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CENTRAL SETS THEOREM FOR
ARBITRARY ADEQUATE PARTIAL SEMIGROUPS

NEIL HINDMAN AND KENDRA PLEASANT

ABsTrACT. We establish a Central Sets Theorem valid for arbi-
trary adequate partial semigroups. Except for the requirement
that the sequences considered be adequate, it is identical to the
currently most general version of the Central Sets Theorem for
semigroups. We present an application to the partial semigroup of
located words and obtain several related results.

1. INTRODUCTION

Since their introduction in 1981 in [3], central sets in semigroups have
been shown to have significant combinatorial properties. And since, when-
ever a semigroup is partitioned into finitely many sets, one of those sets
must be central, there are important consequences for Ramsey theory.
For example, it is shown in [3] that if C' is a central subset of N, then
C contains solutions to every partition regular system of homogeneous
linear equations. See the survey [6] for many more examples of properties
enjoyed by any central set. And see section 2 of this paper for definitions
of this or any other unfamiliar notions discussed in this introduction.

Most of the desirable properties enjoyed by central sets are conse-
quences of the Central Sets Theorem. The original version established
in [3] is the following. (Given a set X, we write Py(X) for the set of finite
nonempty subsets of X.)

Theorem 1.1. Let F be a finite set of sequences in Z and let C' be central
in N. There exist a sequence (a,)52 1 in N and a sequence (H,)?2 , in
P;(N) such that
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(1) for each n € N, max H, < min H,, ;1 and

(2) for each K € Py(N) and each f € F, Y, (an+ZtEHn f() €
C.

In [9, Theorem 14.11 and Theorem 14.15], there are commutative and
general versions of the Central Sets Theorem that apply to countably
many sequences at a time. In [2, Theorem 2.2 and Corollary 3.10], com-
mutative and general versions are proved that apply to all sequences at
once.

What is currently the strongest version is from [11, section 3|, which
we state now. In this statement, we let 7 be the set of all sequences in
S, and for m € N, we let J,, = {t e N : t(1) < t(2) < ... < t(m)}.

Theorem 1.2. Let (S,:) be a semigroup and let C be central in S.
There exist functions m : Py(T) = N, a € XFepf(T)Sm(F)+l, and
T € XFepf(T)jm(F) such that
(1) if F,G € P¢(T) and F C G, then 7(F)(m(F)) < 7(G)(1) and
(2) ifneN, Gi,Ga,...,G, € Pe(T), G1 € G2 C ... € Gy, and for
each i € {1,2,...,n}, f; € G;, then

Iy (T (G G) - £:(r(Ga) (7)) - a(Ga)(m(Gy) + 1)) € C

In the event the semigroup is commutative, the statement of the Cen-
tral Sets Theorem becomes much simpler.

Corollary 1.3. Let (S, ) be a commutative semigroup and let C' be central
in S. There exist functions a : Py(T) — S and H : Py(T) — Ps(N) such
that
(1) if F,G € P¢(T) and F C G, then max H(F) < min H(G) and
(2) ifneN, G1,Ga,...,Gn € Pr(T), G1 € G2 C ... C Gy, and for
each it € {1,2,...,n}, f; € G;, then

H?:l (a(Gi) : HteH(Gi) fz(t)) eC.

Proof. Let m, o, and 7 be as in Theorem 1.2. For F € P¢(T), let a(F') =
F)+1 ) N
[T o(F)(j) and let H(F) = {r(F)(j):j € {1.2,....,m(F)}}. O
In [12], Jillian McLeod establishes a version of Theorem 1.1 valid for
commutative adequate partial semigroups. In [13], Kendra Pleasant and
in [5], Arpita Ghosh, independently but later, prove a version of Corollary
1.3 for commutative adequate partial semigroups.
In this paper, we show that Theorem 1.2 remains valid for arbitrary
adequate partial semigroups, the only adjustment being that 7T is replaced
by the set of all adequate sequences in S.
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A substantial amount of algebraic background material is used, and
we present that in section 2, including definitions of all of the notions
discussed in this introduction. We present the proof of the main theorem
in section 3. Section 4 has some results which we can only prove with
the additional assumption that we are dealing with a countable adequate
partial semigroup. Section 5 has an alternate proof, which itself uses a
partial semigroup, that in any adequate partial semigroup, a piecewise
syndetic set is a J-set.

2. ALGEBRAIC BACKGROUND

A compact Hausdorff right topological semigroup is a semigroup (7, -)
equipped with a compact Hausdorff topology with respect to which mul-
tiplication on the right by each element is continuous. Any compact
Hausdorff right topological semigroup 7" has a smallest two-sided ideal,
K(T), which is the union of all of the minimal left ideals of T" and is also
the union of all of the minimal right ideals of 7. If L is a minimal left
ideal and R is a minimal right ideal, then RN L is a group. In particular,
any minimal left ideal has an idempotent and any minimal right ideal
has an idempotent. There is a partial ordering of the idempotents of T
defined by e < fifand only if e- f = f-e = e. An idempotent is minimal
with respect to this ordering if and only if it is a member of K(T"). Given
any idempotent f in T, there is a minimal idempotent e in T such that
e < f. (Proofs of the statements in this paragraph can be found in [10,
Chapters 1 and 2].)

Given a semigroup (.5, -), the operation can be uniquely extended to
the Stone-Cech compactification 85 of S with the discrete topology so
that (8S,-) is a compact right topological semigroup with S contained
in its topological center (meaning that multiplication on the left by each
member of S is continuous). We take the points of 55 to be the ultrafilters
on S with the principal ultrafilters being identified with the points of S.
Given AC S, A=clgsA={peBS:Acp}, and Ais clopen. A subset
C of S is said to be central in S if and only if C is a member of a minimal
idempotent in 5S. (In [3], a different but equivalent definition of central
is used.)

A partial semigroup is a pair (S, *) where S is a nonempty set and * is
a binary operation defined on some, but not necessarily all, members of
Sx S, and for all a,b,c € S, (axb)*xc = ax(bxc) in the sense that if either
side is defined, so is the other and they are equal. Partial semigroups are
introduced in [1] and used in the context of located words. (See Definition
3.8.) See the first two paragraphs of [8, section 2] for an explanation of
why these are interesting objects. We deal with a subset of 35, where we
again take S to have the discrete topology.
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Definition 2.1. Let (S, x) be a partial semigroup.

(a) If a € S, then p(a) ={be€ S:ax*bis defined}.

(b) If F' € Py(S), then o(F) = (,cp v(a) =
{b€ S: (Va € F)(axbis defined)}.

(c) Forse Sand ACS, s tA={ac ¢(s):sxaec A}.

(d) S is adequate if and only if o(F) # 0 for each F € Py(S).

(e) 68 = ﬂFepf(S) clgso(F).

(f) f g€ S and p € 55, then px g =
{ACS:{zreS:27tAeq} epl.

(g) If pe §S and A € p, then A* = A*(p) ={x € A: 27 1A € p}.

Notice that S # 0 if and only if S is adequate.
Most naturally arising partial semigroups are adequate. A glaring ex-
ample of a nonadequate partial semigroup is the set of all finite matrices

with entries from your favorite ring. If A is a 2 x 2 matrix and B is a
2 x 3 matrix, then o({A, B}) = 0.

We now gather some basic facts about 4.5 from [8].

Theorem 2.2. Let (S, %) be an adequate partial semigroup.
(1) If g€ 6S and p € BS, then pxq € BS.
(2) If g €6S and pg : BS — BS is defined by py(p) = p*q, then py is
continuous.
(3) (8S,%) is a compact Hausdorff right topological semigroup.
(4) If pe S, pxp=p, A€ p, and v € A*, then x=1A* € p.

Proof. See [8, Lemmas 2.6, 2.7, 2.8, and 2.12 and Theorem 2.10] O

Since (0.5, *) is a compact Hausdorff right topological semigroup, it has
a smallest ideal, K(45).

Definition 2.3. Let (S,%) be an adequate partial semigroup and let
A C S. Then A is central if and only if there is an idempotent p € K (4.5)
such that A € p.

We write [, f(t) to be the product in increasing order of indices.
So, for example, [[,c(1 46, f(t) = f(1) * f(4) % £(6), and [T,y 4.6 f(2)
is defined if and only if f(1) * f(4) * f(6) is defined. When we write
something like [[,., f(t) € A, this statement includes the assertion that
[I;cx f(t) is defined. Given a sequence f in S, we let FP((f(1))2; =

{HtEH f(t) cH e Pf(N)}-
Definition 2.4. Let (S, %) be a partial semigroup and let f be a sequence
in S. Then f is adequate if and only if

(1) for each H € P¢(N), [[,cp f(t) is defined and
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(2) for each F' € Py(S), there exists m € N such that
FP((f))i2) € o(F).

Definition 2.5. Let (S, ) be an adequate partial semigroup. Then F =
{f : f is an adequate sequence in S}.

For the Central Sets Theorem for partial semigroups, we will restrict
our attention to adequate sequences. Since the conclusions of the Cen-
tral Sets Theorem involve products from the sequence, it is fairly obvious
that we need requirement (1). The arguments used in the proofs de-
mand requirement (2). In section 4, we will show that if S is countable,
then adequate sequences abound. If S is uncountable, there may be no
adequate sequences, in which case our results are trivial. On the other
hand, there are uncountable noncommutative examples in which there are
plenty of adequate sequences. And, of course, if S is a semigroup, then
every sequence in S is adequate.

3. THE CENTRAL SETS THEOREM FOR
ARBITRARY ADEQUATE PARTIAL SEMIGROUPS

In this section, we show that Theorem 1.2 remains valid as written for
an arbitrary adequate partial semigroup, provided only that the set 7 of
all sequences in S is replaced by the set F of all adequate sequences in S.

Definition 3.1. Let (S, x) be an adequate partial semigroup.

(a) A set A C S is piecewise syndetic if and only if AN K (55) # 0.

(b) A set A C Sisa J-set if and only if for all F' € Py(F) and all
L € Ps(S), there exist m € N, a € S and t € 7, such that
for all f € F, ([[/%; a(i) * f(t(i))) *a(m +1) € Ano(L).

(c) J(S)={pe€dS:(VAep)(Aisa J-set)}.

The proof of the next lemma is an adaptation of the proof of [10,
Lemma 14.9] and uses an idea of H. Furstenberg and Y. Katznelson from
[4]. For m € N, we define the operation * on X ;S coordinatewise,
specifying that Z % ¢/ is defined if and only if x; % y; is defined for all
ie{1,2,...,mh

Lemma 3.2. Let (S, x) be an adequate partial semigroup, let m € N, and
let D = P;(S) x N directed by (W,n) < (W', n') if and only if W C W’
and n <n'. Let (Ew.n)wmnyep and (Iwn)(wnyep be decreasing families
of nonempty subsets of S™ such that
(1) for (W,n) € D, Iw.n € Ewy € Xi2y0(W);
(2) for W,n) € D and ¥ € Iw,,, there exists (M,l) € D such that
T By C I
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(3) for (W,n) € D and T € Ew,y \ Iwn, there exists (M,1) € D such
that £x Enrg C Ew,, and & Ing; C Iy s and
(4) for(W,n) € D anda € 0(W), a € Ew,y,, wherea = (a,q,...,a) €
Sm.
Let Y = X285, E = Nwmep by Bwn, and T = \wyep Ly Twn-
Then E is a subsemigroup of (65)™, I is an ideal of E, and if p € K(6.5),
then = (p,p,...,p) € EﬁK((éS)m) =K(F)CI.

Proof. Given (W,n) and (M,1) in D, 0 # Iwunmax{niy S Iwin N Iy
so I # 0. Since each Ey, C (W)™, we have E C (65)™. (To see this,
suppose that §€ E '\ (§5)™ and pick i € {1,2,...,m} such that ¢; ¢ §S.
Pick W € P;(S) such that o(W) ¢ ¢;. For j € {1,2,...,m}\ {i}, let
B; = S and let B; = S\ o(W). Then X;;Fj is a neighborhood of ¢
missing Eyy,1.)

To establish that F is a subsemigroup of (§5)™ and I is an ideal of E,
let p,¢ € FE and let (W,n) € D be given. We show that p’x ¢ € E and if
either pe I or ¢ € I, then pxq € 1.

To see that px g€ E with pxge Iif pelorgel,let U be an open
neighborhood of p*¢'in Y. (At this stage, one might be tempted to invoke
[10, Theorem 2.22]|, but we do not know that $S is a semigroup.) By
Theorem 2.2(2), for each i € {1,2,...,m}, pg, : BS — S is continuous
and, consequently, pz : ¥ — Y is continuous. Pick a neighborhood V'
of pin Y such that pg[V] C U. Since p € E, pick & € V N Ew,y,,
choosing & € Iy, if p € I. Pick (M,l) € D as guaranteed by (2) or
(3). Now £+ ¢ € U. For each i € {1,2,...,m}, pick 4; € z; * g; such
that X", A; CU. Giveni € {1,2,...,m}, we have that A; € z; * ¢; so,
recalling that the principal ultrafilters on S are identified with the points
of S, we have that x;lAi € q;. Therefore, XglmflAi is a neighborhood
of ¢ Pick § € Epry N X qx; ' Ay, choosing § € Iy if ¢ € I. Then
ZxyeU. Ifx e EW,n\IW,n; then by (3), Zxy € Eyw,, with Zxy € lwn
if ge IM,l- If 7 e IW,n; then by (2), T * :176 IW,n-

We have thus established that E is a subsemigroup of (65)™ and I
is an ideal of E. Now let p € K(§S). We claim that p € E. To see
this, let U be an open neighborhood of p € Y and let (W,n) € D. For
i€ {1,2,...,m}, pick A; € p such that X[, A; C U. Since p € 48,
o(W) € p. Pick a € (W) N X" A;. Then @ € UN Ey,.

By [10, Theorem 2.23|, € K ((65)™), so E N K((65)™) # 0, so by
[10, Theorem 1.65|, K(E) = E N K((6S)™). Since I is an ideal of E,
K(E)C 1. O

Theorem 3.3. Let (S, *) be an adequate partial semigroup and let A be
a piecewise syndetic subset of S. Then A is a J-set. In fact, if r € N,
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F € Py(F), and L € Ps(S), then there exist m € N, a € S™, and
t € Jm such that t(1) > r, and for all f € F,

(TT a(@) = f(t(i)) xa(m+1) € Ana(L).

Proof. Pick p € ANK(8S). Let r € N, L € P#(S), and F € Ps(F) be
given. Enumerate F as {f1, fa,..., fx}. Let D = P;(S) x N directed by
(W,n) < (W', n') if and only if W C W' and n < n’. For (W,n) € D, let

IW,n:

{((TTZ, a(d ( (1)) * a(m + 1), SHZ pa(i) * f2(t(3))) * a(m + 1),
o (IT @ (tz))) a(m+1

meEN, aeSm+1 te J, ,t(1)>n and for each j € {1,2,...,k},

(TT2, a(i) = fj(()))* (m+1)€0(W))},

and let By, = Iw., U{(a,q,...,a) € S¥ 1 a € o(W)}.

We first show that each IWn # (. To see this, pick a(l) € o(W).
Since each f; is adequate, pick ¢ > n such that for each ] € {17 yeos k),
fi(q) € o(W xa(1)). Then pick a(2) GU(Uj:1W*a fi(a)). Then

(a(l) * f1(q) x a(2),...,a(1) * fr(q) * a(2)) € Iwp.

Now we claim that (Ew,n) w,n)ep and (Iw,n) w,n)ep satisfy statements
(1), (2), (3), and (4) of Lemma 3.2. Statements (1) and (4) are immediate.
To verify statement (2), let (W,n) € D and let & € Iy,,. Pick m € N,
a € St and t € J,, such that (1) > n and for each j € {1,2,...,k},

z; = (TI% a(@) = f;(t())) *a(m +1) € o(W). Let

M= Ule W (TTi% a(i) * f;(¢(3))) * a(m + 1))
and let [ = t(m). Let 4 € Enry. If = (b,b,...,b) € o(M)*, then for each
je{1,2,...,k}, coordinate j of Z*y is (Hl 1 a( )# f; (£(i))) *a(m+1)*b,
so & * Y € Iw,,. Now assume we have ¢ € N, b € Sq‘H and s € J, such

that s(1) > [ and for each j € {1,2,...,k}, y; = (TT{_, b(d) * f;(s(i))) *
b(g+1) € o(M). Define c € ST and u € Jp44 by

C( at fiem () ifi<m

Then for j € {1, 2,.. kz}, coordinate j of & * ¢/ is
(L (i) * £ (u(@)) * e(m +q + 1),

so £* Y € Iy,

To verify statement (3), let (W,n) € D and let & = (a,a,...,a) €
EW,n\IW,n- Let M = Wxa and let [ = n. Ifg: (b7 b, . 7b) € EMJ\IM’[,
then Zx¢§ = (a*xb,axb,...,axd) € Ew,. Solet ¥ € Ip;;. Pick m € N,
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be S and t € J,, such that t(1) > [ and for each j € {1,2,...,k},
y; = (T2, b(i) * f;(t(i))) * b(m + 1) € o(M). Define ¢ € S™+! by

N Joaxb(l) ifi=1
d”{b@ if > 1.

Then for j € {1,2,...,k}, coordinate j of Z* ¢ is
(TTZ1 e(@) = £5(4(2)) * e(m + 1) € (W),

so & * ¢ € Iy, as required.
Now by Lemma 3.2,

k J—
(p,p, e ,p) el = ﬂ(W,n)ED Cﬁy[wm S0 ijlAﬁIL,T # 0.

Pick 7 € X.I;::LZH Iy,. Pickm €N, a € S and t € J,, such that
t(1) > rand, for j € {1,2,...,k}, z; = ([I/2, a(@) = f;(t(i))) xa(m+1) €
Ano(L). O

Corollary 3.4. Let (S, %) be an adequate partial semigroup. Then J(S)
is a compact two-sided ideal of 0S.

Proof. By Theorem 3.3, K(65) C J(S), so J(S) # 0. Trivially, J(S) is
compact. To see that J(S) is an ideal of 65, let p € J(S) and ¢q € §8S.
To see that pxq € J(S), let A€ pxq. Let B={xr e S:2714 € q}.
Then B € p, so B is a J-set. To see that A is a J-set, let F' € P;(F) and
let L € P¢(S). Pick m € N, a € S™, and t € J,, such that for each
feF, (ITik a(i) = f(t(i))) *a(m + 1) € BNo(L). Given f € F, let
zp = (TT%, a(@) = f(t(i))) xa(m +1). Let Z = {z5 : f € F} and let
W = Lx*Z. Now ﬂferjilA € g and o(W) € ¢, so pick b € o(W) N
Nier z;lA. Then for f € F, zyxbe Ano(L).

To see that ¢g*p € J(S), let A€ gxp. Let B={xr e S:271A¢
p}t. To see that A is a J-set, let F' € Pyp(F) and let L € P(S). Now
B € q and o(L) € q, so pick b € BNo(L). Then b~1A is a J-set,
so pick m € N, a € S™*, and t € J,, such that for each f € F,
(TT%, a(i) = f(t(i))) *a(m + 1) € b"ANo(L *b). Then, for f € F,
bx ([T2 a(i) = f(t(i)) xa(m+1) € ANo(L). O

If A is piecewise syndetic, the conclusion of the following lemma is part
of Theorem 3.3.

Lemma 3.5. Let (S,*) be an adequate partial semigroup and let A be a
J-set in S. Let r € N, let F' € P¢(F), and let L € P¢(S). There exist
meN, aec S andt € J,, such that t(1) > r and for all f € F,

(TT7 a(i) = f(t(@)) xa(m+1) € Ano(L).
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Proof. For f € F, define gf : N — S by g¢(n) = f(r +n). Then
{97 : f € F} € P§(F), so pick m € N, a € S™, and t € J,, such
that for all f € F, ([I", a(i) * g7 (t(i))) xa(m + 1) € ANo(L). Define
s € Jm by, for i € {1,2,...,m}, s(i) = r + t(i). Then for all f € F,
(T a(i) = f(s(d))) xa(m+1) € Ano(L). O

The following theorem is the Central Sets Theorem for adequate partial
semigroups.

Theorem 3.6. Let (S, *) be an adequate partial semigroup and let C' be
a member of an idempotent in J(S). There exist functions

m:PyF) =N, ae Xpepf(}-)Sm(F)H, and 7 € X pep,(7)Tm(F)
such that
(1) if F,G € Py(F) and F C G, then 7(F)(m(F)) < 7(G)(1), and
(2) if n € N, G1,Ga,...,G, € Ps(F), Gi € G2 € ... € Gy,
and for each i € {1,2,...,n}, fi € G;, then

ITey (T a(GG) * £:(r(G () + a(Ga)(m(G) + 1)) € C.
In particular, these conclusions hold if C' is central in S.

Proof. Pick an idempotent p € J(S)NC and let C* = {z € S : 27!C € p}.
By Theorem 2.2(4), if € C*, then 27'C* € p, and so z7'C* is a J-set.
We define m(F), a(F), and 7(F) for F' € Py(F) by induction on |F|,
satisfying the following induction hypotheses:
(1) If 0 # G C F, then 7(G)(m(G)) < 7(F)(1) and
(2) ianN, Gl,GQ,...,Gn EPf(f),Gl gGQ c ... an :F, and
for each i € {1,2,...,n}, fi € G;, then

I (TS5 a(@)G) = £i(r(G(0))) * alGi)(m(G) +1)) € C*.

First assume that F' = {f}. Pick any d € S and let L = {d}. (The
set L does not enter into the argument at this stage.) Pick m € N,
a € S™ and t € J,, such that ([]", a(i) = f(t(i))) * a(m + 1) € C*.
Let m(F) = m, a(F) = a, and 7(F) = t. Hypothesis (1) is satisfied
vacuously. For hypothesis (2), necessarily n = 1, so the conclusion is
satisfied directly.

Now assume that |F| > 1 and that m(G), a(G), and 7(G) have been
defined for all nonempty proper subsets G of F. Let

L={I15, (TT7F a(Ga) () * fi (T(G) () * a(Gi) (m(Gy) + 1)) -
keN,0£G1 C...C Gy C F,and fori € {1,2,...,k}, f; € G;}.

By hypothesis (2), L is a finite subset of C*. Let A= C* N[,y 'C*.
Then A € p, so A is a J-set.
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Let r = max{7(G)(m(G)) : 0 # G C F}. By Lemma 3.5, pick m € N,
a € S™t and t € J,, such that ¢(1) > r, and for all f € F,

(TT7% a(@) = f(t(@)) xa(m+1) € Ana(L).

Define m(F) = m, a(F) = a, and 7(F) = t. Since #(1) > r, hypothesis
(1) is satisfied.

To verify hypothesis (2), assumen e N, #£#G; S G2 € ... C G, = F,
and for each i € {1,2,...,n}, f; € G;. Assume first that n = 1. Then
the conclusion is satisfied because ([;"; a(i) = f1(¢(i))) xa(m+1) € C*.
Now assume that n > 1. Let

y =TI (199 a(Ga) () * fi(T(Ga) () * a(Ga) (m(Gi) + 1) .
Then y € L, so ([}, a(j) * fa(t(5))) xa(m+1) € y=1C*, so

T, (T a(Ga) () = £:(T(Go) () * a(Gi)(m(Gy) + 1) € C*,
as required.

The “in particular” conclusion holds because any idempotent in K (4S)
is a member of J(5). O

As with semigroups, if the partial semigroup is commutative, the con-
clusion of the Central Sets Theorem is simpler.

Corollary 3.7. Let (S,*) be a commutative adequate partial semigroup
and let C be a member of an idempotent in J(S). There exist functions
v :Pi(F) = S and H : Ps(F) — P¢(N) such that

(1) if F,G € Ps(F) and F C G, then max H(F) < min H(G), and

(2) ifneN; G1,Ga,...,G, € Pr(F); G1 € G2 € ... € Gyp; and for
eachi € {1,2,...,n}, fi € G;, then [[;_, (’Y(Gi)*HteH(Gi) fi(®))
eC.

Proof. Let m, «, and 7 be as guaranteed by Theorem 3.6. For F' €
Py(F), let 1(F) = T a(F)(j) and let H(F) = {7(F)(j) : j €

Jj=1

{1,2,...,m(F)}}. 0

We present now an application of Theorem 3.6 to a partial semigroup
of located words. If C' is central, this is a consequence of [1, Theorem 4.1].
In the more general context, it is new. (We shall see in Theorem 4.12
that for the partial semigroup of located words, there is a member of an
idempotent in J(S) which is not central.)

Definition 3.8. Let X be a nonempty finite set.
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(a) The set of located words over X is
S={f:(3H e P;(N))(f: H = X)}.

Define a partial semigroup operation * on S by, for f,g € 5,
f*g= fUyg defined if and only if max dom(f) < mindom(g).
(b) The set of located variable words over ¥ is the set of located words
over ¥ U {v} in which v occurs, where v is a “variable” not in 3.
(c) If f is a located variable word over ¥ and a € X, then f(a) is the
located word over ¥ defined by, for ¢ € dom(f),

Flay(e) = { A

When we say that v occurs in f, we mean v is in the range of f.
Note that the set of located words over ¥ is an adequate partial semi-

group.

Corollary 3.9. Let X be a nonempty finite set and let S be the partial
semigroup of located words over ¥. Let C be a member of an idempotent
in J(S). There is a sequence (wp)5>, of located variable words over X
such that for each h € S, [], cqomn) wr(h(r)) € C.

Proof. Pick m, «, and 7 as guaranteed by Theorem 3.6 for C. For
a € X, define f, € F by, for k € N, f,(k) = {(k,a)}. Note that each
fo is an adequate sequence. Choose an injective sequence (g,)%2 ; in
F\{fa:a€ X} (For example, one may fix b € 3 and define for k € N,
gn(k) = {(2k,b), (2k + 1,0)}.)

For each n € N, let G,, = {f, : a € 8} U {g1,92,--.,9n}. (The point
of introducing (g,)%2, is to guarantee that G; C Gy € ....) For n € N,
define w,, by

wn = (T a(Gu) (@) {(T(Ga) (), 0)}) % @(G) (m(Ga) +1) -

Note that w, (7(Gy)(1)) = v, so v occurs in w,. To see that each w, is a
located variable word, we need to note that the operations in the definition
are all defined. To this end, fix a« € ¥ and n € N. Then G,, € P;(F) and
fa € Gy, so by Theorem 3.6(2),

(TIE™) a(Go) (i) * Lo (T(G)(0))) * (Gr)(m(Gr) + 1) € C.

In particular, the operations in this expression are all defined. Given
(S {17 2a e 7m(Gn)}7

dom(fa (7(Gn)(i))) = {7(Gn()) } = dom({(7(Gn) (i), v)}) -

So the corresponding operations in the definition of w, are defined.
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Now let h € S and let H = dom(h). Enumerate H in order as
(7(1),4(2 ) ...,j(k)). Then Gy € Gj) S ... € Gju) and for each
t e {1 2 k}, fh(j(t)) S Gj(t); SO

HTGHwN (r)) = Ht 1wj<t< (@)) =

T (T a(G) @)+ { (G (@), A (G0)) 1)
(G (m(Gje) + 1)) -

I (T2 (@) 6) * fuson (7(Gi) ()
* o(Gir)) (m(Gjy) + 1)) €C. O

We note that the proof of [1, Theorem 4.1] cannot be easily adjusted
to prove Corollary 3.9 in its full generality because that proof used the
fact that C' was a member of a minimal idempotent.

4. RESULTS FOR
COUNTABLE ADEQUATE PARTIAL SEMIGROUPS

We present in this section results whose proofs require that we assume
our adequate partial semigroup is countable.

Since the conclusion of the Central Sets Theorem for adequate partial
semigroups involves adequate sequences, it is nice to know when we are
guaranteed to have such objects.

Theorem 4.1. Let (S,*) be a countable adequate partial semigroup, let
n €N, and let (f(t))i=, be any length n sequence in S such that [[,. f(t)
is defined whenever ) # G C {1,2,...,n}. Then f extends to an adequate
sequence (f(t))$2,. In particular, given any a € S, there is an adequate

sequence (f(t))e2, with f(1) =

Proof. Enumerate S as (s;)i2; and, for m € N, let F,,, = {s1,52,...,Sm}-
Inductively, let m > n, and assume we have chosen (f(¢))7, such that
[I,c; f(t) is defined whenever ) # G C {1,2,...,m} and [],. f(t) €
o(F;) whenever n <l <mandl € G C{l,l+1,...,m}. If m =n,
pick f(m+1) € o(F, U{L,ec f(t) : 0 # G C {1,2,...,n}}). Assume
now m > n, and let M = Fop1 U {[,ee f(t) : 0 #G C{1,2,...,n}} U
Ul ULE # Tleq F(8) : L€ G C{l,1+1,...,m}}). Pick f(m+1) €

o(M). Then, given any | > n, FP((f(t))2,) Q o(Fy). O

Countability may not be necessary for the existence of many adequate
sequences. For example, let X be any infinite set, let S = P(X), and
for F,G € Ps(X), it FNG =0, define F ¥ G = F UG, leaving F & G
undefined otherwise. Then any sequence of pairwise disjoint members of
S is adequate. To see this, let (F,)52 ; be a sequence of pairwise disjoint
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members of S and let / € P;(S). Let H = |J . Then there is some m €
N such that F,, N H = () whenever n > m, and so FP({F,)52,.) C o(H).

The above example is commutative. For an example of an uncount-
able noncommutative adequate partial semigroup with many adequate
sequences, let wy be the first uncountable ordinal and let S be the free
semigroup on the alphabet {a, : n < wi}. For W € S, let supp(w) =
{n < w1 : ay, occurs in w}. For w,v € S, define w * v to be the usual
concatenation of words, defined if and only if supp(w) N supp(v) = 0.
(Then w v is defined if and only if v x w is defined, but w * v # v x w.)
As above, any sequence in S with pairwise disjoint supports is adequate.

If S is uncountable, there may not be any adequate sequences. (In
this case the Central Sets Theorem is vacuously true.) For example, let
S = Ps(w1), and for F,G € S, if max F' < minG, define F '+ G = F UG,
leaving F' * G undefined otherwise. Then (5,x) is an adequate partial
semigroup. Suppose one has an adequate sequence (F,)°; in S. Then
for each n, max F;, < min F,, 1. (Recall that [],. f(n) is defined to be
the product in increasing order of indices.) Let p = supJ,—, F,,. Then
FP((F)3) N e({n}) = 0.

In [5, Definition 3.2], the author defines the notion of a Js-set for a
commutative adequate partial semigroup. We repeat this definition in an
equivalent form.

Definition 4.2. Let (5, *) be a commutative adequate partial semigroup.
Aset A C Sis a Js-set if and only if for all F' € Py(F) and all L € Py(S5),
there exist b € S and H € P;(N) such that for all f € F, b*[[,.p f(t) €
Ano(L).

Note that if S is commutative, then any J-set in S is a Js-set. (Let
meN, a e S, and t € J,, be as in the definition of a J-set. Let
b =TIt a(i) and let H = {#(1),4(2),...,t(m)}.) We set out now to
show that if S is countable and commutative, the converse holds. Again,
we do not know whether countability is required.

Lemma 4.3. Assume that (S, %) is a countable adequate partial semigroup
enumerated as (s¢);2,. For each n € N, let W,, = {1, $2,...,5n} and let
F € Py(F). There exist an increasing sequence (k(t))72, in N and a
sequence (b(t))52, in S so that for each f € F, (f(k(t)) = b(t))i2, is an
adequate sequence with FP((f (k(t)) * b(t))s2,,) C o(W,,) for each n € N.

Proof. Let My = Wy and pick k(1) € N such that f(k(1)) € o(M)
for each f € F. Pick b(1) € o(Usep M1 f(K(1))). Inductively, let
n € N and assume that we have chosen M, € P(S), k(i) € N, and
b(i) € S for i € {1,2,...,n} such that k(i) > k(i — 1) if ¢ > 1, and
f(k(i)) % b(i) € o(M;) for each f € F.
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Let Mpy1 = MpUWyi1UUpep (M, f(k(n)) *b(n)). Pick k(n+1) >
k(n) such that f(k(n +1)) € 0(M,41) for each f € F. Pick b(n + 1) €
O'(UfeF Myt % f(k(n+1))). Then f(k(n+ 1)) *b(n+1) € o(Mp41)
for each f € F.

The construction being complete, we claim that for each f € F and
each H € P¢(N), if | = min H, then [[,c, f(k(t)) = b(t) is defined and
[Ticr f(E(t) = b(t) € o(M;). So, in particular, [],c, f(k(t)) * b(t) €
a(Wh).

So let f € F be given. We proceed by induction on |H|. Assume first
that H = {I}. Then f(k(l)) € o(M;) and b(l) € o(M; = f(k())), so
F(kW) b)) € o(M).

Now assume that |H| > 1, let [ = minH, let G = H \ {I}, and let
p =minG. Then

[Tieq f(k@) *b(t) € o(Mp) € o(Miy1) € o (M= f(k()) * b(1)).
So, for each w € M;,
w f(k(1) *b(1) * [Toeq £ (k@) *b(t) = w [T, pr f(K(t)) % b(t)
is defined, so [T,c; f(k(t)) = b(t) € o(M)). O

Theorem 4.4. Let (S,*) be a countable commutative adequate partial
semigroup and let A be a Js-set in S. Then A is a J-set.

Proof. Assume that S has been enumerated as (s4);2,. Let F' € Py(F)
and L € Py(S) be given. Pick an increasing sequence (k(t))?2; in N and
a sequence (b(t))s2, in S as guaranteed by Lemma 4.3 for F. For f € F,
define g (t) = f(k(t)) *b(t). Then {gs : f € F} € Py(F), so pick d € S
and H € Pf(N) such that, for each f € F', d*[[,cp 95(t) € ANo(L). Let
m = |H| and enumerate H in order as (n(j))7~,. Define a € S™*! by
a(l) =d and for j € {2,3,...,m+ 1}, a(j) = b(n(j — 1)). Define t € T,
by, for j € {1,2,...,m}, t(j) = k(n(j)). Then one has for each f € F

that (H;"Zl a(j) * f(t(5))) *a(m+1) = d = [icn9r) € Ano(L). O

We now set out to prove in Theorem 4.8 that if the union of two
subsets of an adequate partial semigroup is a J-set, then one of them is.
Our argument requires that S be countable. We do not know whether
countability is required for the result.

Definition 4.5. A set F' € Py(F) is a strongly adequate set if and only
if whenever ¢ : N — F and g : N — S is defined by, for n € N, g(n) =
¢(n)(n), then g is an adequate sequence.

Given any finite set of adequate sequences, our next result establishes
that there exists an increasing sequence in N such that the set of resulting
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sequences is strongly adequate. In other words, if a set F' in Py (F) is not
strongly adequate, we can use it to build a strongly adequate set.

Lemma 4.6. Assume that (S, %) is a countable adequate partial semigroup
and let F' € Py(F). There is an increasing sequence (3(t))22, in N such
that if for each f € F, hy : N = S is defined by, for n € N, hy(n) =
f(06(n)), then {hy : f € F'} is a strongly adequate set.

Proof. Let F' € Py(F) be given and let p € N such that |F'| = p and write

F = {fi, fa,..., fp}. Since S is countable, we can choose a sequence
(L,)22; such that for each n, L, C L,41 and S = |, L,. We will

inductively build (6(n))s%; in N. Consider L; € P;(S). We can pick
k1 € N such that FP((f(m))p_y,) € o(Ly) for each f € F. Let §(1) =

m=k
k1. Then f;(6(1)) € o(Ly) for each i € {1,2,...,p}. Now let n > 2 and
assume that for all » € {1,2,...,n — 1}, we have already chosen §(r) so
that

(1) if r > 1, then 6(r — 1) < §(r), and
(2) whenever ) £ H C {1,2,...,n—1} and ¢ : H — {1,2,...,p}, if
r <min H, then [[,cy fo)(6(t)) € o(Ly).

Let

M, = Ly U{z*[[,cqy fe,(0(t) i € L1, 0 # H C{1,2,...,n — 1},
each ; € {1,2,...,p} for t € H, and [[,cp fr, (6(1)) € o({z})}.

Then M, € Ps(S). We can pick k, € N such that, for each f € F,
FP({(f(m))m>k,) C o(M,). Let 6(n) = max{k,,0(n — 1)+ 1}. Let 1 <
r<nand 0 #G C{r,r+1,...,n}. Foreach t € G, let ¢; € {1,2,...,p}.
We claim [],cq fe,(0(t)) € o(Ly).

If n ¢ G, then our result is given by the induction hypothesis. Assume
n € G. If G = {n}, then [[,cq fr,(6()) = fr,(0(n)). Recall §(n) =
max{ky,d(n — 1) + 1} and k, was chosen so that FP({f(m))m>k,) <
o(M,) for each f € F. This implies [],c fe,(0(t)) € o(Ln) C o(Ly).
Now assume G \ {n} # 0. Then [],cq\ (ny fe.(6()) € o(Ly). So for
z € L, m*] [, gny f2.(6(t)) € My, which implies 2] [, g\ 1y fe, (6(8))
fe,(0(n)) is defined. As a result, [[,cq fe,(0(t)) € o(Ly). Thus, our
induction hypothesis is satisfied.

We have just completed the construction of increasing (4(¢));>1 in N.
Note that for any G € Py(N), r < minG and ¢ : G — {1,2,...,p},
[Lice fow(0(t)) € o(Ly). For each i € {1,2,...,p} and n € N, define
hi(n) = fi(6(n)). We claim {h; : i € {1,2,...,p}} is a strongly adequate
set. Let o : N — {1,2,...,p} and g : N — S so that g(n) = hyn)(n) for
each n € N. We must show g € F.
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(1) Let H € P¢(N). Then

HteH g(t) = HteH hso(t) (t) = HteH fsa(t) (0(t)).

Since [[,cp fot)(0(t)) € o(L,) where 7 < min H, then the product must
be defined. So the first condition is satisfied.

(2) Let L € Ps(S). Then there exists r € N such that L C L,. We
claim that FP({(g(n))>,) C o(L,) C o(L). To see this, let

K ePi{r,r+1,...,}). Then

HnEK g(n) = HneK hso(n) (n) = HneK f@(n)((s(n)) c€o(L,)

by induction hypothesis (2).
Hence, ¢ is an adequate sequence. Therefore, {h; : i € {1,2,...,p}} is
a strongly adequate set. O

The proof of the following lemma is a routine exercise.

Lemma 4.7. Let (S,*) be an adequate partial semigroup. Let f be an
adequate sequence in S, and let (H,)72, be a sequence in Py(N) such that
max H,, < min H, 11 for each n € N. Define g : N — S such that for each
n €N, g(n) =[l,eq, f(t). Then g is an adequate sequence in S.

Theorem 4.8. Let (S, *) be a countable adequate partial semigroup, let
A be a J-set in S, and let A = Ay U Ay. Then either Ay is a J-set in S
or As is a J-set in S.

Proof. Suppose not. Pick Fy,F, € Py(F) and Ly, Ly € Py(S) such that
for all i € {1,2}, all m € N, all a € S™*! and all t € J,,, there exists
f € F;such that (H;nzl a(j)f(t(5)))a(m+1) ¢ A;No(L;). Let F = F{UF,
and let L = Ly U Ly. Let p = |F| and write F' = {fi, fa,..., fp}. Using
Lemma 4.6, pick an increasing sequence (§(n)),>1 in N, and for each
i€{1,2,...,p}, define h; : N — S by, for n € N, h;(n) = f;(6(n)). Then
H={h;:i€{1,2,...,p}} is a strongly adequate set.

By [10, Lemma 14.8.1] (which is a version of the Hales—Jewett Theo-
rem), we can pick n € N such that whenever the set W of length n words
over the alphabet {1,2,...,p} is 2-colored, there is a variable word w(v)
beginning and ending with a constant and without successive occurrences
of v such that {w(¢) : ¢ € {1,2,...,p}} is monochromatic. For each
w = b1by...b, € W, define g, : N — S by, for y € N,

9uw(y) = [Tz b, (ny +14) -

Since H is a strongly adequate set, then the function r defined by
r(ny+1i) = hy, (ny+1) for all y € N and each i € {1,2,...,n} is adequate.
By Lemma 4.7, g,, is adequate for each w € W.
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Since A is a J-set and {g,, : w € W} € Py(F), we can pick k € N,
b e S**1 and u € J, such that, for each w € W,

(TT5_, 609w (u(5)))b(k +1) € ANa(L).

Define ¢ : W — {1,2} by p(w) = 1if ([}, b(j)guw(u(5)))b(k +1) € A
and ¢(w) = 2 otherwise. Pick a variable word w(v) beginning and ending
with a constant without successive occurrences of v such that {w({) :
¢ € {1,2,...,p}} is monochromatic. Without loss of generality, assume
@(w(f)) = 1 for each £. In other words, (H§:1 b(5)Guw(ey(u(4)))b(k + 1) €
A, for each /.

Let w(v) = byba...b, such that b; € {1,2,...,p} U {v} for each i €
{1,2,...,n}. Then some b; = v, by # v, b, # v, and if b; = v, then
bit1 # v. Let r be the number of occurrences of v in w(v). Pick (G(x))"t}
in P;(N) and s € J, such that max G(z) < s(z) < min G(z + 1) for each
ref{1,2,...,r},G=ULG@)={ie{1,2,...,n} : b; € {1,2,...,p}},
and {s(1),s(2),...s(r)} = {i € {1,2,...,n} : b; = v}. We claim that
given any y € N, there exists ¢, € S™™! and z, € J, such that for all
Ce{1,2,...,p}, gy () = (ITo=1 cy(@)he(2y(q)))cy(r + 1), and for each
vy 2(r) < 2y 1(1).

Let y be given. For ¢ € {1,2,...,7+1}, let ¢y(q) = [[;cq(y) ho: (ny+1)
and for ¢ € {1,2,...,r}, let z,(q) = ny + s(q). Note z,(r) = ny +
s(r) < ny+n < zy41(1). Now let £ € {1,2,...,p} be given. Then
w(l) = dids .. .d, where

d{bl 1€ G
e i€ {s(1),s(2,...,s(r)}

for each i € {1,2,...,n}.
Hence,

/)(y)
? 1 hd1 (’I’Ly + 7’)

11
~ (TTsos (Mo o+ ) hato+ ) ) ey o+
( ( et 0 +0) a2y ) ) Ty oo+

= (11

Dhe(zy(9))) ey (r +1).

Thus, our claim is satisfied.
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We claim that there exist m € N, a € S™*!, and t € J,,, such that, for
each £ € {1,2,...,p},

(TTj=1 D) uiey (w(@))blk + 1) = (TT7, a(@)he(t(x)))a(m + 1).

To see this, let m = kr. For j € {1,2,...,k} and q € {1,2,...,r},
let t((j — 1)r +q) = zu(q)- Let a(l) = b(1)cy1)(1) and let a(m +
1) = cuay(r + 1)b(k +1). For j € {1,2,...,k — 1}, let a(jr + 1) =
Cu()(r +1)b(J + 1)cyj+1))- For j € {1,2,...,k} and q € {2,3,...,7},
let a((j — 1)r +q) = cyu(j)(q). Then, for £ € {1,2,...,p},

(TT5_y 003 gu(e) (u(5))b(k + 1)
= (Hle b() (TTo=1 cu) (@he(2u(iy (@) i (r + 1)> b(k +1)

= (H;":l a(a:)hg(t(x)))a(m +1).
Note that (§(¢(1)),8(¢(2)),...,8(t(m))) € Tm- Pick £ € {1,2,...,p}
such that f; € Fy and ([[o, a(z)fe(6(t(z)))a(m+1) ¢ A;No(L,). That

is to say,
(TT22, a(@)he(t(2)))a(m + 1) ¢ A1 No(Ly).
But

(T, al@)he(t(x)))alm + 1) = [T5—y (6(3)guw(e) (u(5))b(k + 1)
c AN O'(L)
C A No(Ly).

This is a contradiction. O

Corollary 4.9. Let (S,*) be a countable adequate partial semigroup and
let ACS. Then AN J(S)# 0 if and only if A is a J-set.

Proof. The necessity is trivial. By Theorem 4.8, if the union of finitely
many subsets of S is a J-set, then one of them is. Thus. by [10, Theorem
3.11], if A is a J-set, then there exists p € J(S) such that A € p. O

We now set out to show, as promised earlier, that if (.9, *) is the partial
semigroup of located words introduced in Definition 3.8, there exists a set
C which is a member of an idempotent in J(.S) but is not central.

If (S,*) and (T,¢) are partial semigroups, we say that f : S — T is
a partial semigroup homomorphism if and only if, whenever x,y € S and
x x y is defined, then f(z) o f(y) is defined and f(x xy) = f(z) o f(y).

Lemma 4.10. Let X be a finite nonempty set and let (S, x) be the partial
semigroup of located words over . Define ¢ : S — N by, for f € S,
Y(f) = |dom(f)|. Then ¢ is a surjective partial semigroup homomor-
phism. If A is a J-set in N, then ¢ ~[A] is a J-set in S.
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Proof. Tt is trivial that ¢ is a surjective partial semigroup homomorphism
to (N,+). Assume that A is a J-set in N. To see that ¥~ 1[A] is a
J-set in S, let F € Py(F) and W € Ps(S) be given. Pick M € N
such that for all f € W, maxsupp(f) < M. By Lemma 4.3, pick an
increasing sequence (k(¢))$2; in N and a sequence (b(t))$2, in S such that
for each f € F, (f(k(t)) *b(t))i2, is an adequate sequence in S. We may
presume that min supp(f(k(l))) > M and, therefore, for each ¢t € N,
min supp(f(k(t))) > M.

For f € F and ¢t € N, let hy(t) = ¥(f(k(t)) * b(t)). Since A is a
J-set in N and N is commutative, we may pick d € N and H € Pf(N)
such that for each f € F, d+ ) .yhs(n) € A. Enumerate H in or-
der as (v(1),v(2),...,v(m)) and pick z € ¥. For t € {1,2,...,m}, let
J(t) = k(v(t)). Let a(l) = {(M,z)} and for t € {2,3,...,m}, let
a(t) = b(v(t — 1)). If d = 1, let a(m + 1) = b(v(m)). If d > 1, pick
w € S such that ¢ (w) = d—1 and min dom(w) > max dom (b(v(m))) and
let a(m + 1) = b(v(m)) * w.

We claim that for each f € F, ¥(([I;%; a(t) * f(§(t))) xa(m + 1)) =
d+> e hy(n) sothat (T2, a(t)* f(j(t)))*a(m+1) € p~HAING(W),
as required. So let f € F' be given. We will do the verification assuming
that m > 1 and d > 1, the other cases being similar. Now

(T2 a(0) = £(0)) < alm -+ 1) =
a(l) * (Hln:_l f(j(t)) * a(t + 1)) * f(j(m)) xa(m+1)
a(1)  (TT5" £ (R(u(t)) = b(0(1))) * £ (k(v(m)) * b(v(m)) *w,

SO

G (T alt) * £(5(1))) *a(m + 1)) =
L+ 0y (o) + iy (v(m)) +d = 1= d+ Y, chs(n). O

Lemma 4.11. Let X be a finite nonempty set and let (S, x) be the partial
semigroup of located words over . Define ¢ : S — N by, for f € S,
Y(f) = |[dom(f)|. Let p be an idempotent in J(N,+). There is an idem-
potent q € J(S) such that {Z;(q) = p where {E: BS — BN is the continuous
extension of 1.

Proof. By Lemma 4.10, if A € p, then ¢p~1[A] is a J-set in S, so by
Corollary 4.9, ¥=1A] N J(S) # 0. Consequently, {y=1[A]NJ(S) : A €
p} is a set of closed subsets of $S with the finite intersection prop-
erty and thus, (,, (v=1[A] N J(S)) # 0. Consequently, we have that
{qe J(S):v(q) =p} #0. By [10, Theorem 4.22.3|, the restriction of "

to 05 is a homomorphism to SN, so we have that {¢ € J(5) : ¢¥(q) = p}
is a compact subsemigroup of S and thus has an idempotent. O
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Theorem 4.12. Let Y be a finite nonempty set and let (S, ) be the partial
semigroup of located words over .. There exists a subset C' of S which is
a member of an idempotent in J(S) and is not central. In fact, C is not
piecewise syndetic. That is, C N clK(5S) = ().

Proof. By |7, Theorem 5.5|, pick an idempotent p € J(N) \ /K (SN). (It
is an easy exercise to show that the set J defined in [7] is equal to J(N).)
We shall show that ¢[6S] = AN. Assume for now that we have done
this. As we noted in the proof of Lemma 4.11, the restriction of zz to
0S is a homomorphism to SN. Having shown that z;[éS] = BN, we then
have by [10, Exercise 1.7.3] that ¢[K(55)] = K(BN) and, consequently,

V[elK(05)] = clK(BN). By Lemma 4.11, pick an idempotent g € J(S5)
such that ¥(q) = p. Then ¢ ¢ c/K(5S). Pick C € ¢ such that C' N
clK(6S) = 0.

To see that J[éS] = BN, let r € BN be given. Let
A={Y AlNno(W): Acrand W € P(S)}.

Note that if s € 85 and A C s, then s € 65 and ¢(s) = r. So it
suffices to show that A has the finite intersection property. Given n € N,
Al,AQ,...,An er, and W17W27~~'7Wn EPf(S),

PN AN o (Ui W) € Mz (7 HAT N o (W),

so it suffices to show that for A € r and W € P¢(9), v A Na(W) # 0.
Pick « € A. (Note that r could be principal, so A = {z} is possible.)
Let M = ey dom(g) and let n = maxM. Pick a € X. Let h =
{(n+1,a),(n+2,a),...,(n+2x,a)}. Then h € o(W) and ¢(h) =z. O

The version of the Central Sets Theorem produced in [2] has an ap-
parently weaker conclusion than Theorem 1.2 in which the increasing
sequences (t(j))7; in N are replaced by sequences (H(j))jL; in Py(N)
with the property that if j < m, then max H(j) < min H(m). Since
one could take H(j) = {t(j)}, that version obviously follows from The-
orem 1.2. John H. Johnson, Jr. shows in [11] that the two versions are
equivalent for semigroups.

To make the presentation simpler, we will deal with the corresponding
issue for J-sets. The following is the definition of J-sets as given in [2]
adjusted for partial semigroups. We will denote these as J'-sets solely to
be able to talk about the two notions.

Definition 4.13. Let (S, *) be an adequate partial semigroup.
(a) Form e N, Z,, = {(H(1),H(2),...,H(m)) : each H(i) € Ps(N)
and if i <m, max H(i) < min H(i + 1) }.
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(b) A set A C Sisa J'-set if and only if for every F' € Py(F) and
every L € P(S), there exist m € N, a € S™*!, and H € I,
such that for each f € F, ([TjL; a(j) * [L,ep(j) F(t) xa(m+1) €
Ano(L).

It is trivial that any J-set is a J'-set. We set out to show that the con-
verse is true if S is countable. Again, we do not know whether countability
is needed for the conclusion.

Theorem 4.14. Let (S, ) be a countable adequate partial semigroup and
let ACS. Then A is a J-set if and only if A is a J'-set.

Proof. For the necessity, given m € N and t € 7., let H(j) = {t(j)}.

Now assume that A is a J'-set and let F' € Py(F) and L € Py(S) be
given. Pick sequences (k(t))s2; and (b(t))?2, as guaranteed by Lemma
4.3. For f € Fand t € N, let g¢(t) = f(k(t)) *b(t). Then {gy: f € f} €
Ps(F), so pick m € N, a € S™ and H € T,, such that, for each f € F,
T§ = (H;nzl (a(y) [Liewy gr(t))) *a(m+1) € Ano(L).

For each j € {1,2,...,m}, let I(j) = |H(j)| and enumerate H(j) in
order as (s(j,i)>l4(ji. Then, for f € F,

v =T15% (ali) * (TIY) £(k(s(j,1))) % b(s(j,3)))) * a(m +1) .
Let p= Y1 1(j) = | Uy H(j)l. Let

(e(1),¢(2),...,e(p+1)) =
(a(1),b(s(1,1)),...,b(s(1,1(1) — 1)), b(s(1,1
b(s(2,1)),...,b(s(2,1(2) — 1)),b(s(2,1(2))) = a(3),

and let
(t(1),t(2),...,t(p)) =
(k(s(1,1)),k(s(1,2)),.... k(s(1,1(1)))),
(k(s(2,1)),k(s(2,2)),...,k(s(2,1(2)))),
(k(s(m, 1)), k(5(m, 2)), ..., k(s(m, [(m))))) -
Then, for f € F, zy = ([T5_, c(d) = f(t(i))) * c(p + 1). O

5. AN ALTERNATE PROOF THAT
PIECEWISE SYNDETIC SETS ARE J-SETS

We conclude by presenting an alternate proof that any piecewise syn-
detic set in an adequate partial semigroup is a J-set. The proof we give
in section 3 is based on an idea of Furstenberg and Katznelson in [4]. The
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proof we are going to present is based on an idea of Andreas Blass, which
is first used in [1]. The idea of this latter proof is simpler. It simply uses
the fact that homomorphisms preserve the ordering of idempotents and
that if p is a minimal idempotent and ¢ < p, then ¢ = p. The casual
reader might even believe that the current proof is shorter than our pre-
vious proof. That is because we will not present the proof of Lemma 5.2.
Its proof is straightforward, but by the time one fills in all of the details,
that proof is longer than that of Lemma 3.2.

Definition 5.1. Let (5,%) be an adequate partial semigroup and let
F e 'Pf(T). Let

Tr = {(a(1),t(1),a(2),...,a(m),t(m),a(m+1)) :m e N
ae S t ey, and for all f e F,
a(1) x f(t(1)) * % * f(t(m)) x a(m + 1) is defined} .

Assume that SNTr = () and let R = SUTF. Define a partial operation
o on Rp as follows.

(1) If x,y € S, then zoy = xx*y, defined if and only if zxy is defined.
(2) If z € S and § = (a(1),t(1),a(2),...,a(m),t(m),a(m+1)) € Tp,
then

zoy=(zxa(l),t(1),a(2),...,a(m),t(m),a(m+ 1))

defined if and only if for each f € F, zxa(1)x f(t(1))xxx f (t(m))
a(m + 1) is defined and

goz = (a(1),t(1),a(2),...,a(m), t(m),a(m+1) x x)
defined if and only if for each f € F, a(1)* f(t(1)) #*x f(t(m)) *
a(m + 1) x x is defined.
(3) If & = (a(1),t(1),a(2),...,a(m),t(m),a(m + 1)) € Ty and
7= (b(1),s(1),b(2),...,b(k),s(k),b(k + 1)) € T, then
Zog = (a(1),t(1),...,t(m),a(m+ 1)« b(1),s(1),...,s(k),b(k + 1))

defined if and only if ¢(m) < s(1) and for all f € F

a(1)* f(t(1)) s f(t(m)) xa(m+1) xb(1) = f(s(1)) #x* f(s(k)) xb(k+1)
is defined.

Note that the requirement that S NTr = () is not a serious restriction
because one may always take an algebraic copy of S for which this is true.

Lemma 5.2. Let F € Py(T). Then (Rp, ) is an adequate partial semi-
group. Let T = SRrN6Tr. Then T' = SR N BTk, SRr = 6SUT’, and
T is a two-sided ideal of Rp.
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We do not know whether it must be true that 77 = 6T, which would
be more elegant.

Theorem 5.3. Let (S,*) be an adequate partial semigroup and let A be
a piecewise syndetic subset of S. Then A is a J-set.

Proof. Let F € Py(T) and let M € Ps(S). Let T =Tp, R = Rp, and
T' = §RNJT. Since A is piecewise syndetic in S, pick p € ANK (3S). Pick
a minimal left ideal L of §S such that p € L and let r be an idempotent
in L. Then p = p*r,so{x € S :27'A € r} € p; therefore, pick
x € o(M) such that 71 A € r. By [10, Theorem 1.60], pick an idempotent
q € K(6R) such that ¢ < r. Then ¢ € T C §T.

For f € F, define vy : R = S by v¢(a) = a for a € S and for

= (a(1),t(1),a(2),...,a(m),t(m),a(m+1)) € T,

7= (a
ve(y) = a(1) = f(t(1)) = * % f(t(m)) * a(m + 1). Note that each vy is
surjective. Further, it is easy to verify that each v; is a partial semigroup
homomorphism. For each f € F, let vy : SR — (S be the continuous
extension of v;. By [10, Theorem 4.22.3|, the restriction of vy to R is a
homomorphism into 4.5.

Thus, for each f € F, vs(q) < vy(r). Since vy is the identity on S,
vy(r) = r. Since r is minimal in §.5, we have v;(¢) = r. Given f € F,
we have that o(M xx) Nz 'A € r, so we may pick By € ¢ such that
vi[Bf] Co(M*z)Na—1A.

Pick (a(1),t(1),...,t(m),a(m+1)) € Nfer By Then, for f € F,

a(l) * f(t(1)) = ** f(t(m)) *a(m+1) € o(M = z) Nz~ ' A,
so xxa(l) f(t(1)) % f(t(m)) xa(m+1) € o(M) N A. O
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