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idempotent in 7T is in fact a member of many distinct minimal
idempotents in 7. And we show that under certain assump-
tions which occur quite widely, the subsets of S whose closures
contain T must contain images of all first entries matrices. For
example, all of our results apply to the case in which (S, +)
is a commutative cancellative topological semigroup with an
identity and T is the set of ultrafilters on S which converge
to the identity.
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1. INTRODUCTION

Central subsets of N were defined by H. Furstenberg [5] in terms
of notions from topological dynamics, and he proved the original
Central Sets Theorem.

Theorem 1.1 (Furstenberg). Let | € N and for each i € {1,2,
oY let (yin)S be a sequence in Z. Let C be a central subset
of N. Then there ezist sequences (an,)5>; in N and (H,)2>, in
P¢(N) = {F CN: F is finite and nonempty} such that

(1) for all n, max H,, < min H,,+1 and

(2) for all F € P§(N) and all i € {1,2,...,1},

doner (@n + D yem, vit) €C.

Proof. [5, Proposition 8.21]. O

This theorem was shown in [5] to have several powerful conse-
quences. V. Bergelson suggested that we ought to be able to prove
Theorem 1.1 for subsets of N that are members of idempotents in
the smallest ideal of (ON, +), and it turned out that Bergelson was
right.

We take the Stone-Cech compactification of a discrete space X to
be the set of ultrafilters on X, the principal ultrafilters being identi-
fied with the points of X. Given a semigroup (.5, -) with the discrete
topology, the operation extends to the Stone-Cech compactification
BS of S in such a way that (39, ) is a right topological semigroup
(meaning that for each p € S, the function p, : 3S — (S defined
by pp(q) = ¢ - p is continuous) with S contained in its topological
center (meaning that for each € S, the function A, : S — S
defined by A.;(q) = x - q is continuous). Since it is a compact Haus-
dorff right topological semigroup, (395, -) has a smallest two sided
ideal K (5S) which is the union of all of the minimal left ideals of
(S and is also the union of all of the minimal right ideals of 35.
The intersection of any minimal left ideal with any minimal right
ideal is a group, and in particular there are idempotents in K (35).
An idempotent in K(3S5) is called simply a minimal idempotent.
(See [10] for an elementary introduction to the algebraic structure

With the assistance of B. Weiss, it was shown [1] that for count-
able semigroups S (with metric phase space) a subset C' of S satis-
fies the dynamical definition of central if and only if C' is a member
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of a minimal idempotent in 3S. Later H. Shi and H. Yang [12]
established the same equivalence for arbitrary semigroups.

In many cases there are interesting compact subsemigroups of
(S, which therefore have smallest ideals with the structure indi-
cated above, but for which known theorems about K (3S) provide
no information. For example, if for each n € N, A, = (0,1/n) C R,
then T = (2, ¢lgr,An is a subsemigroup of (8R4, +) and so has
a smallest ideal K (T"). (Here Ry is R with the discrete topology.)
If one had that T'N K(SR4) # 0, then by [10, Theorem 1.65] one
would have that K(T) = TN K(BRy). But TN K(BR,) = 0, so
no useful information about K (7") is obtained from what is known
about the structure of K (SRy). This structure, and that associated
with other subsemigroups of ((0,00),+), was investigated in [7].

Of particular interest has been the fact, as was shown in [5], that
any central subset of N contains an image of any first entries matriz.
(The notion is based on Deuber’s (m, p, c)-sets [4].) We follow the
usual custom of denoting the entries of a matrix by the lower case
letter corresponding to the upper case name of the matrix.

Definition 1.2. Let u,v € N and let M be a v X v matrix with
entries from Q. Then M is a first entries matriz if and only if no row
of M is 0 and for all 4, € {1,2,...,u}, if k = min{t : m;; # 0} =
min{t : m;; # 0}, then m;j = m;y > 0. If £ = min{t : m;; # 0},
then m; j is a first entry of M.

Theorem 1.3. If C is a central subset of N, u,v € N, and M is
a first entries matriz with entries from Q, then there exists some
T € NY such that MZ € C*.

Proof. [5, page 174]. Or see [10, Theorem 15.5]. O

Many natural results in Ramsey Theory assert that whenever N
is partitioned into finitely many sets, one of these contains an image
of some first entries matrix. (See [10, Section 15.1].) Further the
image partition regularity of any finite matrix is characterized in
terms of first entries matrices. (See [10, Theorem 15.24].) Accord-
ingly, it was interesting to see (as was done in [7]) that if for each
neN, A, =(0,1/n) and T = (2, c{gnAp, then any member of a
minimal idempotent in 7" also satisfied the conclusion of Theorem
1.3.
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We shall be concerned in this paper with compact subsemigroups
T of 3S53. In Section 2 we shall establish that under reasonable
hypotheses any member of a minimal idempotent of T" is a member
of very many minimal idempotents of T" — as many as there are
points in 3S54. A trivial consequence of this, namely that a central
set in 3Sy can be divided into two disjoint central sets was not
known, even for SN, until the publication of [8]. In this section,
the “reasonable hypotheses” are that S is infinite and very weakly
cancellative and that T is the intersection of at most |S| sets of the
form A, where A C S has the same cardinality as S.

In Section 3 we shall establish a version of the Central Sets The-
orem which is valid for members of minimal idempotents in certain
compact subsemigroups 1" of 35;. The hypotheses of this theorem
are valid in the case in which S is a commutative left topological
semigroup with an identity and 7 is the set of ultrafilters in 35y
which converge to the identity. As a fortuitous corollary we obtain
a version of the Central Sets Theorem for commutative semigroups
which is superficially stronger than the strongest previously known
version. (We shall establish that it is not actually stronger.)

In Section 4 we will derive conditions guaranteeing that mem-
bers of minimal idempotents in 1" contain images of all first entries
matrices with entries from w = N U {0}, or at least all of those
all of whose first entries are equal to 1. In the case where S is a
group, the entries of the matrices are allowed to come from Z. The
hypotheses used in this section hold in the case in which S is a
commutative left topological semigroup with an identity, such that
the semigroup operation is jointly continuous at the identity, and
T is the set of ultrafilters in 35S which converge to the identity.

All hypothesized topological spaces are Hausdorff.

2. MANY MINIMAL IDEMPOTENTS

As we have already noted, central sets are guaranteed to have sub-
stantial combinatorial properties. And, since whenever S is parti-
tioned into finitely many cells, one of these must be central, one
obtains as a corollary in each case the corresponding Ramsey The-
oretic result. One naturally wanted to know then whether every
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central set can be divided into two disjoint central sets. That ques-
tion was answered in the affirmative for central subsets of N as a
consequence of the following theorem.

Theorem 2.1. Let p be a minimal idempotent in (ON,+) and let
L and R be respectively the minimal left and minimal right ideals of
(BN, +) with p € LN R. Then for each C' € p, there are 2° minimal
idempotents in L N C and 2° minimal idempotents in RN C.

Proof. [8, Theorem 2.12]. O

Our extension of this result uses a very weak version of cancella-
tivity.

Definition 2.2. Let (S,-) be an infinite semigroup with cardinal-
ity k. A subset A of S is a left solution set of S (respectively a
right solution set of S) if and only if there exist w, z € S such that
A={x € S:w=zzx} (respectively A = {x € S: w =zz}). The
semigroup S is weakly left cancellative if every left solution set is
finite and S is weakly right cancellative if every right solution set
is finite. The semigroup S is very weakly left cancellative if the
union of fewer than x left solution sets of S must have cardinality
less than x and S is very weakly right cancellative if the union of
fewer than x right solution sets of S must have cardinality less than
k. The semigroup S is weakly cancellative if it is both weakly left
cancellative and weakly right cancellative and S is very weakly can-
cellative if it is both very weakly left cancellative and very weakly
right cancellative.

We remark that if « is regular, S is very weakly left cancellative if
and only if every left solution set of S has cardinality less than . If
K is singular, S is very weakly left cancellative if and only if there is
a cardinal less than x which is an upper bound for the cardinalities
of all left solution sets of S. Of course, weak left cancellativity
implies very weak left cancellativity. The two notions are equivalent
if Kk =w.

The following theorem extends Theorem 2.1 except that we do
not make any assertions about the number of minimal idempotents
in a given left ideal. Given a topological space S and a subset
A of S, we shall use the notation A exclusively to denote clgg, A,
the closure of A with respect to Stone-Cech compactification of
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S4, where Sy is S with the discrete topology. Recall that if X

is any discrete space, ¢ € X, Y is a compact Hausdorff space,

f: X —>Y andy €Y, then ¢- 1ir£1( f(x) =y if and only if for every
[AS

neighborhood U of yin Y, {x € X : f(z) e U} € q.

Theorem 2.3. Let (S,-) be an infinite very weakly cancellative
semigroup with cardinality k and assume that A C P(S) such that
A is closed under finite intersections, |A| < k, and for all A € A,
|A| = k. Let T = (4e4 A, and assume that T is a subsemigroup
of (8Sq,-). Let p be an idempotent in K(T), let C € p, and let R
be the minimal right ideal of T to which p belongs. Then there are
22" idempotents in K(T)N RN C.

Proof. Let Ug(S) be the set of k-uniform ultrafilters on S. By
[2, Lemma 3.1] Uk(S) is an ideal of S. By [10, Theorem 3.62],
Uc(S)NT # 0 so Ug(S)NT is an ideal of T so p € Ug(S). Let
C*={z € C:27'C € p}, where 27'C = {y € S : 2y €
C}. By [10, Lemma 4.14], if z € C*, then 27!C* € p. Choose
¢ kK — Py(C*) x A such that for each F' € P;(C*) and each
B € A, |¢ Y{(F,B)}]| = k. Enumerate S as {s, : a < k}. We
inductively choose (ts)a<x such that for each o < &
(1) ta € C"NNaer (p(a)) a"lC*,

(ii) to € m2(p()), and

(iii) if 7,9, 8 < a, then syt # ssts.

This is possible since C* N 3 (p(c)) N Naerm (v(a) a”1C* € p, and
therefore has cardinality «, and S is very weakly cancellative.

For o < &, let Xo = {8 < r : m(p(a)) € m(p(B)) and
m2(¢(B)) C m2(p(a))}. We claim that {X, : o < s} has the
k-uniform finite intersection property. To see this, let F' € Py(k),
let G =yer m(p(a)) and let B =, cp m2(¢(e)). Then

v (G, B)}] € Nacr Xa-
Let Q@ = {q € Brq : {Xa : @ < k} C q}. (Here kq is £ with the
discrete topology.) By [10, Theorem 3.62], |Q| = 22". For q € Q,
let p, = q'ilglia‘
Let V. = C* N \,ecr a1C*. Then p € V. We claim that V'

is a subsemigroup of 3S. To see this, it suffices by [10, Theorem
4.20] to note that if @ € C* and b € a~'C*, then ab € C* and
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b((ab)_lC*) C a~1C*. Now we claim that for all ¢ € Q, p, €
V- NT. To see that p; € V, let a € C*. Pick o < K such that
m1(¢(a)) = {a}. Then for all 3 € X,, t3 € C*Na~'C*. To see
that p, € T', let B € A and pick a < & such that m (np(a)) = ANB.
Then for all 8 € X,, t3 € AN B.

Now we claim that if ¢; and ¢o are distinct members of (), then
Tpg, NTpg, = 0. To see this, suppose instead one has r,v € T such
that rpg, = vpg,. Pick Y1 € ¢; and Y5 € ¢ such that Y1 NYs = 0.
Then {syt, : v < @ and a € Y1} € rpg, and {sstg : 6 < ( and
B € Yo} € vpg,. But by (iii), these sets are disjoint.

Given ¢ € Q, (T'NV)pg is a left ideal of TNV and RNT NV
is a right ideal of TNV (It is nonempty since p € RNT NV.) So
pick an idempotent r € K(T'NV)N(T'NV)psN(RNTNV). Since
pe KNV, K(TNV)=K(T)NV by [10, Theorem 1.65] so
r e K(T). O

Corollary 2.4. Let (S,-) be an infinite very weakly cancellative
semigroup with cardinality k, let p be an idempotent in K(3Sy),
let C' € p, and let R be the minimal right ideal of 3Sq to which p
belongs. Then there are 22" idempotents in K(3Sq) N RN C.

Proof. Let A= {S} and apply Theorem 2.3. O

We now see that there are many examples where Theorem 2.3
applies. By a “left topological” semigroup, we mean a semigroup
(S,-) with topology such that for each = € S the function
Az S — S, defined by \;(y) = z -y, is continuous.

Corollary 2.5. Let (S,-) be a nondiscrete weakly cancellative left
topological semigroup with identity 1, let

k =min{|U| : U is a neighborhood of 1},
and assume that A is a basis of open neighborhoods at 1 with |A| <
k. Let T = \yea U. Then T is a compact subsemigroup of 3Sy.

Let p be an idempotent in K(T'), let C € p, and let R be the minimal

right ideal of T' to which p belongs. Then there are 22" idempotents
in K(T)N RN A.

Proof. Pick U € A such that |U| = k. We may then presume that
|S| = k, since S could be replaced by the subsemigroup generated
by U and A by {UNV : V € A}. It suffices to show that T is
a subsemigroup of 35y, since then Theorem 2.3 applies. By [10,
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Theorem 4.20], it suffices to note that for each A € A and each
a € A, there exists B € A such that a- B C A. O

We see now that we can get a good deal of the conclusion of
Corollary 2.5 even if there is no basis of neighborhoods of 1 of
cardinality at most k.

Corollary 2.6. Let (S,-) be a nondiscrete weakly cancellative left
topological semigroup with identity 1, let

x =min{|U| : U is a neighborhood of 1},

and assume that B is a family of neighborhoods of 1 with |B| < k
and |U| = & for some U € B. Then (\yez U contains a compact
subsemigroup T of 3Sy with the property that there are 22" idem-
potents in every minimal right ideal of T'.

Proof. We may assume that the members of I are open, since each
member can be replaced by its interior. Pick U € B such that |U| =
k. We may then assume that |S| = &, since S could be replaced by
the subsemigroup generated by U and B by {UNV : V € B}.

We shall now define a family B,, of open neighborhoods of 1 for
every n € w. We let By = {(\F : F € Ps(B)}. Now let n € N and
assume that we have chosen B, for each m € {0,1,...,n— 1} such

that
(1) By, is closed under finite intersections;
(2) [Bm| < ks

(3) if m < n —1, then B,,, C By11;

(4) if m <n—1, B € By, and s € B, then there exists V' €
Bp+1 such that sV C B.

For every B € B,—1 and every t € B we choose an open neigh-
borhood V; g of 1 satisfying tV; p € B and we put

C:Bn_1U{%7B:B€Bn_1 anthB}

and B, = {(F : F € P¢(C}.

We now let A = |Jo2, By. Then A satisfies the hypotheses of
Theorem 2.3. Thus, if T' = (¢4 V, it suffices to show that T is
a subsemigroup of 35y, since then Theorem 2.3 applies. By [10,
Theorem 4.20], it suffices to note that for each A € A and each
a € A, there exists B € A such that a- B C A. d
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In the above two corollaries we assumed that S was weakly can-
cellative rather than just very weakly cancellative because in the
proof we passed to the semigroup generated by U. It is not true
in general that a subsemigroup of a very weakly cancellative semi-
group is itself very weakly cancellative. (For example, define an
operation * on w by x xy = 0, let M be any uncountable cancella-
tive semigroup with identity 1, let S = w x M, and let T'= w x {1}.
Then any left or right solution set in S is countable, so S is very
weakly cancellative, while 7" is not.)

Corollary 2.7. Let S be an infinite discrete weakly cancellative
semigroup of cardinality x and let p be a k-uniform ultrafilter on S
which is an idempotent in BS. Suppose that B is a set of members
of p of cardinality at most k. Then (\gcg B contains a compact
subsemigroup T of BS with the property that every minimal right
ideal of T contains 22" idempotents. In particular, every member
of p is a member of 22" idempotents.

Proof. We may suppose that S has an identity 1 since an identity
may be adjoined. By [9, Lemma 2.11, Lemma 2.12, and Theorem
2.16] we can define a nondiscrete left invariant topology 7, on S for
which a subset V' of S is a neighborhood of 1 if and only if 1 € V
and V € p. Our claim now follows from Corollary 2.6. U

The condition of [10, Theorem 4.20] that was used in the proof
of Corollaries 2.5 and 2.6 to establish that T is a subsemigroup of
(S is quite simple. And we shall need to adopt this requirement
on A in subsequent sections. We see now that this condition is
not necessary to conclude that 7' is a semigroup. Given x € N we
define supp(z) € Py(w) by = Ztesupp(x) 2t. Given p,q € $Sg and
A C S, one has that A € p-gifandonly if {x € S: 27 1A € q} € p.
If the operation is denoted by +, we have A € p 4 ¢ if and only if
{reS:—x+Acq}ep where -+ A={yeS:x+yec A}

Theorem 2.8. For each n € N, let A, = {z € N : |supp(z)| >
n}, let A ={A, :n €N}, and let T = yeqA. Then T is a
subsemigroup of (BN, +) but A does not satisfy the condition of
[10, Theorem 4.20]. In fact, there is no n € N such that for all
r € A, there exists m € N with x + A,, C A;.

Proof. We verify the last assertion first. So let n € N and suppose
that for all z € A,, there exists m € N with « + A,, C A;. Let
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x = 21 — 1. Then |supp(z)] = n+1 > n so x € A,. Pick
m € N such that z + A,, C A;. Let y =1 4 2m+n+l _on+l Then
|supp(y)| =m +1soy € Ay, But z +y =2""" " sox +y ¢ A;.

Now to see that T is a semigroup, let p,q € T and suppose that
p+q ¢ T. Pick n € N such that

B={zeN:|supp(z)|<n} ep+q.

Let C ={zx € N: —z+ B € ¢q}. Then C € p. Pick z € C and let
k = maxsupp(z). Pick y € CN A, +k42 and let G = supp(y). Then
|G\ {0,1,...,k}| >n+2. Let | = max G and pick

z &€ (—$+B)m(—y+B)mAn+l+1

Let H = supp(z). We claim that {k + 1,k +2,...,i} C H. For
otherwise, if say t € {k+1,k+2,...,l}\ H, then there is no carrying
past position ¢ when x and z are added so

H\{0,1,...,1} Csupp(z + 2)

so [supp(x + z)| > n, a contradiction. But now, [supp(y + z) N
{k+1,k+2,...,1}| > |G\{0,1,...,k}|—1 > n+1, a contradiction.
U

3. A NEw CENTRAL SETS THEOREM FOR SUBSEMIGROUPS

The original Central Sets Theorem (Theorem 1.1) applied to finitely
many sequences in Z. And the version presented in [10] as Theo-
rem 14.11 dealt with countably many sequences in an arbitrary
commutative semigroup. (There are also versions for noncommu-
tative semigroups, but they are much more complicated and we will
not deal with them in this paper.)

In [3, Theorem 2.2] we proved a new version of the Central Sets
Theorem which applies to all sequences in a commutative semi-
group (S, +) simultaneously. (We are switching to additive nota-
tion because from here on we will be restricting our attention to
commutative semigroups and additive notation is much more con-
venient when dealing with partition regularity of matrices as we
shall do in the next section.)

Theorem 3.1. Let (S, +) be a commutative semigroup and let T =

NS, the set of sequences in S. Let C be a central subset of S. There
exist functions o : Pp(T) — S and H : Py(T) — P(N) such that
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1) if F,G € Pr(T) and F C G, then max H(F') < min H(G
1 G
and
(2) wheneverm €N, G1,Ga,...,Gn € Pp(T), G1 S G2 S ...
G Gm, and for each i € {1,2,...,m}, fi € G;, one has

> i (a(Gi) + ZteH(Gi) fz(t)) eC.

Proof. [3, Theorem 2.2]. O

In this section we shall primarily be interested in a version of the
Central Sets Theorem applied to members of minimal idempotents
in T = () 4e4 A for a suitable family A of subsets of S. This will
be Theorem 3.4. However, the case A = {S} yields a strengthening
of Theorem 3.1, which we shall present as Corollary 3.5. We shall
then show that the “strengthening” is only superficial.

The proof of the following lemma uses a technique which has
become standard in proofs of versions of the Central Sets Theo-
rem. This technique was originally due to H. Furstenberg and Y.
Katznelson in [6].

Lemma 3.2. Let (S,+) be a discrete commutative semigroup, let
ceN, let ACP(S), let T = pgcq A, let (D,<) be a directed set,

and let T C DS, the set of functions from D to S. Assume that

(1) A#0 and 0 ¢ A;

(2) VAe A)(VBe A)(ANB e A);

(3) (VAe A)(Vae A)(IB € A)(a+ B C A); and

(4) (VA € A)(¥d € D)(YF € Py(T))(3d' € D)(d < d' and
(Vf e F)(f(d) € 4)).

Let C C S and assume that CNK(T) N[44 ¢A # 0. Then for all
F e PyT), alld € D, and all A € A, there exist a € A, m € N,
and di,do, ... ,dy in D such thatd < di < do < ... <dy,, ca € C,
and for all f € F', ca+ 377", f(d;) € C.

Proof. Pick p € CNK(T)N( g4 cA. Let F € Py(T) be given. Let
| = |F| and enumerate F as {f1, fa,..., fi}. Let Y = X! T1T and
7 = XégﬁS. Then by [10, Theorem 2.22], Y and Z are compact
right topological semigroups and if & € XéﬁS, then \z: Z — Z is
continuous.
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Ford € D and A € A, let

IA,d = {(CCL—FZ}TLZI fl(dj),...,ca+zg-":1 fl(dj),ca) :
ac€A,cace A,meN,dy,do,...,dyn €D,
d<dy <do<...<dy, and
(\V/Z € {1727>l})(ca+zgn:1 fl(d]) EA)}

and let By q=144U{(ca,ca,...,ca):a€c Aand cac A}.

Let I = NgeaNaep czlaaq and let E = (e 4Nagep LzEA4-
Trivially I C E. We claim that E is a subsemigroup of Y and I is
an ideal of F.

We show first that each 14 4 # 0. From this it follows that I # )
since if d,d' € D, A, A’ € A, and e € D such that d < e and d’ < e,
then Ianare € TaaNlar g Solet A€ Aandd € D. Now ANcA € p
so pick a € A such that ca € A. Pick B € A such that ca+ B C A.
Pick by (4) some d’ € D such that d < d’ and for all i € {1,2,...,1},
fi(d) € B. Then (ca+ fi(d'),ca+ fo(d'),...,ca+ fi(d'),ca) € Iaq.

To see that E C Y, let ¢ = (q1,92,...,q+1) € E. Let i € {1,2,
..., l+1}. Toseethat ¢; € T let A€ A. Pickanyde D. If A ¢ ¢,
then 7; '[ .S\ A] would be a neighborhood of ¢ missing E4 4.

Now let ¢,7 € E. We show that ¢+ 7 € E and if either 7 € I
or 7€ I, then g+ 7€ I. Let A€ A, let d € D, and let U be an
open neighborhood of 7+ 7. Pick a neighborhood V' of ¢ such that
V4+7CU. Pick ¥ € VNEyq with ¥ € I,q ifgel.

If £ € Ipng, pick a € A, m € N, and dy,ds,...,d, € D such
that d < dy < dy < ... < dp, ca € A, 2141 = ca, and for all
i€{l,2,...,1}, zi =ca+ 37", fi(d;) € A. Pick By € A such that
a+ By C Aand ca+ By C A. Fori € {1,2,...,1}, pick B; € A such
that ca + 37" fi(d;) + B; C A. Let B =(Y,_y Bi and let e = dyp.

If £ € Egq\ Ioq4, pick a € A such that ca € A and & =
(ca,ca,...,ca). Pick B € Asuch that a+ BC Aand ca+ BC A
and let e =d.

Now Z+ 7 € U and & € X118 so pick a neighborhood W of 7
such that £ + W CU. Pick y € WNEp, with € Ig, if ¥ e I.

If y € I, pick be B, n € N, and ey, e,...,e, € D such that
chbe Bye<e; <ex<...<ep, Y41 =ch, and forie {1,2,...,1},
yi=cb+3>70 file;) € B.

If y € Epe \ IBe, pick b € B such that ¢cb € B and § =
(cb,ch, ..., ch).
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Then Z+y € UNE4 4 and if ¥ € Ip,q or y € Ipe, then £+ 7 €
UnN IA,d'

By [10, Theorem 2.23], K(Y) = ><l+1K( T). Letp = (p,p,...,Dp)-
It suffices to show that p € E. For then p € EN K(Y) and so by
[10, Theorem 1.65] K(E) = EN K(Y) and thus p € K(F) C I.
Since X +IC is a neighborhood of p and will therefore meet I, 4
for any A € A and any d € D, this will complete the proof.

Solet A€ A, let d € D, and let U be a neighborhood of p. Pick
M € p such that ><l+1M CU. Now MNANcA€epsopickae A
such that ca € M N A Then (ca,ca,...,ca) € UNE4g4. O

Definition 3.3. Let (D, <) be a directed set. Then P}in(D) =
{H : H is a finite nonempty linearly ordered subset of D}.

Theorem 3.4. Let (S, +) be a discrete commutative semigroup, let
A CP(S), let T = Ngen A, let (D, <) be a directed set, and let
7 ¢ Ds. Assume that
(1) A£0Q and 0 ¢ A;
(2) (VAe A)(VBe A)(ANB e A);
(3) (VAe A)(Vae A)(FB € A)(a+ B C A); and
(4) (VA € A)(Vd € D)(VF € P¢(T))(3d' € D)(d < d' and
(Vf € F)(f(d) € A)).
Let C C S and assume that there is an idempotent p in C N K(T).
Let ¢ : Pp(T) — A. Then there exist o : Pp(7T) — C and H :
Pi(T) — hn( ) such that
(@) (¥F & P(T)) (a(F) € #(F);
(b) (YF e Py(T))(Vf € F)((F)+ Y ienr f(t) € CNP(F));
(c) if F,G € Py(T) and G G F, then max H(G) < min H(F);
and
(d) ifmeN, G1,Go,...,Gn, EPf(T), Gy ; Go g g Gm,
and for each i € {1,2,...,m}, f; € G;, then

ity ((Gi) + Yiene filt) €C

Proof. Let C* = {x € C : —x + C € p}. Then by [10, Lemma
4.14], for each z € C*, —x + C* € p. We define o(F) and H(F') by
induction on |F'| such that

(i) a(F)ep(F)NC*

(ii) for all f € F, a(F) + > e py(py (1) € C* NP(F);
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(iif) if § # G C F, then max H(G) < min H(F); and

(iv) if m € N, G1,Ga,...,Gy € Pf(T), G - Go ; e G Gm
= F, and for each i € {1,2,...,m}, f; € G;, then
2ty (a(Gi) + Yiena,) filt) € C*.

Assume first that F' = {f}. Pick by Lemma 3.2 (with ¢ = 1)
a(F) € $(F)NnC*, m € N, and dy,ds,...,dy, € D such that
di < dy < ... < dp and o(F)+ 30, f(d;) € C* N P(F). Let
H(F)={di,ds,...,dy}. All hypotheses hold, (iii) vacuously.

Now assume that |F'| > 1 and a(G) and H(G) have been defined
for all G with § # G C F. Let L = J{H(G) : ) # G ¢ F} and
pick d € D such that if ) # G C F, then max H(G) < d. Let

M = {¥ (Gi) + Xien@ fit)) :
TEN,@#G1§G2§ gGrgF
andforeachiE{l,Q,...,r},fiEGi}.

By hypothesis (iv), M is a finite subset of C*. Let
B=C"NnP(F)Nep(—z+C*).

Then B € p. Pick by Lemma 3.2 o(F) € $(F)NC*, n € N, and
e1,62,...,e, € D such that d < e; < eg < ... < e, and for each
feF, a(F)+377, f(ej) € B. Let H(F) = {e1,e2,...,en}. Then
hypotheses (i) and (ii) are satisfied directly. If § # G C F, then
max H(G) < d < e; = min H(F'), so hypothesis (iii) holds.

To verify hypothesis (iv), let m € N and assume that () #
G1GCGyC ... CGp = F and for each i € {1,2,...,m}, f; €
Gj. Assume first that m = 1. Then a(G1) + X e p(a,) f1(t) =
a(F) + > ienyry f1(t) € C*. Now assume that m > 1 and let
r=m—1 Then z = > | (a(G;) + D oteH(GY) fi(t)) € M and
a(F) + Xenr) fm(t) € BC —z+ C*. O

Corollary 3.5. Let (S,+) be a discrete commutative semigroup,
let (D, <) be a directed set with no maximum element, let T = DS,
and let C be a central subset of S. Then there exist o : Py(T) — C
and H : Py(T) — }in(D) such that
(a) if F,G € Py(T) and G G F, then max H(G) < min H(F)
and
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(d) fm €N, G1,Ga,...,Gm € PHT), G1 C G2 G ... G G,
and for each i € {1,2,...,m}, f; € G;, then
ity (a(G) + Yienan fil) € C.

Proof. In Theorem 3.4 let A = {S} and of course let ¥(F) = S for
each F' € P¢(T). O

Theorem 3.1 is the special case of Corollary 3.5 in which D = N.
We see now that in fact Corollary 3.5 is indeed derivable from
Theorem 3.1.

Theorem 3.6. Let S be a commutative semigroup, let (D, <) be a
directed set with no largest element, let Ty = DS, and let C C S
satisfy the conclusion of Theorem 3.1. Then C' also satisfies the
conclusion of Corollary 3.5.

Proof. Let Ty = Ng and pick oy : Py(T1) — S and Hy : Py(Th) —
P;(N) as guaranteed by Theorem 3.1.

Pick an increasing sequence (a,)° ; in D. Define ¢ : 7o — T3
by @(f)(n) = f(an).

We define v : P¢(T2) — Ps(71) so that

(1) for all G € Py(12), ¢[G] C v(G) and
(2) if F,G € Py(T2) and F G G, then v(F) C 7(G).

We do this for G € P¢(72) inductively on |G|. For f € Ty, let
Y{f}) = {e(f)}. Now let G € Ps(72) with |G| > 2 and assume
that v(F") has been defined for all F' with ) # FF C G. Let K =
PlGIUU{v(F) : 0 # F ¢ G}, pick f € 71 \ K, and let v(G) =
KU{f |

Now define ag : Py(T2) — S and Hy : Py(T2) — P}IH(D) as fol-
lows. Given G € Pf(73), let aa(G) = a1(v(G)) and Hy(G) = {a; :
te Hi(v(G))}. fF,G € Ps(Tz) and F C G, then~(F) C v(G), so
max Hi (v(F)) < min H; (7(G)) and thus max Hy(F) < min Ha(G).

Now assume that m € N, G1,Go, ..., Gy, € Pr(72),
G1 C Gy G ... C G and for each i € {1,2,...,m}, fi € G;.
Then v(G1) G v(Ga) & ... S 7(Gm) and for each i € {1,2,...,
m}, ¢(fi) € 7(Gs) so
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m
1=

1 (a2(Gi) + ZseHz(Gi) fz(S))
;n;l (OQ(GZ) + ZteHl(’y(Gi)) fl(at))
im1 (1 (V(Gi) + Xiemn (yanyy Pf) @)

1=

Q]

4. RAMSEY THEORETIC CONSEQUENCES

We obtain conditions in this section guaranteeing that members
of minimal idempotents in T = (1, AZ contain images of first
entries matrices with entries from w or Z. We also show that these
conditions are satisfied in commonly arising situations.

Lemma 4.1. Let (S,+) be a commutative semigroup, let A C
P(S), let u,v € N and let M be a u x v matriz with entries from w
and no row equal to 0. Assume that

(1) (VAe A)(VBe A)(ANB € A) and

(2) (VAe A)(3Be€ A)(B+BCA).
Then for every A € A there exists B € A such that for all ¥ € BY,
Mz e A"

Proof. Define inductively ¢;(A) by ¥1(A) = A and ¥;41(4) =
¥1(A) + A. One easily sees by induction that for all [ € N and
all A € A, there exists B € A such that ¥;(B) C A.

Let A € Abegiven. Fori € {1,2,...,u}, let ; =37, m;; and
pick B; € A such that ¥;,(B;) C A. Let B =\, B;. O

Definition 4.2. If M is a first entries matrix, then P(M) is the
set of first entries of M. If P(M) = {1}, then M is a monic first
entries matrix.

Some of the classic results of Ramsey Theory assert that, given a
fine partition N, one cell contains the image of a monic first entries
matrix. For example Schur’s Theorem [11] and the length 4 version
of van der Waerden’s Theorem [13] are respectively the assertions
that

and

—_ O =
= = O
— = =
W = O
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have that property.

Theorem 4.3. Let (S,+) be a commutative semigroup, let A C
P(S), let u,v € N, let M be a uxv first entries matriz with entries
from w, and assume that

(1) VAe A)(VBe A)(ANB e A);

(2) A0 and 0 ¢ A;

(3) (VAe A)(Vae A)(AB € A)(a+ B C A); and

(4) VAe A)(3Be A)(B+ BCA).
Let T = ﬂAeAZ. Then T is a subsemigroup of 3Sq. If p is an
idempotent in K(T) N (\ca ﬂceP(M)cj and C € p, then for all
A € A there exists & € AV such that MZ € C".

Proof. Assume that p is an idempotent in K (T)N)4c 4 Neep(ur cA
and C € p. Let C*={z € C: —x + C € p}. We may assume that
M has no repeated rows. We proceed by induction on v. If v =1,
then M = (¢). Given A € A, cANC € p so pick x € A such that
creC.
Now let v € N and assume the result is valid for v. Let M be a
X (v + 1) matrix. By rearranging rows and adding rows if need
be, we have
0
My
My
where M7 is a uq X v matrix with entries from w and no row equal to
0 and M is a ug X v first entries matrix. Also P(M) = P(My)U{c}.
M,y
My
Let D be the set of finite sequences in A, ordering D by G<@
if and only if Gisa proper subsequence of G'. Given G € D, let
E(C_j) be the number of terms in G. We claim that we can choose
Z(G) € 8" for each G € D so that

(a) 7 - Z(G )Eﬂz(G G, for each i € {1,2,...,u;} and
(b) 1fm€N G1,Go,...,Gp €D, and G < Gy < ... < Gy,

then B
(f (G
1)+

M:

Slol o

Fori e {1,2,...,u — 1} let 7; be the i*® row of

+Z(Go) + ...+ T(Gyn)) € (C*)"2 and

)
(11) FC) +#Co) + ... + (G )e(ﬂ“G”G“)”.

)
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We proceed by induction on ¢(G). Assume first that G = (A).
Pick by Lemma 4.1 some B € A such that for all ¥ € BY, M1y €
A1 Since AN B € A, pick #(G) € (AN B)? such that My#(G) €
(C*)¥2. The hypotheses are satisfied.

Now assume that £(G) > 1 and we have chosen Z(H) for every

proper subsequence Hof G. Let A= ﬂf(_(i) G;. Let

R:{(ﬁl,ﬁg,...,ﬁk): ke N, Hl,HQ,.. FI}CG'D,
and Hy < Hy < . .. < Hy, < G}.

Given H = (ﬁl,ﬁg, .. ,ﬁk) € R, we have

#(h) + #(f) + ...+ #(H) € (N H)

and ﬂfgl) H,; € A. Applying assumptions (1) and (4) pick Dy €
A such that Z(H1)+Z(Ha) +. .. +@(Hy) + (Dy)? C (m“Hl ) .

Pick by Lemma 4.1 some B € A such that for all ¥ € BY, Mly €
A Let E=ANBN ﬂHeRDH. Let

= {7 (#H -+ Z(Hy)) : (Hy, Ha,...,Hy) €R
andze{u1+1 u1—|—2,...,u—1}}.

Then Q C C*. Pick #(G) € EV such that
M#(G) € (C* NNyeg(—b+C*))"™

Since Z(G) € BY, hypothesis (a) holds. To verify hypothesis (b), let
mEN letHl,Hg,...,H € D, and assume that H| < Hy < ... <
H,, = G. If m = 1, we have Z(G) € A and MyZ(G) € (C*)“2 as
required, so assume that m > 1 and let H = (ﬁl, ﬁg, o ﬁm,l) €
R. Then #(G) € (Dy)? so

AN P e A (Hl)

x(H1)+SU(H2)++[E(Hm,1)+$(G) S ﬂ le
And for i € {us + 1,u1 +2,...,u— 1},

bi =7 (Z(H)) + Z(Ho) + ...+ Z(Hy)) € Q
so 7 - #(G) € —b+ C* and thus
7 - (2(Hy) + @(Ha) + ...+ Z(Hy) + Z(G)) € C*.
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Now for i € {1,2,...,u1}, define f; : D — S by fZ(C_j) = ﬁf(é)
Let 7 = {f1, f2,- - fu, }. We claim that the hypotheses of Lemma
3.2 are satisfied. Hypotheses (1), (2), and (3) are satisfied directly.
To verify hypothesis (4), let A € A, G= (G1,Ga,...,GE) € D, and
F € P;(T) be given. Let G' = (G1,Ga, ..., Gy, A). Then G < G'
and if f; € F, then f;(G') =7 - #(G') € A by condition (a).

To conclude the proof, let A € A and let G = (A). Pick
by Lemma 3.2 a € A, m € N, and él,éz,...,ém in D such
that G < G1 < Gy < ... < ém, ca € C, and for all f € F,
ca+ Y7 f(Gy) € C. Let § = &(G1) + @(Ga) + ... + Z(Gnm).
Then § € AY and My € C*2. Also, if i € {1,2,...,u1}, then

ca+ 7y = ca+zgl:1fi(éj) e C. So <g,> € A"l and

M<Ci)eCU. 0
0]

It is possible that Theorem 4.3 is vacuous. That is, there might
not be any idempotents in K(T') N () c4 ﬂceP(M)a — this set
might even be empty. For example if (S, +) = (N,-), A = {N}, and
M = (2), one has that the multiplicative analogue of 2N is {22 : x €
N} and K (BN, -)N{z?: 2 € N} = ). (See [10, Exercise 15.1.2].) We
are of course interested in knowing when the conclusion of Theorem
4.3 is both nonvacuous and nontrivial. We show first that for monic
first entries matrices, this is easy to guarantee.

Since S is commutative, the hypothesis that S is left topological
in the following theorem is equivalent to saying that S is semitopo-
logical, that is, the operation is separately continuous. Recall that
A denotes the closure of A in 35, where S, is the set S with the
discrete topology.

Corollary 4.4. Let (S,+) be a commutative and weakly cancella-
tive Hausdorff semitopological semigroup with identity 0 and as-
sume that 0 is not an isolated point and + is jointly continuous at
0. Let A denote the family of neighborhoods of 0, let T' = () 4c 4 A,
let u,v € N, and let M be a uxv monic first entries matrix with en-
tries from w. Then T is a subsemigroup of 3Sq and K(T) C £S4\S
so there are minimal idempotents of K(T') in 3S4\S. In particular,
whenever A € A, r € N, and A =J;_, C;, there existi € {1,2,...,
r} and & € (C;)Y such that C; is infinite and MZ € (C;)".
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Proof. The hypotheses of Theorem 4.3 are satisfied. By [10, Theo-
rem 4.36] 4S54\ S is an ideal of S, and, since each member of A
is infinite, K(T') N (8Sq\ S) # 0 and so K(T') C 3S4\ S. Pick an
idempotent p € K(T), let A € A, let r € N, and let A =J,_; C;.
Pick i € {1,2,...,r} such that C; € p and note that C; is infinite.
Theorem 4.3 guarantees directly the existence of £ € AV such that
Mz € (C;)*. To see that one may guarantee that Z € (C;)", note
that we may assume that for each j € {1,2,...,v}, there is a row
of M whose j™ entry is 1 and all other entries are 0. g

The following corollary provides a somewhat more complicated
method of guaranteeing that one cell of a partition must contain
the image of a first entries matrix which need not be monic.

Corollary 4.5. Let (S,+) be a commutative and weakly cancella-
tive semigroup with identity 0, let A C P(S), and assume that

(1) (VAe A)(VBe A)(ANBe A);

(2) A#0 and 0 ¢ A;

(3) (VAe A)(Vae A)(IB € A)(a+ B C A); and

(4) (VA€ A)(3Be€ A)(B+BCA).
Let V' be a subsemigroup of (N,-) with 1 € V and assume that
{cA: A€ Aandc €V} has the infinite finite intersection property.
Let u,v € N and let M be a u X v first entries matriz with entries
from w with P(M) C V. Let T = ({cA: A€ Aandc e V}.
Then T is a subsemigroup of Sy for which K(T') C fSg\ S. If p
is any idempotent in K(T) and if C € p, there exists & € SY such
that M@ € C". In particular, if r € N and S = |J;_, Ci, then there
exists i € {1,2,...,r} such that C; \ {0} is infinite and contains an
image of M.

Proof. Let B = { (F : F is a finite nonempty subset of {cA: c € V

and A € A}}. Then B satisfies (1), (2), (3), and (4). Also, using
the fact that V' is a subsemigroup of (N, -),

Npes BN NpesNeepan B =Npep B -

Since T' = (e B, we can apply Theorem 4.3. As before, we
observe that 5S; \ S is an ideal of 55, and, since each member of
B is infinite, TN (8S4\ S) # 0 and so K(T) C 8S4\ S. O

Corollary 4.6. Let (S,+) be an infinite weakly cancellative dis-
crete commutative semigroup, and let V' be a subsemigroup of (N, -)
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such that 1 € V' and, for everyn € V and s,t € S, ns = nt implies
that s = t. Let T = (,cy nS. Then T is a subsemigroup of 3.5
and if p is any idempotent in K(T'), p € BSq\ S and every member
of p contains an image of every first entries matrix over w whose
first entries are in V.

Proof. 1t is clear that, for every n € V', nS is infinite. For any finite
nonempty subset F' of V', . nS is infinite because (][, . n)S C
MNper nS. Our claim now follows from Corollary 4.5 with A =
{S}. O

We observe that the following corollary cannot be deduced from
previously known theorems such as [10, Theorem 15.5], because it is
possible that TNK (8S) = (). This is the case, as we have previously
remarked, if $ = (N,-) and A = {{n®:n € S} : c € N}. We remind
the reader that {n°: n € S} is the multiplicative analogue of ¢S.
Also, the “image of a first entries matrix”in the case in which S is
a subsemigroup of (N-), must be interpreted multiplicatively. For

example, if M = < 13

0 2 > and & € S?, we interpret the image of

M determined by & to be < e (”33)3 )

(22)
Corollary 4.7. Let S be a subsemigroup of (N,-) and let T =
Nees 1n¢:n € S}. If p is an idempotent in K(T), then p € 353\ S
and every member of p contains an image of every first entries
matriz over w with entries in S.

Proof. This follows immediately from Corollary 4.6 with V' = S.
O

We observe that hypothesis (3) in the following theorem is weaker
than hypothesis (4) in the statement of Corollary 4.5. We note that
the element p in the statement of Theorem 4.8 is not necessarily in
K (T) and is not neccessarily idempotent.

When we say that a semigroup (S, +) is torsion free, we mean
that whenever n € N and s and t are distinct members of S, ns #
nt. In this case, for every n € N and every s € nS there is a
unique element ¢ € S for which nt = s. We put s = mt for
every m € N. Thus multiplication by positive rational numbers is
partially defined on S.
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Theorem 4.8. Let (S,+) be an infinite commutative and weakly
cancellative semigroup with identity 0. Suppose also that S is tor-
sion free. Let A be a nonempty family of infinite subsets of S and
assume that

(1) VAe A)(VBe A)(ANB e A);
(2) (VAe A)(Vae A)(IB € A)(a+ B C A); and
(3) (VA€ A)(Yn e N)(3B € A)(nB C A).

Let T=({nA:neN and A€ A}. Then T is a subsemigroup of
BSq, and there is an element p € T'\ S such that every member of p
contains an image of every first entries matriz M with nonnegative
rational entries. In particular, if A € A and if A\{0} is partitioned
into a finite number of subsets, one member of the partition must
contain an image of M.

Proof. To see that T is a subsemigroup of 354, we use [10, Theorem
4.20]. Let n € N, let A € A, and let b € nA. Pick s € A such that
b = ns and pick B € A such that s+ B C A. Then b+ nB C nA.

Next we claim that 7'\ S # (. By [10, Corollary 3.14] it suffices
to show that {nA : n € N and A € A} has the infinite finite
intersection property. To this end, let A € A and let F' € P¢(N).
For each n € F, let k,, = HteF\{n} t and pick B, € A such that
knBy, € A. Let C = (,cp Bn and let r = [[,cp t. Given n € F,
rC = nk,C CnAsorC C(),cp nA.

Pick € T\ S and let ¢ be an idempotent in K(SN,+). Let
p = ¢-lim(r-lim ns). We claim that p € T'\ S. To see that p € T

neN sesS

suppose instead that we have some n € N and A € A such that
nA ¢ p. Then {m € N : r—lirgms € S\nA} € ¢ so pick m € N
sE

such that r—liné; ms € S\ nA. Then {s € S :ms € S\nd} €r.
se

Pick B € A such that mB C A. Then nB € r so pick s € nB such
that ms € S\ A. Then s = nt for some ¢t € B and ms = nmt € nA,
a contradiction.

To see that p ¢ S suppose instead that p € S. Then {n € N :

r-lim ns = p} € ¢ so pick n # m such that r-lim ns = p and
s€S ses

r—lirg ms = p. Then there is some s € S such that ns = ms,
se

contradicting the assumption that S is torsion free.
Let M be a u x v first entries matrix with nonnegative rational
entries. Let P € p. Since p ¢ S, we may assume that 0 ¢ P. If
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Q={neN:nor € P}, then @ € q. By Theorem 1.3 pick ¥ € N”
such that, if MZ¥ = ¢ € N%, then y; € Q for every i € {1,2,--- ,u}.
Now {s € S :y;s € P} € r for every i € {1,2,--- ,u} and so we
can choose s € S\ {0} such that y;s € P for every i € {1,2,--- ,u}.
Let £ = (y15,925, - ,%us)” € (S\ {0})%. Then Mt is defined and
all its entries are in P. O

Corollary 4.9. Let (S,4) be an infinite commutative and weakly
cancellative semigroup with identity 0 which is torsion-free. Then
there exists p € (8Sa\ S) N (N,ennS such that every member of
p contains an image of every first entries matriz with nonnegative
rational entries.

Proof. This is immediate from Theorem 4.8, with A = {S}. O

In an arbitrary commutative semigroup (S, +), it may make no
sense to allow entries of a matrix to be negative since —z may not
mean anything in S. If S is a group, it does make sense, and we get
a nearly verbatim version of Theorem 4.3 allowing entries of M to
be negative. (Though recall that in a first entries matrix, all first
entries are positive.)

Theorem 4.10. Let (S, +) be an abelian group, let A C P(S5), let
u,v €N, let M be a u X v first entries matriz with entries from 7,
and assume that

(1) VAe A)(VBe A)(ANB e A);

(2) A# 0D and O ¢ A;

(3) (VAe A)(Vae A)(IB € A)(a+ B C A); and
(4) (VAe A)(3Be A)(B+ B CA).

Let T = nAeAZ- Then T is a subsemigroup of 3Sq. If p is an
idempotent in K(T) N (\aca ﬂceP(M)cj and C € p, then for all
A € A there exists T € AV such that MT € C*. In particular, if M
is monic, then every member of every idempotent in K(T) contains
an image of M.

If we assume, in addition, that S is torsion free, there is an
ultrafilter ¢ € T with the property that every member of q contains
an image of every first entries matriz over Q.



24 DIBYENDU DE, NEIL HINDMAN, AND DONA STRAUSS

Proof. Let k=1+max {|m;;|:i€{1,2,...,u} and j € {1,2,...,
v}} Define a v x v matrix E by, for ¢,j € {1,2,...,v},
K=t if j >t
efﬂ':{ 0 ifj<t.
Then F is a monic first entries matrix with entries from w, M E is
a first entries matrix with entries from w, and P(ME) = P(M).
(This is easy to verify, or see [10, Lemma 15.14].)
Let A € A. By Lemma 4.1 pick B € A such that for all ¢/ € B,
Ey e AY. By Theorem 4.3 pick § € BY such that M Ey € C". Let

T = Ey.
The claim made in the case in which S is torsion free follows in
the same way from Theorem 4.8. U

The following corollary follows from Theorem 4.10 in the same
way that Corollary 4.4 followed from Theorem 4.3.

Corollary 4.11. Let (S,+) be a nondiscrete abelian Hausdorff
topological group. Let A = {A : A is a neighborhood of 0}, let
T = mAeAZ’ let u,v € N, and let M be a u X v monic first en-
tries matriz with entries from Z. Then T is a subsemigroup of 354
and K(T) C 5S4\ S so there are minimal idempotents of K(T') in
BSq\ S. In particular, whenever A € A, r € N, and A =J;_, C;,
there exist i € {1,2,...,r} and & € (C;)" such that C; is infinite
and MZ € (C;)™.

If, in addition, S is torsion free, there is an element q € T with
the property that every member of q contains an image of every first
entries matriz over Q.

REFERENCES

1. V. Bergelson and N. Hindman, Nonmetrizable topological dynamics and
Ramsey Theory, Trans. Amer. Math. Soc. 320 (1990), 293-320.

2. T. Carlson, N. Hindman, J. McLeod, and D. Strauss, Almost disjoint large
subsets of semigroups, Topology and its Applications 155 (2008), 433-444.

3. D. De, N. Hindman, and D. Strauss, A new and stronger Central Sets
Theorem, Fundamenta Mathematicae 199 (2008), 155-175.

4. W. Deuber, Partitionen und lineare Gleichungssysteme, Math. Z. 133
(1973), 109-123.

5. H. Furstenberg, Recurrence in ergodic theory and combinatorical number
theory, Princeton University Press, Princeton, 1981.

6. H. Furstenberg and Y. Katznelson, Idempotents in compact semigroups and
Ramsey Theory, Israel J. Math. 68 (1989), 257-270.



CENTRAL SETS 25

7. N. Hindman and I. Leader, The semigroup of ultrafilters near 0, Semigroup
Forum 59 (1999), 33-55.
8. N. Hindman, I. Leader, and D. Strauss, Infinite partition regular matrices —
solutions in central sets, Trans. Amer. Math. Soc. 355 (2003), 1213-1235.
9. N. Hindman, I. Protasov and D. Strauss, Topologies on S determined by
idempotents in BS, Topology Proceedings 23 (1998), 155-190.
10. N. Hindman and D. Strauss, Algebra in the Stone-Cech compactification:
theory and applications, de Gruyter, Berlin, 1998.
11. 1. Schur, Uber die Kongruenz ™ + y™ = z™(mod p), Jahresbericht der
Deutschen Math.-Verein. 25 (1916), 114-117.
12. H. Shi and H. Yang, Nonmetrizable topological dynamical characterization
of central sets, Fund. Math. 150 (1996), 1-9.
13. B. van der Waerden, Beweis einer Baudetschen Vermutung, Nieuw Arch.
Wiskunde 19 (1927), 212-216.

SCHOOL OF MATHEMATICS, UNIVERSITY OF WITWATERSRAND, PRIVATE
Bac 3, WiTs 2050, SOUTH AFRICA
E-mail address: dibyendude@gmail.com

DEPARTMENT OF MATHEMATICS, HOWARD UNIVERSITY, WASHINGTON, DC
20059, USA
E-mail address: nhindman@aol.com

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF LEEDS, LEEDS LS2
9J2, UK
E-mail address: d.strauss@hull.ac.uk



