This paper was published in Topology Proceedings 42 (2013), 107-119.
To the best of my knowledge, this is the final version as it was submitted
to the publisher. -NH

THE CENTER AND EXTENDED CENTER OF THE
MAXIMAL GROUPS IN THE SMALLEST IDEAL OF pgN

NEIL HINDMAN AND DONA STRAUSS

ABsTrRACT. A good deal is known about the maximal groups in the
smallest ideal K(ON) of the compact right topological semigroup
(BN, +). For example they are pairwise isomorphic and highly non-
commutative — they contain a copy of the free group on 2¢ genera-
tors. If g is an idempotent in K(AN), then Z -+ ¢ is contained in the
center of the maximal group ¢ + BN + gq. We do not know whether
that center is equal to Z+gq. In this paper we investigate the center
of g+ BN + g and the extended center consisting of all elements of
BN that commute with every element of ¢+ SN + g. This extended
center trivially includes all idempotents r of BN such that g < r as
well as elements of the form n+r for such r and for n € Z. We show
for example that if those are the only elements of the extended cen-
ter, then there are no nontrivial continuous homomorphisms from
BN to SN\ N. This would answer a long standing open question.
We include several other open questions.

1. INTRODUCTION

Addition on the set N of positive integers extends to the Stone-Cech
compactification SN of N making (8N, +) a right topological semigroup
(meaning that for each p € SN, the function p, : BN — N is contin-
uous, where p,(q¢) = ¢ + p) with N contained in its topological center
(meaning that for each n € N, the function )\, : 8N — N is continuous,
where A\,(¢) = n + ¢). As with any compact Hausdorf right topological
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semigroup, (AN, +) has a smallest two sided ideal

K(BN) = [J{L: L is a minimal left ideal of SN}
= |J{R: R is a minimal right ideal of SN} .

Any left ideal contains a minimal left ideal, which is closed, and any right
ideal contains a minimal right ideal. If L is a minimal left ideal and R is a
minimal right ideal, then LN R is a group and LN R = g+ BN+ ¢ where ¢
is the unique idempotent in L N R. Any two such groups are isomorphic.
If ¢ and r are idempotents in the same minimal right ideal, then the
restriction of p,. to ¢ + AN + ¢ is an isomorphism and a homeomorphism
onto r + BN + r.

The facts just mentioned about K (SN) are true in any compact Haus-
dorff right topological semigroup. Many additional facts are known about
K(PN) that do not hold in all such semigroups. We know for example
that there are 2¢ minimal right ideals and 2¢ minimal left ideals and the
maximal groups in K(ON) each contain a copy of the free group on 2¢
generators. We also know that the center of 5Z is Z so if ¢ is an idempo-
tent in K (ON), then Z + ¢ is contained in the center of ¢ + SN + ¢q. We
do not know whether the center of ¢ + N + ¢ is equal to Z + ¢. It is this
question which is the primary focus of this paper.

We take the points of ON to be the ultrafilters on N, identifying the
principal ultrafilters with the points of N. Given A C N, the closure A
of Ain BNis {p € BN : A € p} and {A : A C N} is a basis for the open
sets of ON. See [4] for an elementary introduction to the topology and
the algebraic structure of 4S5 where S is an infinite discrete semigroup, as
well as for proofs of all of the facts mentioned in the paragraphs above.
(The original references for these facts are [1], [2], [3], [5], [6], and [7].)

Definition 1.1. Let ¢ be an idempotent in K (N). G, = ¢+ N+ ¢ and
Dy,={ueN:(VweG)(ut+tv=v+u)}

Of course, the center Z(G,) = D,;NG,. We call D, the extended center
of Gy.

Definition 1.2. (1) I =2, nN.
(2) H =2, N,
(3) For ACPON, E(A) ={qe€ N:q+q=q}.

In Section 2 of this paper we present some basic results, including the
fact that for any ¢ € E(ON), D, C Z + 1.

In Section 3 we investigate more deeply the structure of Dy, establish-
ing the fact mentioned in the abstract that either there is no nontrivial
continuous homomorphism from SN to N* = SN\ N, or there is a member
of D, NI which is not an idempotent. We also include in this section a



THE CENTER OF THE MAXIMAL GROUPS 3

proof that D, contains a decreasing sequence of idempotents of order type
(w+ 1)*, that is the reverse of w + 1.

Section 4 consists primarily of a derivation of the fact that, if the center
of G, is not trivial, then G, contains a copy of Z x Z.

2. BAasic FActs ABouT THE EXTENDED CENTER

We begin by observing that the only elements in the extended center
that are not in the center lie outside of the smallest ideal.

Theorem 2.1. Let g € E(K(BN)). Then Z(G,) = Dy N K(ON).

Proof. Trivially Z(G,) € Dy N K(ON). For the reverse inclusion, let
z € Dy N K(BN). Since ¢ € K(AN), BN + ¢ is a minimal left ideal and
¢ + AN is a minimal right ideal so G, = (BN + ¢) N (¢ + ON). Thus if
x ¢ Gy, then either x ¢ BN+ g or ¢ ¢+ ON. So either z and ¢ are
in different minimal left ideals of SN or x and ¢ are in different minimal
right ideals of SN. In either case, x + q # q + . |

The idempotents of SN are partially ordered by the relation <, defined
by e < fif and only if e = e+ f = f+e. By [4, Theorem 2.9] e is minimal
with respect to this order if and only if e € K(ON). Further, given any
non minimal idempotent e in SN, by [4, Theorem 1.60] there is a minimal
idempotent ¢ € K(ON) with ¢ < e. So the following lemma shows that
for at least some ¢ € K(ON), D, # Z(G,).

Lemma 2.2. Let g € E(K(BN)). Then {e € E(ON): ¢ < e} = E(D,).

Proof. Let e € E(ON) such that ¢ < e and let + € G,. Then e +z =
e+tqg+r=q+r=x+q=2+q+e=x+eandsoec D,
Conversely, let e € E(Dy). Since e+ ¢ =g+ e, e+ ¢ is an idempotent
in the same minimal right ideal and the same minimal left ideal as g. So
etq=qg+e=qgand g<e.
d

The remainder of this section will be devoted to a proof, as a conse-
quence of a more general theorem, that D, C Z + 1.

It is well known, and routine to verify, that each member of N has
a unique factorial representation. That is, a representation of the form
> nen an-n! where H is a finite nonempty subset of N and for each n € H,
an € {1,2,...,n}.

Definition 2.3. Define d : N — X~ {0,1,...,n} by, for each y € N,
y=>_1d(y)(n)-n!. Fory € N, let supp;(y) = {n € N : d(y)(n) # 0}

and let c(y) = [supp(y)|. Let d:BN— X {0,1,...,n} and ¢: BN —
ON be the continuous extensions of d and c respectively.
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Lemma 2.4. Let x € N*. Ifx ¢ Z + I, then

(1) {n € N:d(z)(n) # 0} is infinite,

(2) {n € N:d(z)(n) < n} is infinite, and

(3) {n € N: either 0 < d(z)(n) < n or both d(z)(n) = n and
d(xz)(n+ 1) = 0} is infinite.

Proof. (1) Suppose that {n € N : d(x)(n) # 0} is finite and let k =
max{n € N : d(z)(n) # 0}. Let m = YF_, d(z)(n) - n!. We claim that
x € m+ I. To see this, let [ > k. To see that x € —m + Ni!, pick A € z
such that d(z)[ 4] C Xilzlﬂgl[{glv(x)(n)}] and let y € A. Pick j > [ such
that j! > y. Then

y—m=3"_ . dy)(n)-nl+ 3 _ dx)(n)-n! =S h_ dx)(n) - n!
= ZZL:l+1 d(y)(n) - n!

since d(z)(n) -n! =0 for n > k.

(2) Suppose that {n € N : d(z)(n) < n} is finite and pick k € N such
that for all n > k, d(z)(n) =n. Let m = 1+ ¢ _, (n — d(z)(n)) - n! We
claim that x € —m + I. To see this, let [ > k. To see that x € m + NI,
pick A € z such that d(z)[A] € X' _ 7 1[{d(z)(n)}] and let y € A.
Pick j > [ such that j! >y. Then m+y—1= ZZ=1 (n— ilv(x)(n)) ‘nl+
St d@) ()t d(y) () onl = S0 d(y) () -nl+ Y0k nen!
and so (I + 1)! divides m + y.

(3) Assume that {n € N: 0 < d(z)(n) < n} is finite. Pick k such
that for all n > k, d(z)(n) € {0,n}. Then by (1) and (2), both {n € N :
d(z)(n) = 0} and {n € N : d(z)(n) = n} are infinite and consequently
{n e N:d(z)(n) = n and d(z)(n + 1) = 0} is infinite. O

Lemma 2.5. Let x € N* and let q,r € I. If g+ x+1r € Z+ 1, then
reZ+1.

Proof. Assumethatm € Z, z € I, and g+x+r = m+2z. Given any n € N,
{keN:k=m (modn!)} € g+z+rand {k € N: k=0 (mod n!)} € ¢Nr,
so{k e N:k=m (mod n!)} € z. O

Lemma 2.6. Let g € E(K(BN)) and let x € Z(G,). Thenz € Z+1.
Proof. Suppose that = ¢ Z + I and let

E={neN: either 0 <d(x)(n) <n or both

d(z)(n) =n and d(z)(n + 1) = 0}.

Then by Lemma 2.4(3), E is infinite so pick p € N* such that
{n!:n € E} € p. We shall show that
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(@) d(z+p+q) =¢(x+q)+1 and

(b) clg+p+z)=c(qg+x).
This will suffice because (using the fact that x + ¢ = ¢ + = = x) we will
then have that ¢(z +q+p+q) =clz+p+q) =c(z+q)+1=¢(z)+1#
c(z)=clg+z)=clg+p+z)=clg+tp+q+z).

To verify (a), it suffices that ¢ o p,14 and p1 o ¢ o p, agree on N, so
let y € N be given. To see that ¢(y + p + q) = ¢(y + q) + 1, it suffices
that ¢ o A, o0 p, is constantly equal to ¢(y+¢)+1on {n!:n € Nand n >
maxsupp(y)}, so let n € N such that n > maxsupp,(y). To see that
c(y +nl+q) = ¢y + q) + 1, it suffices that ¢ o A\yy,1 and p; o € o A,
agree on N(n + 1), so let z € N(n + 1)l. Then supp;(y + n! + 2) =
supp ;(y) U {n} Usupp(z) and supp;(y + z) = supp;(y) Usupp (z).

To verify (b), it suffices that ¢ o p,4, and ¢ o p, agreeon Nsolet y € N
and pick a € E such that a > maxsupp,(y). To see that c(y +p +z) =
¢(y + z) it suffices that ¢ o A, o p, is constantly equal to ¢(y + z) on
{n!:n € Eandn>a+2}soletbe E such that b>a+2. Pick A€
such that d[ A] € N?EL w7 [{d(z)(n)}]. To see that &(y+bl+z) = &(y+z),
it suffices that ¢ o Ayt agrees with ¢ o A, on A, so let z € A. We need
to show that c(y + b! + z) = c(y + 2).

Pick [ > b+ 1 such that I! > 2. Then z = Zln:b+2 d(z)(n) - nl +
ZZJ:l d(z)(n) -nl. Since b > a+2 > a > max supp¢(y), there is no
carrying beyond position a + 1 when the factorial representations of z
and y are added. (Either d(z)(a) < n, in which case there is no carrying
beyond position a, or d(z)(a) = n and d(z J(a+1)=0.) Thus z+y =
Y2 d(2)(n) -l + 30,0 d(@)(n) -l + 0T d(z + y)(n) -l

Assume first that 0 < d(z)(b) < n. Then

y+bl+z=3_ b2 ) () - nl+d(z)(b+1)- (b+ 1)+
(d(@)(b) +1) - b1+ 30 d(@)(n) -l + Xr i d(z+ y)(n) -l
so supp¢(y + bl + 2) isuppf(y—i—z). N
Now assume that d(z)(b) = n and d(x)(b+1) =0. Then y+ b+ 2z =
it d(2) ()l (b+ 1)+ 30 5 d(@) (n) -+ 32015 d(z4-y) (n)
s0 supp ¢ (y + bl + z) = (supp;(y + 2) \ {b}) U{b+ 1}. O

Theorem 2.7. Let u,v,x € ON. If x commutes with every member of
u~+ BN + v, then either x e N orx € Z + 1.

Proof. Assume that x ¢ N. Pick a minimal right ideal R and a minimal
left ideal L of OGN such that R C v+ SN and L C ON + v. Let g be the
identity of RN L. Then g+ 6N+ g C v + SN + v and so  commutes
with every member of ¢+ SN+ ¢ and consequently so does ¢+ x +¢q. (Let
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pe€q+PN+q Thenp+qg=q+p=psogtz+q+tp=q+aztp+q=
g+p+xz+qg=p+qg+x+gq.) By Lemma 2.6, g+ +qg € Z+ I and so
by Lemma 2.5, z € Z + I. O

The following corollary is an immediate consequence of Theorem 2.7.

Corollary 2.8. Let g € E(K(BN)). Then Dy C Z + 1.

3. THE STRUCTURE OF THE EXTENDED CENTER

Section 1.7 of [4] has a large number of results whose hypothesis asserts
the existence of a minimal left ideal with an idempotent. The following
theorem puts all of those results at our disposal.

Theorem 3.1. Let g € E(K(N)). Then D, is a semigroup and DyNG,
is both a minimal left ideal of D, with an idempotent and a minimal right
ideal of D,.

Proof. Trivially D, is a semigroup. To see that D, NG is an ideal of Dy,
let x € DyNGyandlety e Dy. Theny+r=y+qg+r=q+y+z=
gty+r+gcGqandr+y=cs+q+ty=c+y+qg=q+zx+y+qcqG,.
Since Dy NGy = Z(G,), Dy N Gy is a group and is therefore a minimal
left ideal and a minimal right ideal and has an idempotent. |

Among the consequences of the existence of a minimal left ideal in a
semigroup is the fact that the smallest ideal exists.

Corollary 3.2. Let g € E(K(BN)). Then DyN Gy = K(Dy).

Proof. Since K(D,) is the union of all of the minimal left ideals of D,
we have by Theorem 3.1 that D, N G, C K(D,). Since D, N G, is a two
sided ideal of D, we have that K(D,) C D, N Gy. O

Lemma 3.3. Let ¢ € E(K(AN)) and let « € D,. There is some y €
D,NGy such thaty+x=2+y =gq.

Proof. Since D, contains a minimal left ideal with an idempotent, we
have by [4, Corollary 1.47 and Theorem 1.56] that D, + x contains a
minimal left ideal of D, with an idempotent, and this idempotent is in
K(D,) = D, N G,. Since q is the only idempotent in G,, ¢ € D, + x.
Pick w € D, such that g =w+z. Let y =q¢+w+¢q. Theny € D,NG,.
Also, y+2r=q+w+qg+r=q+w+zs+g=q+q+qg=gq. Sincey € Dy,
we also have that z + y = q. O

Theorem 3.4. Let g € E(K(BN)) and let x € D,. Then
Go=x+G+2x=0+G; =G4+ .
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Proof. Pick by Lemma 3.3 some y € D,NG, such that y+o =x+y =q.
Since x € D,, we have that + + G4 = G4 + . We shall show that
G Cax+G+2C2+G,C Gy Let we Gy. Thenw =qg+w+q =
r+y+wt+y+zrexr+ G+

To see that x+ G, +x C z+ Gy, let w € G, and pick z € G such that
z+y=w. Thenzx+w+zr=z+z+y+x=x+2+qg=x+ 2.

To see that x + G4 C Gy, let w € G4 and pick z € G, such that
y+z=w. Thenx+w=ax4+y+2=q+2==z2 O

Corollary 3.5. Let q € E(K(BN)). For any distinct z,y € Dy, x €
ON+y ory e N+ x.

Proof. By Theorem 3.4, ¢ € (G, + x) N (G4 +y). So our claim follows
from [4, Corollary 6.21]. O

Corollary 3.6. Let q € E(K(ﬁN)). If M is a Gs subset of N*, then
D, N M is nowhere dense in M. In particular, Dy N I is nowhere dense
in I and Dy NH is nowhere dense in H.

Proof. We first observe that N*\ (N* 4+ N*) contains a dense open subset
U of N*. This follows from the fact that, if p € N* and B € p, we can
choose a sequence (z,)52; contained in B such that z,+1 — z, > n for
every n € N. So, if A= {z, : n € N}, A C B and, by [4, Exercise 4.1.7],
AN (N*+N*) =0.

If there exists an element x € D, N (N*\ (N*+N*)), then, by Corollary
3.5, for any element y € D,N(N*\ (N*+N*)), 2 €« N+yory € N+z. So
DyN(N*\ (N*+N*)) = Z+x. Since Z+ x is countable, Z 4 x is nowhere
dense in N* ([4, Corollary 3.37]). Put V = U if no such element x exists;
otherwise put V = U \ ¢l(Z 4+ x). Then V is a dense open subset of N*

and VND, =0.
It follows from [4, Theorem 3.36] that inty«(M) is dense in M. So
V' N M is a dense open subset of M disjoint from D,. |

Given q € E(K(BN)), we know (Z + E(Dq)) C D, and we know, by
Lemma 2.2 that E(D,) = {e € E(AN) : ¢ < e}. So the only things that
we know are in D, N I are the idempotents above ¢. It is a longstanding
open problem as to whether there are any nontrivial continuous homo-
morphisms from SN to N*. The following theorem connects our lack of
knowledge about these two issues.

Theorem 3.7. If for all q € E(K(ﬁN)), D,N1I C E(QN), then there is
no nontrivial continuous homomorphism from OGN to N*.

Proof. Let g € E(K(ﬂN)) and suppose that D, NI C E(SN) and that
there is a nontrivial continuous homomorphism from SN to N*. By [4,
Corollary 10.20], pick e € E(ON) and p # e such that p+p =p+e =
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e+p=ce. PicquE(K(ﬂN)) such that ¢ <e. Thenp+qg=p+e+qg=
e+q=q=q+e=gq+e+p=q+p. Weclaim that p € Dy, solet w € G,.
Then p+w=p+g+w=qt+w=w=w4+qg=w+qg+p=w-+p.
Thus p € D,. Since p + ¢ = g we also have that p € I. But p is not an
idempotent. O

We do not know whether there are any maximal idempotents in SN or
even whether there are maximal idempotents in K(SN), so as far as we
know, it is possible that for some ¢ € E(K(0N)), the extended center D,
of Gy is equal to the center of G,. We shall show in Theorem 3.9 that for
many ¢ € E(K(8N)), DyNclK (BN) contains an infinite decreasing chain
of idempotents. As a corollary, we obtain the fact that ¢/K (6N) contains
a decreasing sequence of idempotents of reverse order type w+ 1. (It was
previously known that it contains such a sequence of reverse order type
w.)

Lemma 3.8. Let R be a minimal right ideal of BN. There is an injective
sequence ()52, of idempotents in R such that, if p is an accumulation
point of {qn)S 4, then p & Z* + Z*. In particular any accumulation point
of (qn)22., is right cancelable in GZ.
Proof. Pick an injective sequence (v,)5 in

{2" :ne N} ={27:ne N} \N.
We claim that (BN +v,,) N (BN+wv,,) = 0 when n # m. To see this, define
¢ : N — w by ¢(n) = max (supp(n)), where supp(n) is the binary support
of n. That is, n = 3, cqupp(n) 2t Let~$ : BN — Bw be the continuous
extension of ¢. By [4, Exercise 3.4.1] ¢ is injective on {2" : n € N} and
by [4, Lemma 6.8], for each n € N, ¢[BN + v,,] = { ¢(v,) }, so the claim is
established.

For each n € N choose an idempotent ¢, € RN (6N +wv,,) and note that
Gn # qm if n # m. Let p be an accumulation point of {(g,,)5 ; and suppose
that p = x4y for some z,y € Z*. By [4, Exercise 4.3.5], y € N*. Note that
there is at most one n € Z such that n+y € H. (If n < m and 2¥ > m—n,
then (—n+2*N)N(—m+2*N) =(.) Let X = {n € Z: n+y ¢ H}. Then
X € z. If n # m, we have that ¢(¢,) = ¢(vy) # G(vm) = G(qm), so there
are at most three values of n € N for which

&an) € {8(y) — 1,6(y), 6y) + 1}
Let M = {n € N: ¢(qn) ¢ {(y) — 1,6(y), 6(y) + 1}}. Then
pecl{qg,:mne M}ncl(X +y)

so by [4, Theorem 3.40], either there is some n € X such that n +y €
cl{gy, : m € M} or there is some n € M such that ¢, € cl(X +y) = X +y.
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Suppose first that we have n € X such that n +y € ¢/{q, : n € M}.
By |4, Lemma 6.8], {¢, : n € M} C H, so n+ y € H, contradicting the
fact that n € X.

Now assume that we have n € M such that g, € X + -y and pick z € X
such that ¢, = z +y. Then ¢(g,) ¢ {d(y) — 16(y), d(y) + 1} so pick
A € ¢(gy) such that N\Ae d(y)—1, N\ A € ¢(y), and N\ 4 € ¢(y) +1
Pick B € z such that ¢[B + y] C A and pick k € B. Then ¢(k +y) € 4
so pick C' € y such that ¢[k +C] C A. Since N\ A € ¢(y) —1, N\ A €
d(y), and N\ A € ¢(y) + 1, pick D € y such that g[D] — 1 C N\ 4,
¢[D] CN\ A, and ¢[D]+1 C N\ A. Pick r € C N D such that r > k.
Then ¢(k+1r) = o(r) — 1, p(k+ 1) = é(r), or ¢(k+r) = ¢(r) + 1. Since
¢(k+ 1) € A, this says that ¢(r) —1 € A, ¢(r) € A,or ¢(r)+1 € A, a
contradiction.

The “in particular” conclusion follows from [4, Theorem 8.18]. O

Theorem 3.9. Let R be a minimal right ideal of BN. There is a decreas-
ing sequence (p,)°2 1 of idempotents in c{K(SN) such that

{q € E(R) : {pn :n € N} C D,}| =2°.

Proof. Choose a sequence (g,,)52 ; as guaranteed by Lemma 3.8 and pick
an accumulation point x of this sequence. Then z is right cancelable in
(BZ. Since each ¢, is in R and each idempotent in R is a right identity
for R, we have that for each n € N and each p € E(R), ¢, + p = p, and
consequently for each p € E(R), z+p=p. Lete M ={C CPFZ:Cisa
compact subsemigroup of 5Z and x € C}. Note that M C GN. For each
p € E(R), {z € ON: z + p = p} is a compact subsemigroup of SZ with x
as a member, so we have that for all z € M and all p € E(R), z+ p = p.

By [4, Corollary 8.54], pick a decreasing sequence (p,, )22 ; in M and let
w be a cluster point of (p,,)2 ;. By [4, Lemma 9.22], w is right cancelable
in 87 and for each n € N, w € 8Z + p,. By [4, Theorem 6.56], SN + w
contains 2° pairwise disjoint left ideals. Let L be one of these and pick
an idempotent ¢ € RN L. To complete the proof, we show that for each
n €N, ¢ < p, (so by Corollary 2.2, {p, : n € N} C D,). Let n € N. Then
LCON+w C BZ+ py 80 g+ pn = q. Also, p, € M and q € E(R), so

Corollary 3.10. There exist decreasing chains of idempotents in
clK (BN) of reverse order type w + 1.

Proof. Pick a minimal right ideal R of ON, pick a sequence (p,)$2; as
guaranteed by Theorem 3.9, and pick ¢ € E(R) such that

{pn:neN}CD,.
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By Corollary 2.2, given n € N, ¢ < p,, and since pp41 < Ppn, ¢ < pn. O

4. COPIES OF Z x Z IN G,

We know, of course, that if ¢ € E(K(BN)), then the center of G,
contains Z + gq. We show in this section that if it is not equal to Z + g,
then G, contains an algebraic copy of Z x Z.

Definition 4.1. Let k € N, let By, Bo, ..., B be pairwise disjoint infinite
subsets of w, and let m,z € N.

(a) supp(z) is the binary support of z.

(b) ¢p, (z) = |supp(z) N Bu|.

(C) CB1,--<7Bk(x) =

{(i1,i2, - - ix) € (supp(x))* : iy < ... < iy and each i, € B,}|.

(d) cBym(x) € Zyy, and ¢, m(z) = cp, (x) (mod m).

(€) ¢By,...By,m(T) € Zp, and cp, ... B..m(x) = cB,,... B, (z) (mod m).
Lemma 4.2. Let u,v € H, let k € N, let By, Bo,..., By be pairwise
disjoint infinite subsets of w, and let m € N.

(1) By m(u+v) =B, m(u) + By m(v).

(2) Ifk > 1, then fCVBl’”_,Bk,m(u#*v) = 5317.._,Bk7m(u)+5317...73k7m(v)+

k=1~ 2
thl CBl,...,B,,,m(u) . CBHrl,...,Bk,m('U)-

Proof. (1) It suffices that ¢p, . o p, and Pep, m(v) © ¢p,.m agree on N, so
let € N. Let k = maxsupp(z)+ 1. It suffices to observe that ¢p, ,m 0 Ay
and ey . (x) © €B,m agree on N2k,

(2) Note that singletons are open in Z,,. Pick C € u such that for all
x € C,¢p,,. Bem(®+v)=¢p, . B.m(u+wv)and for t € {1,2,...,k},
¢B,,...B,m(T) =Cp, .. B, m(u). Pick z € C and let | = maxsupp(z) + 1.
Pick D € vsuch that for all y € D, ¢p,,... .B,,m(x+Yy) =Ch,...B.m(T+V)
and for t € {1,2,...,k — 1}, ¢cB,,,,... Bo,m(Y¥) = €Byyr,....Bem(v). Pick
y € DNN2'. Then ¢, . Bom(T+Y) =cp,,.  Bom(T)+ B, Bom(y) +
STt BB (%) - By B (Y)- D

Lemma 4.3. Let g € E(K(ﬂN)), letk € N, let By, Bo, . .., By be pairwise
disjoint infinite subsets of w, and let m € N. Then ¢p, ... B,.m(q) =0.

Proof. This follows immediately by induction on k from Lemma 4.2. O

Lemma 4.4. Let g € E(K(ﬂN)), letk € N, let By, Bo, ..., By be pairwise
disjoint infinite subsets of w, let m € N, and let w € HN D,;. Then
EBI,..,,Bkﬂ’TL(u) =0.

Proof. We show first that it suffices to show this under the additional
assumption that N\ Ule B; is infinite. Suppose we have done this and
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let B; and By be disjoint infinite subsets of By with Bj U B}/ = Bj.
Note that for all € N, ¢p, ... B,,m(z) =B, B]/cym(x) +cp .. B}/c/,m(x)
SO CBy,....By,m(U) =B, .. B m(u) + B, By m(u)=0+0.

So assume that BkHN\Uf:l B, is infinite. Pick p € {2" : n € By41}*.
Note that for all n € By11, ¢B,,,,m(2") =1, and if t € {1,2,...,k}, then
cB,,...B,m(2") = ¢B,,.. By ,m(2") = 0. Therefore ¢, , m(p) = 1, and
ift e {1,2, .. .,k‘}, then 5317__A7Bt7m(p) = EBt7,,,,Bk+17m(p) = 0. Since all
terms of the expansions given in Lemma 4.2 except one involve ¢, and are
therefore 0, we have that ¢, , m(p+q) =1, and if ¢ € {1,2,...,k}, then
CBy,...B,m(P+q) =CB,,.. B ,m(P+¢q)=0and cp, , m(qg+p) =1, and
if t € {1,2,...,k}, then ¢, .. B, ,m(qd+p) =CaB,,.. Br1m(@+p) =0.

Next note that

Ema,BkH,m(q +u+p+ Q) =
EB1,~~»,Bk+17m(Q) + EB1,---,Bk+17m(u +p+ Q) +
Zf=1 CB1,...B;;m(Q) " CByy,.. By m(U+ P+ q) =
CBy,....Bgpr,m(U+p+q) and
EBl,~~~,Bk+1,m(q +pt+u+ Q) =
By, Br,m(@ P +u) +Chy By m (@) +
ko~ ~
Zt:l CBl,...,Bt7m(q +p+ u) . th+17~~;Bk+17m(q) =
EBl,A..7Bk+1,77L(q + p + u) .
Since
EBI7"‘aBk+17m(q +u+p+ C]) = EBl,~~~,Bk+1’m(u +q+p+ Q)
=CB,,...Byy.m(@+ P+ q+u)
=0B,,..Bua.m(@+p+u+q)
we therefore have that ¢, ... B, m(u+p+q) =¢B,, .. Brr,m(@+p+u).
Now
CBy,..Bir.m(U+P+q) =¢B,. Buiym(U) +CB.. . Biim(D+q)
+ Zf:l CBu,..., Bf,,m(u) : EBt+1,-~~7Bk+1,m(p + Q)
=CBy,...Biy1.m(U) + CB, ... B, m(u) and
EB1y-~,Bk+1,m(q +p+ ’LL) = EBl’~~~,Bk+1,m(q + p) + EBl,~-~;Bk+17m(’U’)
+ Zf:l EBI,~~7Bt7m(q + p) : EBt+1,~~-,Bk+1,m(u)
= EB17l-~,Bk+17m(u)'

Consequently ¢p, . B..,,m(u) + By, .Bem(U) = €. Beir,m(u) SO
fCVBh“,,Bbm(u) =0. U
Lemma 4.5. Let ¢ € E(K(ON)), let p € {2 : n € N}*, and let
Vp : Z — Gq be the homomorphism such that 1, (1) = g+ p+q. Then for
all n € 7\ {0}, vy(n) ¢ D,

Proof. Pick infinite B C N such that {2" : n € B} € p. Then for each
m € N\ {1}, ¢cgm(@g+p+1) = 1so for all n € N and all m > n,
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cB.m(¥p(n)) = n and thus ¢,(n) ¢ Dy by Lemma 4.4. Now Dy, NGy is a
group, so if n € N and 1,(—n) € Dy, so is ¥, (n). O

Theorem 4.6. Let ¢ € E(K(BN)), let p € {2" : n € N}*, and let
Vp 1 Z — G4 be the homomorphism such that 1,(1) = q+p+ q. Assume
that u e HNGyN Dy \ {q} and let ¢ : Z — G, be the homomorphism such
that (1) = u. Define 7 : Z x Z — G4 by T(m,n) = ¢(m) + ¢p(n). Then
T 18 an injective homomorphism.

Proof. Given (m,n) and (k,1) in Z x Z, one has that 7((m,n) + (k,1)) =
T(m,n) + 7(k,1) because p(k) € D,. Now assume that (m,n) € Z x Z
and 7(m,n) = ¢. Then ¢(m) + ¢¥p(n) = ¢q so p(m) = P,(—n) and
thus 1,(—n) € Dy so that n = 0 by Lemma 4.5. Therefore p(m) = gq.
By Zelenyuk’s Theorem [8] (or see [4, Theorem 7.17]), SN contains no
notrivial finite groups. If one had m # 0, then [Z] would be a nontrivial
finite group, so m = 0. O

Corollary 4.7. Let q € E(K(ﬂN)) If the center of G4 is not equal to
Z + q, then G4 contains an algebraic copy of Z x Z.

Proof. Assume we have ¢ € Z(G4)\(Z+q). Then by Lemma 2.6, x € Z+1
so pick n € Z and u € I such that © = n+wu. Then w € HNG,ND,\ {¢}
Pick any p € {2" : n € N}*. Define 7 as in Theorem 4.6. Then 7 is an
injective homomorphism. O

We conclude by listing some of the tantalising open questions that have
arisen in the study of the center and extended center of G|,.

Questions 4.8. (1) Let g € E(K(BN)). Does Z(Gq) =Z+ q?
(2) Let q € E(K(BN)). Is D, C 7+ E(3N)?
(3) Does there exist ¢ € E(K(ON)) for which E(D,) is finite?
(4) Does there exist ¢ € E(K(BN)) for which E(Dy) is uncountable?
(5) Let q1,q2 € E(K(BN)). Are Dy, and Dy, isomorphic?
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