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Abstract. We show that if a set B of positive integers has positive upper density, then its
difference set D(B) has extremally rich combinatorial structure, both additively and multiplicatively.
If on the other hand only the density of D(B) rather than B is assumed to be positive one is not
guaranteed any multiplicative structure at all and is guaranteed only a modest amount of additive
structure.

1. Introduction. Given a subset B of the set N of positive integers, denote by
D(B) its “difference set”. That is D(B) = {x —y : z,y € B and > y}. We are
concerned here with difference sets which are “large” in one of two senses. That is, we
ask either that d(B) > 0 or that d(D(B)) > 0 where

d(B) =lim sup |[AN{1,2,...,n}|/n.

We show in Section 2 that if d(B) > 0, then D(B) has an incredibly rich algebraic
structure. We show for example that given any function f : N — N, there must exist
a sequence (r,)p2q so that {d° _pan -, : I is a finite nonempty subset of N and for
eachn € F, 1 <a, < f(n)} U{[][,cpzs* : F is a finite nonempty subset of N and for
eachn e F,1<a, < f(n)} C D(B).

With no sort of largeness assumptions at all (beyond the requirement that B should
have at least three members) one must always be able to get some a and b with {a, b, a+
b} € D(B). (Given z < y < zin B, let a = y —x and b = z — y.) Infiniteness
by itself doesn’t help much. Indeed, it is easy to see that if B = {2" : n € N},
then for no a,b, and ¢ is {a,b,¢c,a + b,a + ¢,b 4+ ¢,a + b+ ¢} C D(B). On the other

1 The first and third authors acknowledge support received from the National Science
Foundation (USA) via grants DMS-9103056 and DMS-9025025 respectively. They also

thank the US-Israel Binational Science Foundation for travel support

1



hand, we show in Section 3 that if d(D(B)) > 0, one can always find a,b, and ¢ with
{a,b,c,a+b,a+c,b+c,a+b+ct C D(B).

We have not been able to determine whether D(B) (where d(D(B)) > 0) must
contain some 4 elements with all of their sums. However, we do show in Section 3 that
one can find sets B with d(D(B)) arbitrarily close to 1/2 such that D(B) contains no
five elements and all of their sums. We also show that we can find sets B with d(D(B))
arbitrarily close to 1 such that D(B) does not contain any {a,b, a -b}.

2. The difference set of a set of positive density. We show here that if
d(B) > 0, then D(B) has a rich additive and multiplicative structure. Many of the
results in this section are from the dissertation of the first author [2]. We begin by
stating a well known result about sets of positive upper density, whose proof we leave

as an exercise.

2.1 Lemma. Let A C N such that d(A) > 0 and let k € N such that 1/k <
d(A). Then given any ty,to,... tp in N there exist some i < j in {1,2,...,k} with
3((14 — tz’) N (A — tj)) > 0.

Note by way of contrast that it is easy to get two disjoint sets both with upper
density equal to 1. It is an immediate consequence of Lemma 2.1 that if E(B) > 0,
then D(B) is an IP*—set. That is, given any sequence (x,)5%; in N there is some
finite nonempty subset F' of N such that ) _pz, € D(B). (To see this, for each

i, let a; = >.'_, x, and pick i < j such that d((B — a;) N (B — a;)) > 0. Then

J
n=i+1

with {), cp @ ¢ F is a finite nonempty subset of N}U{[ ], c p =, : F is a finite nonempty
subset of N} C D(B). We show in Theorem 2.6 below that a stronger conclusion holds,

(without invoking any results from [4]).

[
n=1

z, € D(B).) Therefore, by [4, Theorem 2.6] there is some sequence (z,,)

We shall utilize in our proofs two results from ergodic theory. The first of these
is Furstenberg’s famous correspondence principle which was first used in his proof
of Szemerédi’s Theorem [6]. Recall that a measure preserving system is a quadruple
(X, B, u, T) where X is a nonempty set, B is a o-algebra of subsets of X, p is a nonneg-
ative o-additive measure defined on B with u(X) =1 (so that (X, B, 1) is a probability
measure space), and 7" is an invertible measure preserving transformation of X. (That
is, T is continuous, and whenever B € B, T"'B € B and u(T~'B) = u(B).)

2.2 Theorem (Furstenberg). Let B C N with d(B) > 0. There exist a measure
preserving system (X, B, u, T) and a set A € B such that u(A) = d(B) and for alln € N,
d(BN(B—n)) > pu(ANTrA).



Proof. [6, Theorem 1.1].]

Given measure preserving systems (Xi, By, p1,7T1) and (Xo, Ba, o, To) we follow
standard practice and denote by (X7 X Xo, By X Ba, p1 X po,T1 X T3) the system where
X1 x X5 is the cartesian product, By x Bsis the o-algebra generated by sets of the form
Ay X Ag for Ay € By and As € Ba, 11 X po is the measure on By X scrby determined by
(1 X o) (A1 X Ag) = p1 (A1) p2(Asz) and Ty x T; is the measure preserving transformation
defined by (11 x T2)((z1,22)) = (Th(z1), T2(x2)).

2.3 Theorem. Let T1,T5,..., Ty be invertible commuting transformations of a
probability measure space (X, B, ). Assume that p1(n),p2(n),...,pr(n) are polynomials
with integer coefficients such that p;(0) = 0 for i € {1,2,...,k}. Let A € B with
w(A) > 0. Then there exists n € N such that u(AN Tfl(")T§2(n) . .T,f’“(n)A) > 0.

Proof. This is exactly [3, Theorem 4.2] except that the conclusion there has
n € Z\{0}. To derive this version we utilize the product space (X x X, Bx B, ux u). For
i€ {l1,2,...,k}, let S; = T; X, where ¢ is the identity. Fori € {k+1,k+2,...,2k}, let
S; =1 x T;_k and let p;(n) = p;—_k(—n). Then Sq,Ss, ..., So are invertible commuting
transformations of (X x X,B x B,u x ) and (u x p)(A x A) > 0 so pick (using [3,
Theorem 4.2]) n € Z\{0} such that (Mx,u)((AxA)ﬂSfl(n)SSQ(n) . Sg;k(n)(AxA)) > 0.
If n > 0 we see from the first coordinate that u(A N 7T7" (n)ng(n) . .T,f’“(n)A) > 0. If
n < 0 we see from the second coordinate that u(ANTP* P2 T]f’“(_n)A) > 0. [

We shall see in Theorem 2.6 that whenever d(B) > 0, d(B) contains sums and
products from a sequence where terms are allowed to repeat a restricted number of
times. We present first a special case so we may introduce the proof in a relatively

uncomplicated setting.

2.4 Theorem. Let B C N with d(B) > 0. Then there is some sequence {x,)°,
such that {}, cp
an € {1,2}} U{]],,cpxir : F is a finite nonempty subset of N and for each n € F,
an € {1,2}} C D(B).

anT, : F is a finite nonempty subset of N and for each n € F,

Proof. Pick by Theorem 2.2 a measure preserving system (X, B, u,T') and some
A € B such that u(A) = d(B) and for each n € N, d(BN (B —n)) > u(ANTrA).
Observe that {n € N: uy(ANT"A) > 0} C D(B). For m € N and a sequence (x,)n"
in N let E((zn)n21) = {2 _,cp @nTn : I is a nonempty subset of {1,2,...,m} and for
each n € F, a, € {1,2}} and let C((zn)n=1) = {[[,,cpzp" : F is a nonempty subset

n

of {1,2,...,m} and for each n € F,a, € {1,2}}. We construct a sequence (x,)>>; by
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induction so that for each m, E((z,)™ ) UC({x,)™ 1) C{n e N: u(ANT™A) > 0}
which will suffice by our observation.

To ground the induction consider the measure space (X x X x X, BXBXB, X X 1),
let S1 = (T xext), S =0wxTxu),S3=xtxT),pi(n)=n, pa(n) = 2n, and
p3(n) = n?. (Recall that ¢ is the identity.) Pick by Theorem 2.3 some z; € N such
that (1 x pu x 1)((A x A x A) N @) g2 gps(m) (4 o 4 5 A)) > 0. From the
first coordinate we see that p(A N Ty A) > 0, from the second coordinate we see that
w(ANTETA) > 0, and from the third coordinate we see that p(A N Tlx?A) > (. Since
E({x,)L_,) = {x1,221} and C((x,,)}L_;) = {21, 23}, the grounding is complete.

Now let m € N be given and assume we have chosen (x,,)™ ' with E((x,)™ ') U

n=1
C{xn)™ ) € {n € N: u(ANTrA) > 0}. Let b = 3™ ! and enumerate (with
repetitions if need be) {0} U E({z,,)™}') as (yj) _, and enumerate {1} U C((z,)" )
as (zj>] 1- Now consider the measure space (>< ,)( B, X] ). Let H = ><§21((Am

TV A)x (ANTYA)x Ax A),let o = ijl,u, and note that @(H) > 0. (Our induction
hypothesis tells us that each u(ANTY% A) > 0.) Let S; = X;).:l(T XL X1LX1), Sy =
W (X T xux1), S = X?ZI(L X1 X T% x 1), and Sy = X?zl(L X 1 Xt xT?). Let

=1
pi (n) = n,p2(n) = 2n,p3(n) = n, and ps(n) = n?. Pick by Theorem 2.2, some x,, € N
such that fi(H N ¥ (o) gp2em) gps(wm) gpalem) pry -

To see that E((z,)™ ) C{n e N: u(ANT"A) >0}, let 0 # F C {1,2,...,m}
and for each n € F, let a,, € {1,2}. If m ¢ F, then ) _panv, € E((7n),— 1), so we
assume m € F. Pick j € {1,2,...,b} such that ) _panz, = Y5 + amTm. If ap = 1,
we see by looking at coordinate 45 — 3 that u(ANTY%ANT*(ANTY A)) > 0; in
particular (A NTY%*¥m) > 0. If a,, = 2, we see by looking at coordinate 45 — 2 that
p(ANTY ANT?*®m(ANTY A)) > 0; in particular u(ANTYT28m A) > 0.

To see that C'((z,)" 1) C{n € N: u(ANT™A) > 0}, let 0 # F C {1,2,...,m}
and for each n € F, let a, € {1,2}. If m ¢ F, then [, 2% € C({zn)m"), so we
assume m € F'. Pick j € {1,2,...,b} such that [] .pz0"
by looking at coordinate 4b — 1 that u(A N (7% )% A) > 0 so that u(ANT=%mA) > 0.
If a,, = 2, we see by looking at coordinate 4b that p(A N (T%)%mA) > 0 so that
p(ANT#%mA) > 0. [

xm . If a,, = 1, we see

_Zj' x

We observe in fact that if one has sets By, Bo, ..., B, with each d(B;) > 0, then the
conclusion of Theorem 2.4 applies to (;_; D(B1). To see this one simply starts with
the product system (X:_, Xi, Xi Bi, Xiq ttis XioyTi) where (X;, By, i, T;) is the system
given by Theorem 2.2 for B;.

Recall that a set B C N is an IP* set if and only if whenever (x,,)2° ; is a sequence
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in N | one has FS({x,)52,) N B # (). We pause now to observe that neither of the
conclusions of Theorem 2.4 follow from the fact that D(B) is an IP* set.

2.5 Theorem. There is an IP* set A such that for no sequence (x,)$2, is
{Doner an®y : F s a finite nonempty subset of N and for each n € N,a,, € {1,2}} C A
and for no sequence (yn)ney 5 {I[,cpyar : F is a finite nonempty subset of N and for
eachn € N, a,, € {1,2}} C A.

Proof. Let B = N\{z? : x € N}. Since one clearly cannot get any sequence
(xn)e2y with {3, cp 2y ¢ F is a finite nonempty subset of N} C {22 : € N}, one has
that B is an IP* set. And no sequence (y,,)°°; has any y2 € B.

Now by [5, Theorem 3.14], there is a partition N = C1UC5 such that for no sequence
(Tn)pzy is {D,cpTn I is a finite nonempty subset of N} C € and for no sequence
(Yn)oz1 18 {D nem YUn + Dnem, 2Yn + F1 and Fy are finite nonempty subsets of N and
max F; < min F5} C Cy. Then Cs is an IP* set. Let A = BN 5. Since the intersection

of two IP* sets is again an IP* set (see [4]), we have that A is as required. [

The next theorem is our major result of this section. Considerably stronger state-
ments are in fact available with the same proof. However, we are trying to keep the

results easily comprehensible.

2.6 Theorem. Let B C N with d(B) > 0 and let f : N — N. Then there is some
sequence (Tpn)pey such that {), cpanxy, : F is a finite nonempty subset of N and for
eachn € F, ap, € {1,2,...,f(n)}} U{]],cpxir : I is a finite nonempty subset of N
and for eachn € F', a,, € {1,2,..., f(n))} € D(B).

Proof. We describe how to modify the proof of Theorem 2.3. First define

E({xn) 1) and C((zy)n ) analogously. At the grounding level one takes the measure
space (YLD x W1 }2I (D=1 )y One lets pi(n) = i-n for i € {1,2,..., f(1)}
and lets p;(n) = n* 7MW~ for i € {f(1) + 1, f(1) +2,...,2f(1) — 1}.

m—1

At the induction stage, one lets b = [~ (f(i) + 1) and enumerates E((z,)"_')U

n=1

{0} as (y;)%_, and enumerates {1} UC({z,) ™) as (2j)%_,. Then one uses the measure
space (X 2" X, )2 B0 2 0 ), and tets H = 0_, (0 (AT A4) < (100 4),
Using the obvious definitions of S1, 52, ..., 52.7(m) and p1,p2, ..., P2.f(m) One completes

the proof. |

3. Additive structure in dense difference sets. For the remainder of the
paper we look at difference sets D(B) where we no longer require that d(B) > 0, but
only that d(D(B)) > 0.



Because difference sets are defined additively one would not necessarily expect them
to have any multiplicative structure. On the other hand, Theorem 2.6 might make one
suspect that they would have some multiplicative structure. We begin this section by

showing that they need not.

3.1 Theorem. Let e > 0. There is a set B such that d(D(B)) > 1 — € and there
do not exist a and b in N with {a,b,a-b} C D(B).

Proof. Pick a € N such that 1/2% < e. Define a sequence (f(r))>2, by f(0) =24+«
and f(r+1) = 2(f(r)+a)+1. Let (x,)22; enumerate [ J7- {2/ 2/ 1 ... 2f(+e_
1} in increasing order and note that for all n in N | z,, < 2/("). Let B = {2/(") : n €
N}U{2f™ 4z, :n € N}. Then D(B) = {z, : n € NYU{2/(") 42, —2f(™) .y n e N
and m < nyuU{2/(™ —2f(") . m n € Nand m < n}u{2/™ 4+, -2/ —2 m neN
and m < n}u{2f( —2f(m) _3 . m n € Nand m < n}. Now given any 7 € N we have
{z, :n e N}N{1,2,...,2f"FeY > of(W+e _9f(") 50 d(D(B)) >1—1/2% > 1 —e.

If a = x,,, then for some r € NU{0}, we have 2/(") < a < 2"+ Ifq € D(B)\{z, :
n € N} then there exist m and n in N with m < n such that 2f(n) _ of(m) _ T <
a < 2fm) 4 o — 2 Since 2F(n) — 2f(m) _ 4~ 2f(M)=1 we conclude that for any
a € D(B) there is some n € NU {0} with 2/(W~1 < ¢ < 2f(")+e Now suppose we
have a < b in D(B) such that a-b € D(B). Pick m < n < r in NU {0} such that
2f(m)=1 ¢ < oftm)ta of(M)—1 < of(M)ta and of (N1 < q. p < 2F(FTe Ifp <
we have 2F(M~=1 < g.b < 2F(M)Hf()+2a g £(1) < f(m)+ f(n)+2a < 2f(n)+2a < f(r),
a contradiction. Thus n = 7 so that 2/(M+Tf(M)=2 <« 4. p < 2f("+a = of(n)+a Then
f(m) <a+2= f(0) < f(m), a contradiction. |

3.2 Theorem. Let B C N and assume d(D(B)) > 0. There exist a,b,c in N such
that {a,b,c,a+b,a+c,b+c,a+ b+ c} C D(B).

Proof. If d(B) > 0 we are done by Theorem 2.6 so we assume d(B) = 0. Enumerate

0o
n=1-

B in order as (x,) The result of this theorem is almost free. That is given any
r>s>n>k, if weleta=ux,—25,,b=25—2x,, and ¢ = x, — x, then a + b =
Ty — Tp,b+c =25 —2x, and a + b+ ¢ = x, — x. The only problem then is to find
r > s>n >k such that z, — zs + z, — z € D(B).

Let o = d(D(B)) and pick £ € N such that 1/¢ < . For each t we have d(B —t) =
d(B) =0. Let E = D(B)\Us_,(B —2x). Then E = {z, —z,:r,s € Nand r > s > (}
and d(F) = a. Pick by Lemma 2.1 some k < n < £ such that d((E —x)N(E —z,)) > 0.

In particular (E — z) N (E — z,) # 0 so pick r > s > ¢ and ¢ > m > ¢ such that
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Tp—Ts— T =Tt — Ty —Typ. Thenr >s>0>n>kand x, — x5+ T, — Tk = Tt — Ty

as required. [

We now set out to show that we can produce sets B with d(D(B)) arbitrarily close
to 1/2 such that D(B) does not contain F'S({(a,)>_;) for any ay,as,as,as,as. (Here
FS({an)p—1) = {Dpepan : 0 # F C {1,2,...,m}}.) We first introduce the sets B

(whose dependence on « is suppressed).

3.3 Definition. Fix a € N with a > 4. Let (x,)22 ; enumerate in increasing order
(N24+-1)N (U2 {202, 200241 200 Fe=2 1) Let B = {27 : n € N}U{2°" + 1, :
n € N}.

One sees immediately that one can get ay, as, az, and aq with F'S({a,)2_,) C D(B).
Indeed let s < m be given, pick £ and r such that 2972 < z, < ,4+29M 295 < 20r+a=2
let 1, = xp + 29" — 2% and pick v and t such that 2°'*2 < z, < z, + 2°F — 295 <
20t+a=2  Then let a; = 2%™ — 2% = g1, — xp , ag = 26 — 29 qg = 20k _ 20t 5nd
ay = x,. Then FS((a,)t_;) C D(B). In fact, one can show that any sequence of

length 4 with its sums contained in D(B) must fit this description. The computations

are longer and more painful than those on which we are embarking, so we omit them.

3.4 Definition. Let a and (z,,)52; be as in Definition 3.3. Then A; = {z, : n €
N}, Ay = {2 4+ 2, —2*" :n,m € Nand m < n}, A3 ={2" —2*" — gz, :n,meN
and m <n}, Ay ={2"—=2%" :n,m € Nand m < n}, and Ay = {2 +x,, —2*" —x,, :
n,m € N and m < n}.

Observe that D(B) = U?Zl A;.

We next prove two lemmas to aid in our computations.

3.5 Lemma. Let nqy,n2,my,mg € N and let v1,72, 61,02 € {0,1} with ny > ny and
mo > mq. If 2972 4+ 2971 4 vy, + 1Ty, = 2972 + 290 4 Soy, + 01X, , then
(1) (n2,n1,72,71) = (ma2,m1,02,01) or

(2) ng = nj and (nz,nb%,%) = (m2,m1,51,52)-

Proof. We assume without loss of generality that no > mso. If we had ny >
my we would have 292 4 291 4 Gomp o + ST, < 4-20M2 = 20m2t2 o ganz o
20m2 4 29M 4 Aoxp, + Y1%n,, & contradiction. Thus ny = meo. Assume first that
Y2 # 0o and assume without loss of generality that v = 1 and d, = 0. Then z,, =
20— 29T 4 51Xy, — V1%n,. We claim m; = ny. If we had m; < n; we would
have x,, <29t — 29 4§12, < 2-2%71 — 297 < (. Suppose now m; > ny. Then
Ty < 2904512, < 29" and @, > 297 29T g, > 2070 D.00M 5, gami—l
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But for some r we have 29772 < g, < 297t2=2 4 contradiction. Thus m; = n; so
Zn, = (01 — 1) - Ty, and hence 6; = 1,77 = 0 and ny; = ng so that conclusion (2) holds.
Now assume 5 = d3. Then we have 2% + yyn; = 241 + §1my. As in the first

paragraph we see n; = mj 80 y1n; = 0111 s0 Y1 = 1. |

3.6 Lemma. Let ny,ng,ng, my,me,ms € N and let v1,72,7s,01,02,03 € {0,1}
with ng > ng > ny and m3 > mg > my. Assume 2973 4 2072 4 2070 4 yoq, o+
VoTn, + V1Tp, = 2973 4 2972 £ 29 4 G304+ 02T, + 012, . Then some one of
the following conclusions holds. In any event we have 1 + Yo + v3 = 61 + 02 + d3 and
max{ny, ng,n3} = max{ms, mq, ms}.

(1) (n3,;n2,n1,73,72,71) = (M3, M2, m1, 03, 2, 01)

(2) na = ny and (n3,n2,n1,y3,v2,7v1) = (M3, ma, my,d3,01,02)

(3) n3 = nz and (n3,n2,n1,73,72,71) = (M3, ma, M1, da, b3, 61)

(4) n3 =n2 = nq1 and (n3,n2,n1,73,72,71) = (M3, M2, Mm1,01,02,03)

(5) (n3,n2,7v3,72,71) = (M3, ma, d2,03,01) and y3 # 2 and ny # m;.

Proof. We assume without loss of generality that ng > mg. If we had ng > mg
we would have 293 + 2972 4 29T L Jag .+ 09T, + 018y, < 62978 < 2973 <
20M3 4 20N2 L 2O frya g +Y2 Ty, +V1Tn, , & contradiction. Thus we must have ng = ms.
If also y3 = d3 we have 2972 4 291 + yom,,, + V1Tp, = 2% + 291502, + 0124, SO
Lemma 3.5 applies and yields conclusion (1) or conclusion (2).

Thus we assume 73 # d3 and assume without loss of generality that v3 = 1 and
03 = 0. Then x,, = 242 — 2972 4 291 — 29T 4 §o%my — V2Tny + 01%my — Y1%n, - We
observe that if we had ma < ng we would have z,,, < 4.29m2 —29"2 < (. Consequently
mg > ny. We claim in fact my = ng so suppose instead that mg > ng. Then z,, <
4.20m2 = 20m2¥2 and g, > 29M2 — 4. 29m2 > 2am2—1 Byt there is some r € N such
that 29712 < z,,, < 297T2=2 4 contradiction. Thus my = ny as claimed. Consequently
we have x,, = 2% — 2971 4 (§y — 72)Tny + 01Ty — V1Tn, -

Case 1. 63 = 2. Then we have x,,, = 2™ — 29" 4 §s2,,, — Y12n,. Reasoning as
above we conclude my = nj. Then z,, = (01 —71) - @, s0 01 = 1,71 =0, and n3z = ny.
Then conclusion (4) holds.

Case 2. 03 # 5. We claim that we must have d = 1 and v = 0. To see this
suppose instead d2 = 0 and 2 = 1. Then z,, = 2™ — 2" —z, 4+ 01T, — V1Tn, -
One cannot have n; > m; for then one would have z,, < 0. If we had n; = m; we
would have z,, = —x,, + (01 —71)Zp,. Since z,, > 0 one would have to have §; =1
and y; = 0. But then one would have z,, + x,, = z,, forcing z,, to be even. Thus

one must have ny < my.



Now we claim that z,, > 2*™ =1 Suppose instead that z,, < 2°™ =1 Now
Tpy < 2-2°™ and for some r 29772 < g, < 297T272 g0 g, < 291 =2 That is
20— 29M — g+ 01T, — V1Tn, < 20m1—2 gq gami | 0NTm, < 20m1—2 4 gani |
Tpy + V1T, < 20172 4 2ami=2 4 gami—l — gami g contradiction. Thus we have
Ty, > 20171

But now for some s we have 2°5%2 < g, < 225t9=2 5o g, > 29™1+2 But then
we have x,, = 2971 — 29™ — x4+ 1T, — V1T, < 207 4 01Ty, — 292 <0 ) a
contradiction. Thus we have established that do = 1 and v, = 0.

Then we have that x,, = 2% — 2" 4 2., + 01%m, — V1Tn,. SINCE Tpy, Ty, Ting
and xz,, are all odd we conclude ; = ;. If also m; = n; we conclude that z,,, = z,,
so n3 = mg = ny and conclusion (3) holds. Thus we assume m; # ny. In this case

conclusion (5) holds. |
We now begin an embarrassingly long sequence of computational lemmas.
3.7 Lemma. Ifa,be Ay U Ay thena+b ¢ D(B).

Proof. Suppose a,b € Ay U Ay and a+b € D(B). Then a+ b is even so a+ b €
A UA5. Pick s <randd € {0,1} such that a+b = 2% — 2% 4 §(x, — x5). We consider
3 cases.

Case 1. a,b € Ay. Pick n,m € N such that a = z,, and b = x,,. Then z,, + x,, +
29 + dxg = 297 4+ dx, so adding 29" + 2™ to both sides we get by Lemma 3.6 that
1+ 1+ 6 =0, a contradiction.

Case 2. a,b € Ay. Pick m < n and ¢ < k such that a = 2°" + z,, — 2% and
b=2%% 4 1), — 2% Then 29" 4 1, — 20™ 4+ 29K 4 g — 20 = 297 _ 945 4 §(z, — x,) s0O
20m 490k 4 908 | g 4 gy + 0z = 207 420 429 1 51 so by Lemma 3.6, 1+146 = 6,
a contradiction.

Case 3. Not case 1 or case 2. Without loss of generality a € A; and b € A;. Pick n
such that a = z,, and pick ¢ < k such that b = 2°% 42, —2%¢. Then z,, +2°F +x, — 2% =

207 — 2% + §(x, — ) so we again get a contradiction using Lemma 3.6. |
3.8 Lemma. Ifa,be€ As, then a+b ¢ D(B).

Proof. Pick n > m and k > ¢ such that a = 20" —2%" — gz, and b = 2°F — 2% _z,.
Suppose a + b € D(B), in which case since it is even, a + b € A4 U A5. Pick § € {0,1}
and s < r such that a + b = 2% — 29 4 §(z, — x,). Then 29" 4 2°F 4 29 4 5z, =
207 4 20m 4 290 4 3y + 2, + 82, so that by Lemma 3.6, § = 1+ 1+, a contradiction. [

3.9 Lemma. Let m < n and ¢ < k be given and let a = 2°" — 2™ — x,, and
b=2%k _ 2% Jfa+be D(B), then { =n.
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Proof. Since a+bis odd we have a+b € Ay ora+b € Ay or a+b € As. We show
first that the first two possibilities cannot hold. Indeed if we had a + b € Ay, then for
some 7, 207 — 2am _ g4 9ok _gal _ g oo that 207 4 90k | 9ar — gam 4 gal 4 gar 4
Ty + x,- so that by Lemma 3.6, 1 +1 = 0. A similar contradiction is obtained from the
assumption that a + b € As. Thus we may pick s < r such that a + b = 2% — 2% — z,.
Then 207 4 20k 4 208 4 g, = 297 4 20m 4 9ol 4 o By Lemma 3.6 we have that
max{n, k,s} = max{r,m,¢}. Since { < k < max{n,k,s} we have ¢ # max{r,m,(}.
Similarly m # max{r, m, ¢} and s # max{n, k, s}. Thus max{r, m,¢} = r. Assume first,
k <n. Then n = max{n, k,s} son =r so 2°% 429 f g, =29m £ 2¢¢ L 2 = By Lemma
3.5 we have max{k, s} = max{m,¢}. Since ¢ < k we have ¢ # max{m, ¢} so { < m so
conclusion (2) of Lemma 3.5 cannot hold. If we had k& < s we would have (m, ¢) = (s, k),
while ¢ < k. Thus s < k so (k,s,0,1) = (m,¢,1,0), a contradiction. Thus we have n < k
so that k = max{n, k,s} and hence k = r. Then 29" 4 2%% 4 g, = 2™ 4+ 2% 1 g .
By Lemma 3.5 max{n,s} = max{m,¢}. Since m < n we have m # max{m,{} so
(¢,m) = (n,s) or ({,m) = (s,n). The latter is impossible since m < n so in particular

n="=/]

3.10 Lemma. Let { < k and m < n in N be given with k > n and let p, 7 € {0, 1}.
Let a = 2°% — 290 4 7(zy, — x¢) and let b = 29" — 2°™ 4 p(x, — x,,) and assume that
a+be D(B). Then some one of the following holds:

(1)n="0and p=r1;

(2) n =4 and p = 0 and 7 = 1 and there is some v < m such that x — x4 =
gam _ gav,

(8) n <l and p =1 and T = 0 and there is some v > m such that x — xy =
200 — 20T 4 xy — Ty if n < L, then v =n; or

(4)n<tland p=1=0 and xp — xy = 2" — 2%,

Proof. Since a + b is even we must have a + b € A4 U A5. So pick r > s in N and
v € {0, 1} such that a+b = 29" —2% 4y (2, —x,). Then 2% 42074295 700 4 px,, +vws =
207 1296 L 20M 4 yy 4 T2y + pT,y,. By Lemma 3.6, max{k,n, s} = max{r,¢,m}. Since
¢ < k,m<n,and s < r we have max{r,/,m} = r and s # max{k,n,s}. Since k > n,
k = max{k,n, s}.

Case 1. n > s. If we had m > ¢ we would then have Kk > n > sand r > m > ¢ so
that by Lemma 3.6 we would have (k,n) = (r,m) while m < n. Thus ¢ > m. We then
have k > n > s and r > £ > m so by Lemma 3.6 some one of the following holds:

(a) (k,n,s,7,pu,v) = (r,l,m,v, 7, 1),

(b) n =s and (k,n,s,7,u,v) = (r,f,m,v, u, 1),
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(c)k=n
(d) k=n
(e) (k,n,7,pu,v) = (r,€,7,v,u) and 7 # p and s # m.

and (k,n,s, 7, u,v) = (r,{,m, T, v, u),
=3

and (k,n,s, 7, u,v) = (r,{,m, u, ,v), or

If 4 = 7 we have that conclusion (1) of the current lemma holds. So assume p # 7.
This eliminates (a) and (d) above. The fact that m < ¢ eliminates (b) above. The fact
that ¢ < k eliminates (c) above. Thus we have (e) must hold. Observe also that 7 # v.
(If so one would have 2% + 2 + ux, +vrs = oab 4 gam 4 1o, + px,, so that by Lemma
3.5 one would have m = s, which is forbidden by (e).)

There are thus two possibilities. First one could have y = v = 0 and 7 = 1. In this
case 2%° 4 x, = 2% + x4 s0 2% — 2% = g, — x4 > 0 so s < m and conclusion (2) of
the current lemma holds. Second one could have 4y = v = 1 and 7 = 0. In this case
2% 4 xy+ s = 29" + 2, + T, SO that xp, — 2y = 2%° — 29" + x. — x,,, and conclusion
(3) of the current lemma holds.

Case 2. n < s. Since s < r = k we have then £k > s > n. By Lemma 3.6 we
then have that (k,s) = (r, ) or (k,s) = (r,m). Since m < n, the latter alternative is
impossible and hence m < £. Also ¢ < k = r so we have r > ¢ > m. Since n # m we have
only one possibility from Lemma 3.6, namely that (k, s, 7, v, u) = (r, ¢, 7,v, u) and T # v.
Since k£ = r and s = ¢ we then have 2°" + 7xy, + px, + vry = 2" 4+ vay + 720 + UTpm,-
Suppose 7 = 1. Then we have v = 0 so xp — xp = 24" — 2" + u(z,, — x,) < 0, which
is impossible. Thus 7 = 0 and v = 1 and hence xp — z; = 2% — 2% + pu(x,, — T,,). If
w1 = 1 this gives conclusion (3) of the current lemma while if y = 0 it gives conclusion
(4). [

3.11 Lemma. Assume a > b > ¢ and {a,b,c} C A4 U A5 and {a + b,a + ¢,b +
c,a+b+ch C D(B). Then there exist k > £ > m > s in N such that a = 2°% — 29¢,

b=2% —20M andc =29 — 29 = gz — x,.

Proof. Since a, b, and ¢ are in A4 U A5 we have k > ¢ ;n > m, and r > s in N and
7,1, v in {0,1} such that a = 29% — 29 4 7. (2}, — xy),b = 29" — 29 4 1. (2, — Tp,)
and ¢ = 2%" — 2% + v . (z, —xs). Since a > b > ¢ we have k > n > r. Applying Lemma
3.10 to a + b we have one of:

(I)n=~Cand p=r17;

(2) n = ¢ and g = 0 and 7 = 1 and there is some v < m such that z; — z, =
gam _ gaw.

(3) n < and p =1 and 7 = 0 and there is some v > m such that x — z, =
20V — 29 4 xy, — XTyp; if n < £, then v = n; or

(4)n<land p=7 =0 and xp — xp = 2" — 2%,

11



Applying Lemma 3.10 to b + ¢ we have one of:

(1)) r=m and v = p;

(2)) r =m and v = 0 and p = 1 and there is some ¢ < s such that z,, — z,, =
gas _ gat.

(3) r <m and v = 1 and g = 0 and there is some ¢ > s such that z,, — z,, =
20t 9298 4 . — x4 if r <m, then t = r; or

(4 r<mand v=p=0and x, — x, =27 — 2%,

Now from (1)’, (2)’,(3)" and (4)" we see that in any event r < m and from (1), (2),
(3) and (4) we see that n < . Thus r < m < n < ¢. Thus applying Lemma 3.10 to
a + ¢ we have one of:

3)*r<flandv=1and 7 =0 and =y — z, = 2% — 2% 4, — x4 Or

(4)*r<fland v =7 =0 and xp — x;, = 2%7 — 295,

We show first that (1) must hold. From (3)* or (4)* we conclude 7 = 0 so (2)
cannot hold.

Now suppose that (3) or (4) holds and pick v > m and 7 € {0,1} such that
T —xp = 2% — 29" 4 . (2, — Ty, ). Since (3)* or (4)* holds pick A € {0, 1} such that
Tk —xp =297 =2% 4 X\ (2, —x5). Then 2%V + 2% + vz, + Axg = 2%7 + 2% + Az, + ys.
Since s < r and m < v we conclude from Lemma 3.5 that (v, s) = (r,m). But we have
already observed that r < m so r < m = s < r, a contradiction.

We have thus established that (1) holds. In particular we know p = 7 from (1) and
7 =0 from (3)* or (4)* so up =7 = 0. We now show that (1)’ holds. Since u = 0 we
know (2)" cannot hold.

Since (1) holds we know that a = 29% — 2% and b = 2%¢ — 2™ g0 that a + b+ c =
20k _gam 4 gar _ 9as 4y (1, —x4). Also a+b+c € Ay U As so pick w > v in N and
p € {0, 1} such that a+b+c = 2% —2%% 4 p- (2, —2,, ). Then 20K 4207 420U L yp 4 oy, =
20W 4 20T 4 295t pxyy, + Vs, Now max{k,r,u} = max{w,m,s} and m < k and s <r
so w = max{w, m,s}. Also m > r > s so we have w > m > s. Since r < m < k
and v < w we have k = max{k,r,u}. Thus k = w. We suppose (3)" or (4)’ holds and
consider two cases.

Case 1. m = r. Then (4)" cannot hold so (3)" holds and hence v = 1. We also
conclude that » > u. (For if r < u then by Lemma 3.6 we have (k,u) = (w,m) so
m = u > 1 = m.) Now since w > m > s the only possibilities in Lemma 3.6 are for
conclusion (1) or (5) to hold. If conclusion (1) held we would have (k,r,u,0,1,p) =
(w, m, s, p,0,1) which is impossible. Thus (k,7,0,1,p) = (w,m,0,p,1) so p = 1. Thus

we have 2% + x,,, + 1, = 2%° + 2 + T5 SO T — Ty = 29 — 2% + 2, — x5, and hence
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u > s. Also by (3)" pick t > s such that z, — z,, = 2% — 2% 4 2, — x,. Since
v =1, (3)* holds so we have x — xy = 2% — 2% + x, — x,. Since { = n we then
have xj, — x,, = 29t + 297 —2.2% 4 o, + 2, — 2 - x5. Thus 2% — 2% + g, — x5 =
201 4207 — 2,295 4 3y 4 1, — 2+ Ty sO that 29" + 29 4z, + 1y = 29T + 27 4 3y + 2,
Thus by Lemma 3.5 we have (u,s) = (¢,r) or (u,s) = (r,t). But r > sand t > s, a
contradiction.

Case 2. m > r. Then from (3)" or (4)" we have that z,, —z,, = 2*" -2 +v-(x, —xy).
Now w > m > s and (w,m) # (k,r) so by Lemma 3.6 we must have k > u > r. Since
s < r we must then have conclusion (5) of Lemma 3.6 must hold and consequently p # 0,
i.e. p=1. Thus 2*"+vx, +x,, = 2* +vrs+x) so that xp —z,, = 2% -2 +v-(x, —x4)
SO T — Ty = Ty — Ty and hence kK = n. Since n = ¢ < k, this is a contradiction.

Thus we have established that (1)" holds. Thus = 7 = v so (3)* does not hold
so (4)* holds. The conjunction of (1), (1)’, and (4)* is precisely the conclusion of this

lemma. ||

3.12 Lemma. Let ay, az, as, and a4 in N be given such that FS({a,)%_,) C D(B).

Then there is some i € {1,2,3,4} such that a; € A1 U Ay and {a; : j € {1,2,3,4} and
j#1}C AU A;.

Proof. Suppose first that {a;,as,a3,a4} C A4 U A5 and assume without loss of
generality that a; > as > az > a4. Applying Lemma 3.11 to a1, a2, and a3z we pick
k> /¢ >m > sin N such that a; = 2% — 2°¢ gy = 226 — 29 and ag = 20™ — 293,
Applying Lemma 3.11 to a1, a3, and ay we conclude that m = ¢, a contradiction.

Now by Lemma 3.7 at most one ¢ has a; € A1 U As and by Lemma 3.8 at most one
i has a; € A3 so to complete the proof it suffices to show that no a; € A3. Suppose we
have some a; € Az and assume without loss of generality that a; € As.

Case 1. Some j has a; € A1 UAy. Without loss of generality as € A; UAz. We may
further assume without loss of generality that as > a4. Since FIS(< a; + az,as3,aq4 >
) € A4 U A5 we have by Lemma 3.11 some k > ¢ > m > s such that az = 20k _ 92t and

20m — 295 (If a; + a9 is between a3 and a4 we have £ > m. Otherwise equality

ay =
holds). Pick u > v in N such that a; = 2** — 2*¥ — z,,. Since a; + a3 € D(B) we have
by Lemma 3.9 that ¢ = u. Since a1 + a4 € D(B) we have by Lemma 3.9 that s = u.
But s < ¢, a contradiction.

Case 2. {as,as3,a4} C Ay U As. Without loss of generality as > az > a4. Then by
Lemma 3.11 we have some k > £ > m > s such that as = 2°% —2%¢ g3 = 204 —29™ and
ay = 2" — 2% Applying Lemma 3.9 to (a1, a3) and (a1, a4) we again get £ =u = s, a

contradiction. |
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We temporarily abandon our assumption that a has a fixed value in order to state

the next theorem.

3.13 Theorem. Let € > 0 be given. There is a set B C N with d(D(B)) > 1/2 — ¢
such that no a1, as, as, as, and as have FS((ay)3_;) C D(X).

n=1

Proof. Pick o € N such that 1/2°7° < €. Define B as in Definition 3.3. Ob-
serve that A; C D(B) and d(A;) > 1/2 — 1/2%7° since |A; N {1,2,...,20T9=2}| >
%((zaﬂ—a—Q _ 2at+2))_

Suppose now one has a1, az , as, as, and as with FS((a,,)>_;) € D(B). Applying
Lemma 3.12 first to ay, as, as, and a4 one has without loss of generality that a; € A1UA,
and {as,as,a4} € Ay U As. Applying Lemma 3.12 to as, as, a4, and as one sees that

as € A1 U Ay. Then applying Lemma 3.7 to a; and as one obtains a contradiction. ||
We close with two questions which are raised by Theorems 3.2 and 3.13.

3.14 Question. If B C N and d(D(B)) > 0, must there exist a1, az, az, and ay in
N with FS({a,)t_;) C D(B)?

n=1

Since always d(B N (B —t)) > 2-d(B) — 1, one easily sees that if d(D(X)) >
1—1/2™=1 there will exist aj,as, ..., an, with FS((a;)™,) € D(X). (See [8, Theorem
4.5].) To utilize this to obtain F'S({a,)>_,) one needs d(D(X)) > 1 —1/16.

n=1
3.15 Question. If d(D(X)) = 1/2 or even if d(D(X)) > 1/2 must there exist a,
az, as, aq, and as in N with FS((a,)3_;) € D(X)?

n
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