let
i € D be given. We show that UNE; # () and if p€ [ or §€ I, then U N I; # (. Pick
a neighborhood V' of p'such that V- ¢ C U and pick ¥ € E;, NV with ¥ € [; if pe I. If
& € I; pick j € D such that - E; C I;. If ¥ € E;\I;, pick j € D such that - E; C E;
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and & - I; C I;. Now @ - ¢ € U so pick a neighborhood W of ¢ such that - W C U and
pick y €e WNE; withye I; if §€ I. Then -y € UNE; and if either pe [ or ¢ € I,
then -y e UNI;. U

2.3 Definition. (a) Let A be any set. Then Py(A) = {B : B is a finite nonempty
subset of A}.
(b)®={f: f:N—=N andfor all n € N, f(n) <n}.

We now introduce an ideal J of 55 which is of interest in its own right.

2.4 Definition. Let (5, ) be a commutative semigroup.

(a) Y = {{(yi1)21)2, : for each i and t, y;; € S}.

(b) Given Y = ((yi1)i21)2; in Y and A C S, A is a Jy-set if and only if for
each n € N there exist a € S and H € Py(N) with min H > n such that for all
ie{l,2,....,n}, a-lliey yis € A.

(c) Given Y € Y, Jy ={pe€ S :forall Aep, Aisa Jy-set}.

(d) J = ﬂyey Jy

(e) A set Ais a rich set if and only if A C S and for each Y = ((y;+)521)52, in J,
there exist sequences (a,)o>; in S and (H,)5%, in P¢(N), with max H, < min H,;

n=1

for all n, such that for all f € ®, FP({an - WicH, Y¢n),t)me1) S A.

Note that rich sets are precisely those sets satisfying the conclusion of the Central
Sets Theorem.

If the semigroup (S,-) is (N, +) and A C N with J N clA # (), then A has the
following interesting property: Given any sequence (x;)?2; in N, there exist arbitrarily
long arithmetic progressions in A with increment d € FS((z:):2,). (To see this, let
yit = 1 -x¢ for each i € {1,2,...,¢}.) Consequently in (SN, +) one has J C AP =
{p € BN : for all A € p, A contains arbitrarily long arithmetic progressions}.

We will see in Theorem 2.6 that J is an ideal of 4S5, from which it follows that
K(3S) C J. However we need the following lemma in order to conclude that J # ().

2.5 Lemma. Let (S,-) be a commutative semigroup and letY € ). Then K(8S) C
Jy .

Proof. Let p € K(3S) and let A € p. Let Y = ((y;+)21)52, in YV and let n € N
be given. Let W = X3S and let = (p,p,....p). By Lemma 2.1, 5 € K(W).

For k € N, let I, = {(a ey vit,a - hem Yoru,...,a ey ynt) : a € S
and H € P¢(N) and min H > k} and let By, = I U {(a,a,...,a) : a € S}. Let
E = (oo clEy and I = ;- clI;. We claim that F is a subsemigroup of W and I is
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an ideal of E. Given k € Nand ¥ = (a - Ilemg vis,a - Ihem yor, ... a-Iicy ypn) with
min H > k, let m = max H + 1. Then, using the fact that S is commutative, we have
that - By, C Iy. If ¥ = (a,a,...,a), then & - By C Ey and Z - I, C I. Thus Lemma
2.2 applies.

Now p € E. (Given k € N and By, Ba,...,B, € p pick a € (),_; B;. Then
(aya,...,a) € By N X,_,ctB;.) Thus K(W)NE # () so by [5, Corollary 1.2.15],
K(E) = K(W)NE and hence p € K(E) C I. Then X,_,clANT, # () so pick a € S and
H € P¢(N) withmin H > n and (a-ier y1t,a- ey Yo, ..., a- e ynt) € X?:1A-
O

2.6 Theorem. Let (S,-) be a commutative semigroup and let Y € Y. Then Jy is
a closed two sided ideal of 3S. Consequently J is a closed two sided ideal of 3S.

Proof. By Lemma 2.5, Jy # (). Since it is defined as the set of all ultrafilters all
of whose members satisfy a given property, Jy is closed. Let p € Jy and let ¢ € 8S.
To see that ¢-p € Jy, let A€ g-pandlet n € N. Since A € ¢ - p pick z € S such that
z7 1A € p. Picka € S and H € P¢(N) with min H > n such that a- ey yir € x7 1A
for each i € {1,2,...,n}. Then z-a-Il;cy y;+ € A for each i € {1,2,...,n}.

To see that p-q € Jy, let A € p-gandletn € N. Since {x € S: 27 1A € q} € p, pick
a €S and H € P¢(N) with min H > n such that a - Iliepy yit € {x € S: 27 1A € ¢} for
each i € {1,2,...,n}. Pickz € N_,(a - Wicy yit) 'A. Then z-a-licy yis € A for
each 1 € N. [J

2.7 Lemma. Let (S,-) be a commutative semigroup, and let Y = ((yi 1)721)52, be in
Y. Letp be an idempotent in Jy. Then for all A € p there exist a sequence (a,)32, € S
and a sequence (H,)o € Py(N), with max H,, < min H,, ;1 for all n, such that for all

fe®, FP((an - ien, Ysm)t)ne1) € A.

Proof. Let Ay = A and let By = Ay N{zx € S : 2714, € p}. Since p =
p - p we have B; € p so, since p € Jy, pick a; and H; such that a; - Iieq, y1+ €
Bi. Let Ay = A; N (ay - Wyen, y14) 'A1. Inductively, given A,, let B, = A, N
{xeS:z271A, € p}. Let m = max(H,,_; U{n}) + 1. Since B,, € p, pick a,, € S and
H,, € Pf(N) such that min H,, > m and for all i € {1,2,...,m}, ay - Iicn, yit+ € By.
Let Apt1 = An Nz (an - ien, yrue) tAn.

Let f € ®. We show by induction on |F| that if ' € P;(N) and m = min F' then
her(an - Wicn, Yrm)t) € Am. If F = {m} we have a,, - icn,, Yrm),t € Bm C An.
So assume |F'| > 1, let G = F\{m} and let r = min G. Then I, eq(an -UicH, Yrm)t) €
A, C Aps1 C (am - ien,, yf(m),t)_lAm 0 Ilner(an - e, Yfm)t) € Am. O
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The following theorem is the “Central Sets Theorem”.

2.8 Theorem. Let (S,-) be a commutative semigroup and let A C S. If for each
Y € Y there is some idemptotent p € Jy NclA, then A is a rich set.

Proof. Apply Lemma 2.7. [J

The original Central Sets Theorem ([7, Proposition 8.21]) had S = N and allowed
the (finitely many) sequences (y; )52, to take values in Z. Since any idempotent minimal
in (0N, +) is also minimal in (8Z, +), and hence any central set in (N, +) is central in

(Z,+), this version follows from Theorem 2.8.

2.9 Corollary Let (S,-) be a commutative semigroup and let A C S. If there is an
idempotent p € J N clA, then A is a rich set. In particular each quasi-central set (and

hence each central set) is a rich set. [
We now prove the converse of Theorem 2.8.

2.10 Theorem Let (S,-) be a commutative semigroup and let A C S be a rich set.
Then for each Y € Y there is an idempotent p € Jy NclA.

Proof. Pick sequences (a,)s>; in S and (H,)s2; in Ps(N), with max H, <
min H,, 1 for all n, such that for each f € ®, FP({an-Ilicn, Ysm),t)ne1) S A. For each
reN,let M, = U{FP((an - icn, Ysm)t)ners1) : f € P}, and let M = (2, clM,.
Note that M C ¢fA since My C A.

We claim that M is a subsemigroup of 5S. To this end, let p,g € M and let
B €p-qandlet r € N. We show that BN M, # 0. Let C = {z € S: 27 'B € ¢}.
Then C € p and p € ¢lM, so CNM, # 0 so pick f € ® and F € P¢(N) with min F > r
such that © = Il er(an - UicH, Yrm),:) € C. Let s = maxF. Now 7 'B € ¢ and
q € clMg so x7'BN Mg # (. Pick g € ® and G € P¢(N) with minG > s such that
y = pea(an - Micn, Ygm)s) € 2 *B. Let h(n) = g(n) if n € G and let h(n) = f(n)
otherwise. Then z -y = Il eruc(an - e, Ynmn),e) € BN M,.

Pick an idempotent p € K(M). Then p € ¢/A so to complete the proof we show
that p € Jy. To this end let B € p. We need to show that B is a Jy-set, so let
n€N. Let W = X,_ M. Foreach r € N, let I, = {(a-x1,a-x2,...,a-x,) : there
exist D and D’ in P¢(N) and f € ® with DN D’ = () and min(D U D’) > r and a =
Iep(@m - ien,, Yrem)+) and for each i € {1,2,...,n}, x; = pep/(am - icn,, yii)}-
For r € Nlet E, = I, U{(a,a,...,a) :a € M,}.

Let E = ()=, ¢lE, and I = (=, ¢/I,, where the closures are taken in W. Note
that each E,. C X ?Zer and consequently £ C W. We now show that F is a semigroup
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and that I is an ideal of F, using Lemma 2.2. Let » € N be given and let Z € I, and pick
D, D', and f as in the definition of I,. and let s = max(D U D’). Then Z- Es C I,.. Now
let ¥ € E\I,, ie., ¥ = (a,aq,...,a) for some a € M,. Pick D € P¢(N) and f € ® such
that a = l,ep(an - iem, Ygm),). Let s =maxD. Then ¥ E; C E, and - I C I,.

Let p= (p,p,...,p). We claim p'€ E. To see this, let C' € p and let r € N. Then
C N M, # 0 so pick a € CNM,. Then (a,a,...,a) € E.N X;_,C. Thus we have
pe En X K(M) soby Lemma 2.1, € EN K(W). Then by [5, Corollary 1.2.15]
K(E)=FENK(W)sope K(E)CI and hence I, N X;_ ;B # 0. (Recall that we are
showing that B is a Jy set.) Pick Z = (a-z1,a - x2,...,a-x,) € I, N X,_,B. Pick
D and D’ in Py(N) with D N D" = () and min(D U D) > n and pick f € ® such that
a = Inep(am - ien,, Yrem)s) and for i € {1,2,...,n}, x; = Wnepr(am - ien,, Yit)-
Let b = a - Ilneps am and let G = {J,,,cps Hm and note that min G > min D' > n.
Then for each i € {1,2,...,n}, b-Ilieq yir € B. O

2.11 Corollary. Let (S,-) be a commutative semigroup and let A C S. Then A is
a rich set if and only if for every Y € Y there is an idempotent p € Jy N clA.

Proof. Theorems 2.8 and 2.10. [

As an additional, fortuitous, corollary we see that the property of being a rich set

is partition regular.

2.12 Corollary. Let (S,-) be a commutative semigroup and let A C S be a rich
set. If r € N and A =J._, B;, then for some i € {1,2,...,r}, B; is a rich set.

Proof. Direct Y by agreeing for Y = ((yi+)521):2; and Z = ((zi,4)721)52, in Y,
that Y < Z if and only if for each i € N there exists j € N with (y; 1)22; = (zj,)52,. (It
is routine to verify that this relation does direct ), and that J; C Jy whenever Y < Z.)
For each Y € Y pick an idempotent py € Jy NclA, which one can do by Theorem 2.10.
Let p € 3S be a cluster point of the net (py)YEy and pick i € {1,2,...,r} with B; € p.
Then given any Y € ) pick some Z > Y in Y with py € ¢/B;. Then pz € Jy NclB;.
Thus by Theorem 2.8, B; is a rich set. [

We see now that if our commutative semigroup is countable, then rich sets satisfy

an even stronger combinatorial statement.

2.13 Theorem Let (S,-) be a countable commutative semigroup and let A be a rich
set. There is a sequence (x,)22 1 such that FP({(x,)0% ) C A and for each m € N,

n=1

ANy tA:y e FP({z,)™ )} is a rich set.
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Proof. Given B C S and Y € Y, let X(B,Y) = {x € B : there exists an
idempotent p € Jy NclB N clz~!B}. Note first that if B is a rich set, then for each
Y €)Y, X(B,Y) # (. Indeed by Theorem 2.10, we have some idempotent p € Jy NclB.
Then {x € S: 27 !B € p} € p and B € p so pick # € B such that z7!B € p. Then
x € X(B,Y).

Next we show that if B is a rich set, then ﬂYey X(B,Y) # (). Indeed suppose
Nyey X(B,Y) = 0 and for each x € B, pick Y, € Y such that x ¢ X(B,Y,). Direct
Y as in the proof of Corollary 2.12 above. Since B is countable, pick Z € ) such that
Y, < Z for each z € B. (It is an easy exercise to show that one can do this.) Then
Jz C Jy, for each z € B so X(B,Z) C X(B,Y,) for each z € B. But X(B,Z) # () so
there is some = € X (B,Y,), a contradiction.

As a final preliminary observation we note that whenever B is a rich set and = €
Nyey X(B,Y) one has BN r7!B is a rich set. Indeed, one has directly from the
definition that for each Y € ) there is an idempotent p € Jy N cl(B N a7 1B) so
Theorem 2.8 applies.

Now we construct (z,);Z; inductively. Choose z1 € {1}y X(A,Y). Then AN
x7 A is a rich set. Inductively let m € N and assume we have chosen (z,,)"_; such
that FP({x,)™ ;) C Aand AN({y 1A :y € FP({x,)™ )} is a rich set. Let B =
ANy tA:y e FP((z,)™ 1)} and pick z,,11 € Nyey X(B,Y). Since z,11 € B we
have FP((z,)m ') C A. Also BNz, B isarichset and BNz, \BC ANN{y 'A:
y € FP({wn) 2} O

n=1

As we have already remarked, we restrict our attention to commutative S in The-
orem 2.8 because the conclusion becomes much more complicated when S is not com-
mutative. (In the proof in Lemma 2.5 that E is a semigroup, one uses the fact that if
HNG =0, then a ey yit b Wieq yir = a-b-eyue yir.) There is however a
Central Sets Theorem for noncommutative semigroups. Or rather there are two such
theorems: one for members of idempotents minimal in (35, ), the other for members of
idempotents minimal in (35, -¢). (As we have remarked, the reader can see [4, Theorem
2.8] for the latter, at least for finitely many given sequences.) To convert between such
theorems one merely interchanges the order of all operations.

We conclude this section with a demonstration that the left and right notions can
be quite different. The notion we are using for central should properly be called “right

central”.

2.14 Theorem. Let S be the free semigroup on two generators a and b. There is a
central subset B of S such that whenever p € S* = S\S and g € BS\cl{b" : n € N},
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one has B ¢ p -y q.

Proof. Let B = {sab™ : n € N and s € S and length(s) < n}. To see that B is
central we show that ¢/B contains a left ideal of 35, which suffices since each left ideal
contains a minimal idempotent. To see this, let p € S* N cl{ab™ : n € N}. Then given
any s € S, s-peclBso S -pCclB.

Now let p € S* and let ¢ € 3S\cl{b" : n € N} and suppose that B € p -y q. Pick
w € S\{b" : n € N} such that Bw™! € p. Since w ¢ {b" : n € N} there exist some
s € SU{D} and some n € NU {0} such that w = sab™, where b° = (). Then {u € S :
length(u) > n} € p, and {u € S : length(u) > n} N Bw™! =, a contradiction. [J

2.15 Corollary. Let S be the free semigroup on two generators. There is a central
subset B of S which is not a member of any idempotent which is minimal in (8S, ),

in fact is not a member of any idempotent in (8S,¢).

Proof. Let B be the set produced in the proof of Theorem 2.14 and let p be an
idempotent in (4S5, -¢). Suppose that B € p. Since BN{0" :n e N} =0, {0" :ne N} ¢ p
so by Theorem 2.14, B ¢ p -y p = p, a contradiction. [

3. Combinatorial characterizations of central and quasi-central. Our char-
acterizations of central and quasi-central utilize a notion from topological dynamics,
namely that of being piecewise syndetic. In N, a set is syndetic if it has bounded gaps.
It is precewise syndetic if there is a fixed bound and arbitrarily long intervals in which the
set has gaps bounded by this fixed bound. The generalization to arbitrary semigroups
is less intuitive, but standard. We are not restricting our attention to commutative
semigroups so there will be two notions, one from each side. Thus what we are calling
“piecewise syndetic” could be called “right piecewise syndetic”.

We also include a generalization to arbitrary families of sets. Given subsets A and
B of a semigroup S, we write BT'A = |, 5 t7'A. (Thus 2 € B! A if and only if there
is some t € B witht-z € A.)

3.1 Definition. Let (S,-) be a semigroup.

(a) A set A C S is syndetic if and only if there exists G € P;(S) with S C G~ A.

(b) A set A C S is piecewise syndetic if and only if there exists G € P¢(S) such
that {y7!G~'A:y € S} has the finite intersection property.

(c) A family A C P(S) is collectionwise piecewise syndetic if and only if there exists
a function G : Pg(A) — Ps(S) such that {y~(G(F)) " (NF):y €S and F € Ps(A)}

has the finite intersection property.
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Observe that A is piecewise syndetic if and only if there is some G € P;(S) such that
for every F € Py(S) there is some « € S with F-z C [, t7 " A. Observe also that A is
collectionwise piecewise syndetic if and only if there exist functions G : Py(A) — Ps(S)
and z : Py(A) x Py(S) — S such that for all F' € Ps(S) and all F and H in Py(A)
with 7 C H one has I z(H, F) € U, cq(F) LN F).

Note that a subset A is piecewise syndetic if and only if { A} is collectionwise piece-

wise syndetic. The importance of these notions is exhibited by the following theorem.

3.2 Theorem. Let (S,-) be an infinite semigroup and let A C P(S). There exists
p € K(6S) with A C p if and only if A is collectionwise piecewise syndetic. In particular,
given A C S, K(BS)NclA # 0 if and only if A is piecewise syndetic.

Proof. After the appropriate left-right switches, this is [10, Theorem 2.1]. [J

The following is not directly relevant to our characterization of central sets, but

does show some of the connections among the notions we are studying.

3.3 Theorem. Let (S,-) be an infinite semigroup and let A C S. The following
statements are equivalent.

(a) A is piecewise syndetic.

(b) {x € S:x" 1A is central} is syndetic.

(c) There is some x € S such that x=1 A is central.

Proof (a) = (b). Pick by Theorem 3.2 some p € K(3S) with A € p. Now K (35)
is the union of all minimal left ideals of 3S. (Recall that the reference for basic facts
about compact right topological semigroups is [5].) So pick a minimal left ideal L of
BS with p € L and pick an idempotent e € L. Then p = p- e so pick y € S such that
y 1A ce.

Now by [8, Corollary 3.6] we have B = {z € S: 27} (y "' A) € e} is syndetic, so pick
finite G C S such that S = G7'B. Let D = {x € S : 27 A is central}. We claim that
S = (y-G)™'D. Indeed, let x € S be given and pick ¢t € G such that ¢t -z € B. Then
(t-x2) Yy tA) €eso (t-x) L (y~tA) is central. But (t-2) " t(y~1A) = (y -t -x) LA
Thus y-t-2 € D so x € (y-t)~1D as required.

(b) = (c). Trivial.

(c) = (a). Pick z € S such that 27! A is central and pick an idempotent p € K(35)
such that z7*A € p. Then A € z-p and z-p € K(8S5) so by Theorem 3.2, A is piecewise
syndetic. []
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Our combinatorial characterizations of central and quasi-central are based on an
analysis of the usual proof (due to F. Galvin) that any member of any idempotent
contains F'P((z,)5 ) for some sequence (z,,)>° ; in S. Let’s review that proof now.

Let p=p-pin 8Sandlet A € p. Let Ay = Aandlet By = Ain{x € S: a2 14, € p}.
Since p-p = p one has B; € p. Pick #; € By and let Ay = A; Nx; 'A;. Let
By =AyN{x €S :ax 14, € p} and pick x5 € By and continue in this way. One has
then, for example, that z1-z4-x5-219 € A as follows. First z19 € B1g C A1 C Ag C ... C
Ag C x5 1 As. Then x5 - 210 € A5 Cxy tAss0 2425 210 € Ay C A3 C Ay C 17 1A
Now the important thing to notice about this proof is that when one chooses x,, one in
fact has a large number of choices. That is, one can draw a tree, branching infinitely
often at each node, so that any path through that tree yields a sequence (x,)52; with
FP((xn,)22,) C A. (Recall that in FP((z,)52 ), the products are taken in increasing
order of indices.)

We formalize the notion of “tree” below. We write w = {0,1,2,3,...}, the first
infinite ordinal and recall that each ordinal is the set of its predecessors. (So 3 =
{0,1,2} and 0 = () and, if f is the function {(0,3), (1,5),(2,9),(3,7),(4,5)}, then fi3 =
{(0,3),(1,5),(2,9)})

3.4 Definition. T is a tree in A if and only if T is a set of functions and for each
f €T, domain(f) € w and range(f) C A and if domain(f) =n >0, then fj,,_; € T. T

is a tree if and only if for some A, T is a tree in A.

The last requirement in the definition is not essential; we utilize it nowhere in our
proofs. Further, any set of functions with domains in w can be converted to a tree
by adding in all restrictions to initial segments. We include the requirement in the
definition for aesthetic reasons — it is not nice for branches at some late level to appear

from nowhere.

3.5 Definition. (a) Let f be a function with domain(f) = n € w and let = be
given. Then f~z = fU{(n,x)}.

(b) Given a tree T'and f € T, By = B¢(T) ={x: fTz € T}.

(c) Let (S,-) be a semigroup and let A C S. Then T is a x-tree in A if and only if
T is a tree in A and for all f € T and all x € By, By~ C 2~ ' By.

(d) Let (S,-) be a semigroup and let A C S. Then T is a FP-tree in A if and
only if T is a tree in A and for all f € T, By = {Ilier g(t) : g € T and f S g and
) # F C domain(g)\domain(f)}.

The idea of the terminology is that a FP-tree is a tree of finite products. It is this
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notion which provides the most fundamental combinatorial characterization of both
“central” and “quasi-central”. A x-tree arises more directly from the proof outlined

above.

3.6 Lemma. Let (S,-) be an infinite semigroup and let A C S. Let p be an
idempotent in 58S with A € p. There is a FP-tree T in A such that for each f € T,
Bf € p.

Proof. We will define the initial segments T,, = {f € T : domain(f) = n}
inductively. Let Ty = {0} (of course) and let Cp = AN{z € S:27'A € p} and note
that Cp € p. Let Ty = {(0,2) : z € Cyp}.

Inductively assume we have n € N and have defined T,, so that for each f € T,
and all x € FP({f(t))!=)) one has + € A and 27'A € p. Given f € T,, write
Py = FP({f(t))=)) and note that, given = € Py, since 7' A € p one also has {y € S :
y Yz tA)eptep Let Cp=An{yeS:y tAepin ﬂmepf(a:_lA) N pep, {v €
S:y Yz 1A) € p}, and note that Cy € p. Let Tp1 = {fy: f €T, andy € Cs}. To
see that our induction hypothesis is satisfied, let g € T,,+1 and let z € FP({g(t)){—y)-
Pick nonempty F' C {0,1,...,n} such that z = [l;cr g(t). Let y = g(n) and let f = g,
(so g = fyand f € T,). Nowif n ¢ F one has z € FP({(f(t))7=y) so z € A and
2z71A € p by the induction hypothesis. If F = {n}, then 2 =y and y € Cy soy € A
and y~ 1A € p. Thus assume {n} is properly contained in F and let G = F\{n}. Let
r = e f(t) so that = € FP((f(t)7y). Nowy € 27 'Aso z =x-y € A. Also
2 TA=y 1(z71A) € p.

The induction being complete, let T = (J_,T,,. Then T is a tree in A. One
sees immediately from the construction that for each f € T', By = Cy. We need to
show that for each f € T one has By = {Ilier g(t) : g € T and f S g and 0 #
F C domain(g)\domain(f)}. Given f € T and = € By, let ¢ = f~z and let F' =
domain(g)\domain(f) (which is a singleton). For the other inclusion we first observe
that if f,h € T with f C h then Py C P, so B, C By. Let f € T}, and let x €
{Ilicr g(t) : g € T and [ 5 g and @ # F C domain(g)\domain(f)}. Pick g € T with
f S g and pick F with § # F C domain(g)\domain(f) such that = Ilier g(t). First
assume I' = {m}. Then m > n. Let h = g|,,,. Then f C h and h"x = gjpp41 € T.
Hence z € Bj, C By as required. Now assume |F| > 1, let m = maxF, and let
G = F\{m}. Let h = g, let © = IL;cq g(t), and let y = g(m). Then y € Bj,. Let
Py = FP((f(t))7=5) and P, = FP({(h(t))"5"). We need to show that z -y € By.
That is, we need z -y € A, (z-y)"'A € p, and for all z € P, z-y € 2714 and
(x-y) Y (z71A) € p. Nowz € P, and y € By, soy € z7*A and y 1 (z7tA) € p so
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rz-y€Aand (z-y) 'A€p Let z€ Ps. Thenz-x € Poandy € By soy € (z-2) 1A
and y~'((z-z)"'A) €epsoxr-yeztAand (z-y)"(271A) ep. O

3.7 Theorem. Let (S,-) be an infinite semigroup and let A C S. Statements (1),
(2), (3), and (4) are equivalent and are implied by statment (5). If S is countable, then
all five statements are equivalent.
(1) A is quasi-central.
(2) There is a FP-tree T in A such that for each F € P¢(T'), (\;cp By 1s piecewise
syndetic.
(3) There is a *-tree T in A such that for each F' € P¢(T), (e By is piecewise
syndetic.
(4) There is a downward directed family (Cr)rer of subsets of A such that
(a) for each F € I and each x € CF there exists G € I with C¢ C 27 'Cr and
(b) for each F € I, Cr is piecewise syndetic.
(5) There is a decreasing sequence (Cp,)5% 1 of subsets of A such that
(a) for each n € N and each x € C,,, there exists m € N with C,, C 271C,
and

(b) for each n € N, C,, is piecewise syndetic.

Proof. (1) = (2). Pick an idempotent p € ¢/K(3S) with A € p. By Lemma 3.6
pick a FP-tree T' in A with By € p for each f € T. Then given F' € P¢(T), one has
Nfer Br € pso K(BS)Ncl(N;ep By # 0 so by Theorem 3.2, ;. By is piecewise
syndetic.

(2) = (3). Let T be a FP-tree. Then given f € T and x € By, we claim that
Bf~, C 7 'By. To this end let y € By~, and pick g € T with f"x ; g and pick
F C domain(g)\domain(f~z) such that y = Il;cp g(t). Let n = domain(f) and let
G =FU{n}. Then z -y = Ilic¢ ¢(t) and G C domain(g)\domain(f), so -y € By as
required.

(3) = (4). Let T be the given x-tree. Let I = P;(T) and for each F' € I, let
Cr =) rer By Then immediately each Cr is piecewise syndetic. Let F' € I and let
z € Cp. Let G={f"z: f € F}. Now for each f € F we have By~, C 2 1By so
Co Cz 1CF.

(4) = (1). Let M = (pe;clCr. It suffices to show that M N clK(3S) # 0 and
M is a subsemigroup of 3S. For by [8, Corollary 4.6] ¢/K(3S) is a semigroup. So one
concludes that M NclK(3S) is a compact right topological semigroup and one then has
that there is an idempotent p € M N /K (BS). Since M C clA one has A € p.
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To see that M N /K (BS) # 0 it suffices, since (Cp)per is a downward directed
family, to show that for each F € I, ¢/Cr N clK(BS) # 0. But this is an immediate
consequence of Theorem 3.2. To see that M is a subsemigroup of 55, let p,q € M and
let I € I. We claim that Cr C {z € S: 27'CFr € ¢} (and hence Cr € p-q). So let
2 € Cp and pick G € I such that Cq; C 27 'Cr. Then C; € g so 27 'Cp € q.

That (5) = (4) is trivial.

Finally assume that S is countable. We show that (3) = (5). So let T" be the given
s-tree in A. Then T is countable so enumerate T as (f,)>>,. For each n € N, let
Cn = (i— By,. Then immediately each C,, is piecewise syndetic. Let n € N and let
x € Cy. Pick m € N such that {fy "z : ke {1,2,...,n}} C{fi : t € {1,2,...,m}}.
Then C,, C 2z~ 1C,,.00

We have a nearly identical characterization of central sets.

3.8 Theorem. Let (S,-) be an infinite semigroup and let A C S. Statements (1),
(2), (3), and (4) are equivalent and are implied by statment (5). If S is countable, then
all five statements are equivalent.
(1) A is central.
(2) There is a FP-tree T in A such that {By : f € T'} is collectionwise piecewise
syndetic.
(3) There is a x-tree T in A such that {By : f € T} is collectionwise piecewise
syndetic.
(4) There is a downward directed family (Cr)per of subsets of A such that
(a) for each F € I and each x € CF there exists G € I with Co C 27 1Cr and
(b) {Cr : F € 1} is collectionwise piecewise syndetic.
(5) There is a decreasing sequence (Cy,) | of subsets of A such that
(a) for each n € N and each x € C,,, there exists m € N with C,, C z71C,
and

(b) {Cy, : n € N} is collectionwise piecewise syndetic.

Proof. (1) = (2). Pick an idempotent p € K(5S) with A € p. By Lemma 3.6
pick a FP-tree with {By : f € T} C p. By Theorem 3.2 {By : f € T} is collectionwise
piecewise syndetic.

(2) = (3). This is identical to the corresponding proof in Theorem 3.7.

(3) = (4). This is identical to the corresponding proof in Theorem 3.7 except that

one notes that since {By : f € T'} is collectionwise piecewise syndetic, so is {(;cp By :
F e Pf(T)}.
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(4) = (1). Let M = (pc; clCr. Exactly as in the proof of Theorem 3.7 we have
that M is a subsemigroup of 3S. Since {Cp : F' € I} is collectionwise piecewise syndetic,
we have by Theorem 3.2 that M N K(5S) # 0 so we may pick a minimal left ideal L of
BS with LN M # (). Then LN M is a compact subsemigroup of 35S which thus contains
an idempotent, which is necessarily minimal.

That (5) = (4) is trivial.

The proof that (3) = (5) when S is countable is nearly identical to the correspond-
ing part of Theorem 3.7. [

We close this section by pointing out two Ramsey-Theoretic consequences of our

characterizations.

3.9 Corollary. Let (S,-) be an infinite semigroup, let r € N, and let S = |J,_; Ai.
There existi € {1,2,...,7} and a FP-tree T in A; such that {By : f € T'} is collection-

wise piecewise syndetic.

Proof. Pick an idempotent p € K(35) and pick i € {1,2,...,r} such that A; € p.
Apply Theorem 3.8. [

3.10 Corollary Let (S,-) be an infinite commutative semigroup. Let A C S and
assume there is a x-tree T in A such that for each F' € P¢(T) one has nfeF By is
piecewise syndetic. Then whenever r € N and A = J;_, D; one has some D; is a rich

set.

Proof. By Theorem 3.7 pick an idempotent p € c/K(3S) with A € p. Then if
A= U;:l D; one has some D; € p and hence D; is quasi-central. Apply Corollary 2.9.
U

4. Quasi-central need not imply central. It is easy to see that in some
semigroups the notions of central and quasi-central are identical. For example, if (S, )
is a left-zero semigroup (so that x -y = x for all z and y in S) then so is 45, and hence
K(8S) = (S so every subset of S is central.

For a slightly less trivial example, consider (N, V) where z V y = max{z,y}. Then
given p € N* = fN\N and z € N, z Vp = pV z = p while given p,q € N* one has
qVp=p. Then K(BN,V) = N* so the notions “central”, “quasi-central”, and “infinite”
are Synonymous.

We show in this section that in the semigroup (N, +) there is a subset which is

quasi-central but not central. (The semigroup (N,+) is the granddaddy of all semigroups
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and is the one wherein many of the most interesting combinatorial applications of the
algebraic structure of S lie.)

Since the operation here is “+7 we will write F'S((x,)22 ) = {Xner zn : F €
Pr(N)} in lieu of FP({x,)%2 ;) and —z + A in lieu of z7'A. Also, since (N,+) is

commutative we have —t + A=A -z ={yeN:y+z € A}.

We define now the set which is quasi-central, but not central.

4.1 Definition. (a) Let n € N. Then X,, = {227 (2b+1) 4. ¢.227 1. 2272 . ¢ h ¢ N
and a < b}.

(b) X = U;O:1 Xn-

(c) Given z € N, supp(z) is the finite subset of NU{0} such that = = X;cqupp(a) 2°-

(d) D = {%{_; x; : £ € N and for each i € {1,2,...,¢}, #; € X and if £ > 1 then
for each i € {1,2,...,¢ — 1}, max supp(x;) < min supp(z;y1)}-

(e) Let » € N. Then D, = D N N2".

4.2 Lemma. Let v € N and assume there exists ¢ € D such that w+c € D and
max supp(u) < min supp(c). Then u € D.

Proof. Pick ¢ and d in D with max supp(u) < min supp(c) and u + ¢ = d
and max supp(c) as small as possible among all such pairs. Pick ¢ and m in N such
that ¢ = Ele z; and d = X', y; where x1,22,...,2¢ and y1,¥2,...,Ym are as in
the definition of D. It suffices to show that xy = y,,. For then, by the minimality of
max supp(c) we must have £ = 1 and hence u = X" ;.

Now xp = 22720+ 4 . 220 4 92n=2 for gome a,b,n € N with a < b. Also
Y = 22CFHD 4 g 22k 4 92k=2 £5) some k, f,g € N with ¢ < f. Now there is no
carrying when the x;’s are added in binary and similarly there is no carrying when
the y;’s are added in binary. Consequently max supp(u + ¢) = 2™ - (2b + 1) and
max supp(d) = 2%-(2f+1) son = k and b = f. Now also max supp(u+c—x) < 2n—2
and max supp(d — y,m) < 2n — 2 so a-2?" = g-2?" so a = g. That is y,, = x4 as
required. [

4.3 Lemma. Ifp € AN and g € DN (o, ¢/N2" and p+q € c{D, then p € clD.

Proof. We have that D € p + ¢q. We claim that {u € N: —u+ D € ¢} C D so let
u € N such that —u+D € ¢q. Let m = max supp(u) and pick ¢ € (—u+D)NDNN2"+L
Then u + ¢ € D and max supp(u) < min supp(c) so by Lemma 4.2 v € D. [J

4.4 Theorem. D is quasi-central but not central.
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Proof. To see that D is quasi-central we show that (D,,)22 ; satisfies statement (5)
of Theorem 3.7. Givenn € Nand a € D,,, let m = maxsupp(a). Then D,,,11 C —a+D,,.
Given n € N\{1} we have that X,, C D, so to see that D,, is piecewise syndetic it suffices
to show that X, is piecewise syndetic. Let G = {1,2,...,22"}. Then given any finite
F CN,let b=maxF and let z = 22"(20+1) 4 2202 Then F + 2 C (J,c o —t + X

Now suppose that D is central and pick an idempotent ¢ € K(GN) N clD. Since
¢ =q+q wehave ¢ € (), ¢/N2". (There is some i € {0,1,...,2" =1} with N2"+i € ¢
and N2 +2; € g+ ¢ so i = 0.) Pick any p € N* N {22! : m € N}. Since
g € K(BN) we have L = (N + ¢ is a minimal left ideal of SN and p + ¢ € L so
L =pBN+p+qgsoq € BN+p+q, so pick r € SN such that ¢ = r+p+¢. By Lemma 4.3,
r+p € cfD. So pick x € N such that —z+ D € p. Also {22 "1 : m > max supp(x)} € p
so pick m > max supp(z) with 227*! € —x + D. But then z + 2>+ € D so

max supp(x + 22™*1) is even, a contradiction. []

One should note that the “ 22772 ” terms in the definition of X,, play a crucial
role. If one instead defines X,," = {22"(2**1) 4 4.22" : g, b € N and a < b} one has that
X1’ contains arbitrarily long blocks of N4 and it is not hard to see (using, say, Theorem
3.8) that any set containing arbitrarily long blocks of Nn for any fixed n is central.

The reader may want to amuse himself by figuring out where our proof breaks down
if X,,’ replaces X,, in the definition of D.

5. Sets satisfying the Central Sets Theorem need not be quasi-central.
We show in fact that there is a subset A of N which is a rich set but is not even piecewise
syndetic (so is certainly not quasi-central since K(GN) N c¢/A = (). This same set A is

in fact a member of an idempotent in J so we obtain as a corollary that J # c¢/K(ON).

5.1 Lemma. Let n,m,k € N and for each i € {1,2,...,n}, let (yi.)i2; be a
sequence in N. Then there exists H € Py(N) with min H > m such that for each
1€ {1,2, . ,n}, YieH Yit € N2F.

Proof. Choose an infinite set G; € N such that for all t,s € G1, Y1+ = y1.6
(mod 2%). Inductively, given i € {1,2,...,n—1} and G}, choose an infinite subset G; 1
of G; such that for all t, s € Gi41, Yit1+ = Yit1,s (mod 2F). Then for alli € {1,2,...,n}
and all t,s € G,, one has y; = vy, s (mod 2%). Now pick H C G,, with min H > m and
|H|=2F0

5.2 Lemma. There is a set A C N such that

(1) A is not piecewise syndetic.
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(2) For all x € A there exists n € N such that ) # ANN2" C —z + A.
(3) For eachn € N and any n sequences (Y1,+)721, (Y2.6) 5215 - - - » (Un,t)soq in N there
ezist a € N and H € P¢(N) such that for alli € {1,2,...,n}, a+Xicy yir € ANN2",

Proof. For each k € Nlet B = {2F,2k+1,2842,... 2"l 1} andlet A= {n € N:
for each k € N, Bi\supp(n) # (0}. Then one recognizes that n € A by looking at the
binary expansion of n and noting that there is at least one 0 between positions 2*¥ and
2k+1 for each k € N.

To show that A is not piecewise syndetic we need to show that for each g € N
there is some b € N such that for any x € N there is some y € {x + 1,2+ 2,...,2 + b}
with {y + L,y +2,...,y+ g} N A = (. To this end let g € N be given and pick k € N
such that 22" > g. Let b = 22" Let z € N be given and pick the least a € N such
that a- 22" — 22" > 7 and let y=a- 922" _ 22" Then x < y < z + b and for each
te{1,2,...,22" —1} one has {2%,2F+1,2k +2 ... 2*1_1} C supp(y+t) soy+t ¢ A.

To verify conclusion (2), let € N and pick k£ € N such that 22°-1 5 g Let n = 2.
Then () # ANN2" C —x + A.

Finally, to verify (3) let n € N and let sequences (y1 )51, (Y2,4) 721, - - - » (Un,t) 21
be given. We first observe that by Lemma 5.1 we can choose H € Pf(N) such that for
each i € {1,2,...,n}, Siey yir € N2"TL

Next we observe that given any 21, 2a,...,2, in N and any k with 2 > n, there
exists r € By such that By\supp(2" + z;) # 0 for each i € {1,2,...,n}. Indeed, if
r € By, and By, C supp(2” + z) then supp(z) N By = Bi\{r}. Consequently |{r € By :
there is some i € {1,2,...,n} with By C supp(2" + z;)}| < n.

For i € {1,2,...,n}, let z0; = ¥tem yis. Pick the least £ such that 2¢ > n. Now
given i we have 2"T1|z; and 201 <« n4+1s021 e By_1\supp(2o,;), where B;_; is
defined as in the paragraph above. Pick rg € By such that B, \supp(2" + zq;) # 0 for
each i € {1,2,...,n} and let z1; = 20, + 2"°. Inductively choose r; € B ; such that
Byyj\supp(2" + z;;) # 0 for each i € {1,2,...,n} and let 2,41, = z;,; +27. Continue
the induction until ¢ + j = k where 22" > Yier iy for each i € {1,2,...,n} and let
a=2"0 42" 4 . 42" []

5.3 Theorem. There is a set A C N such that A is a rich set but K(SN)NclA = ().
Proof. Let A be as in Lemma 5.2. Since A is not piecewise syndetic we have by
Theorem 3.2 that K(BN)NclA = (). We could appeal to Lemma 5.4 below and Theorem
2.7 to conclude that A is a rich set but this fact has a very easy elementary proof which

we present now.
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Let Y = ((y5.4)721)52, be given. Choose by condition (3) of Lemma 5.2 some ay and
Hy with a1 + ¥icnH, y1+ € A. Inductively, given a,, and H,, let { = max H,, and pick
m > n in N such that for all i € {1,2,...,n}, an + Sien, vis <22 . Pick by condition
(3) of Lemma 5.2 (applied to the sequences (Y1 ¢+1)721, (Y2,04¢) 515 - - - » (Ym o4+t) 521, SO
that min H,; > ¢ = max H,.) some a,1 and H, 1 such that for alli € {1,2,...,m},
ant1+ Sten, 1 Yix € AN N22" . Observe that if z,y € A and for some k, z < 22" and
22" |y, then z+y € A. Consequently for f € ® one has F'S({an+Xicn, Yfm)t)ne1) € A
O

Now we turn our attention to showing that there is an idempotent in J\c/K (SN).

5.4 Lemma. Assume A C N and

(1) for all x € A there is some n € N such that ) # ANN2" C —x + A and

(2) for alln € N and all sequences (y1,4)521, (Y2,6) 7215 - - -5 (Yn,e)i21 in N there exist
a € N and H € P§(N) such that for all i € {1,2,...,n}, a+ Xiepy yir € ANN2™,
Then there is some idempotent p in J N clA.

Proof. Let T = c/AN(),_, c/N2". Then condition (1) guarantees that 7" is a
semigroup. (Since each A NN2™ #£ (), T # (). Given p and g in T we have p + ¢q €
Mo, c/N2" and AC{zx eN:—z+Acq}soAep+q.)

Pick a minimal idempotent p in 7. We claim p € J. To this end let y € Y
be given and let B € p. To see that B is a Jy-set, let n € N. For each r € N
let I, = {(a + Zien vit, 0+ XieH Y2,00---,0 + Zier Ynt) - o € N and H € Py(N)
and min H > r and for each ¢ € {1,2,...,n}, a + ey yip € ANN2"} and let
E. =1,U{(a,a,...,a) :a € ANN2"}. Let E = (o, clE, and I = (2, ¢/I, where
the closures are taken in W = X, (3N).

Observe first that E C X, T, since each E, C X_ (ANN2"). To see that I # ()
(and hence E # ()) we notice that each I, # () by condition (2) (using the sequences
(100821, Wo,0)82 15 - - - (Une) iy where i, =y rpe).

Now we show that F is a semigroup and [ is an ideal of F using Lemma 2.2. Let r €
Nandlet # € I,. Picka € Nand H € P¢(N) with min H > r and a+X:cq i € ANN2"
for each i € {1,2,...,n} such that © = (a+Xierm v1t,a+Zierm Y2450+ XicH Yn.t)-
Choose by condition (1) for each i € {1,2,...,n} some k; € N such that A N N2k C
—(a+Xiem yit) +A. Let s = max ({k1, k2, ..., k,} UH)+1. It is routine to show that
T+ Es CI,.

Now let & = (a,a,...,a) where a € ANN2". Choose by condition (1) k € N such
that ANN2¥ C —a + A. Let s = max{k,r}. Then one can see that ¥ + E, C E, and
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T+ I, C I, so Lemma 2.2 applies.

Now let 7= (p,p,...,p). Then given C' € p and r € N we have C N ANN2" # ()
so picking a € C' N ANN2" we have (a,a,...,a) € (X;_,C)NE,. Thus § € E so, as
before, P is minimal in E so p'€ I.

Thus (X ;_,B)N1I, # (. That is there exist a € N and H € P;(N) with min H > n
and for each i € {1,2,...,n}, a +Xepy vir € B. U

5.5 Theorem There is an idempotent p € J\c/K(ON). In particular J # /K (6N).

Proof. Lemma 5.2, Theorem 5.3, and Lemma 5.4. []
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