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Abstract. We introduce the notions of layered semigroups and partial semigroups,
and prove some Ramsey type partition results about them. These results generalize
previous results of Gowers [5, Theorem 1], of Furstenberg [3, Proposition 8.21], and of
Bergelson, Blass, and Hindman [1, Theorem 4.1]. We give some applications of these
results (see e.g., Theorem 1.1), and present examples suggesting that our results are
rather optimal.

1. Introduction

Ramsey Theory studies the existence of large homogeneous structures. For exam-
ple, Ramsey’s Theorem itself [10] (or see [6, Theorem 1.5]) says that whenever k € N
and the set [N]* of k element subsets of N is partitioned into finitely many classes (or
finitely colored) there must exist an infinite set X C N such that [X]* is contained in
one class (or is monochrome). (Throughout, we take N to be the set of positive integers,
while the first infinite ordinal w = NU {0}.) Another typical example of a Ramseyan
principle says that for every finite coloring of the set N of all natural numbers there is
an infinite A C N such that the set of all finite sums of elements of A without repe-
titions is monochrome (see [6, Theorem 3.16] or [9, Corollary 5.17]). In this paper we
study a specific form of Ramsey theory. Our Ramseyan spaces will consist of finitely
many layers, and besides the associative operation on the space they will be equipped
with a set of homomorphisms sending higher layers to lower ones. A typical result will

say that, under certain conditions, for every partition of the space into finitely many
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colors there is an infinite sequence included in the top layer such that the ‘subspace’ it
generates has a monochromatic intersection with each layer.

Let us now describe a simple corollary to one of our results. For a finite alphabet
Y let W(X) denote the free semigroup (with identity e) on the alphabet X. That is,
W (%) is the set of all words (including the empty word) with letters from ¥ and the
operation is concatenation.

Note that every endomorphism f of W(X) is uniquely determined by its restriction
to X. If ¥ = {a,b,c} and z,y,z € {a,b,c, e}, then let f,,. be the endomorphism of
W ({a,b, c}) uniquely determined by f(a) = z, f(b) =y, and f(c) = z. Given a set X,
P;(X) is the set of finite nonempty subsets of X. By []

in increasing order of indices.

ner Tn We mean the product

1.1 Theorem. For every r € N and every partition W ({a,b,c}) = U;Zl C; there exist

an infinite (x,)5% 1 in W({a,b,c}) \ W({a,b}) and v:{a,b,c} — {1,2,...,7} such that

if 0 € {feabs fact, faab} and F = { fave, favbs fabas fave, 0} U { fayz|2,y,2 € {a,e}}, then
we have

Ulhcr gn(zn) : F € P¢(N), and for eachn € F, g, € F}

A (W({a.be}) \ W({a, b))

{Il.cr gn(zn) : F € P¢(N), and for eachn € F, g, € F}
N (WHa,bH)\W({a})) S Cyu

{IL.cr gn(zn) : F € Py(N), and for eachn € F, g, € F}
N (W({a}) \ {6})) - 07(0)

Proof. This is Corollary 3.14. U

N

Cy(a)

Note that Theorem 1.1 is saying that the set generated by (z,)7%; and F is at
most three-chromatic, i.e., it has a nonempty intersection only with C, ), Cy @) and
C,(c)- This number clearly cannot improved to two, as long as we require that (z,)5>
is included in W ({a,b,c}) \ W({a,b}).

We do not know whether any or all of the three choices for F in Theorem 1.1 above
is a maximal set of functions of the form f,,. for which the conclusion of this theorem
holds. However, if one colors W ({a,b,c}) \ W({a,b}) by six colors according to the
order of the first occurrences of a, b, and ¢ and colors W ({a,b})\ W ({a}) by two colors
according to whether a or b occurs first, one can (rather laboriously) prove that F U
{fzy-} does not satisfy the conclusion of Theorem 1.1 unless fg,. € FU{ feabs fac, faab}-

In [5], W. T. Gowers proved (as a tool for attacking a problem in the theory of
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Banach spaces) a remarkable Ramsey Theoretic result which serves as the inspiration
for this paper. While it was not stated this way by Gowers, his theorem can be naturally

stated in terms of the notion of a “partial semigroup” introduced in [1].

1.2 Definition. A partial semigroup is a pair (S, *), where S is a nonempty set and x*
maps a subset D of § x S to S so that for all x,y,z € 5,
(a) if (z,y) € D and (z*y,2) € D, then (y,z) € D, (x,y*z) € D, and (z*y)*z =
x* (y*z) and
(b) if (y,2) € D and (z,y*z) € D, then (z,y) € D, (x*y,2) € D, and (zxy)*z =
xx (y*2).

If (S, *) is a partial semigroup and (z,y) € domain(x), we say that “r*y is defined”.
The requirements of Definition 1.2(a) and (b), can then be more succinctly stated as
“(x xy) *xz = x * (y % z) in the sense that, whenever either side is defined, so is the
other and they are equal.” We shall develop some machinery for dealing with partial
semigroups in Section 2.

Let k € N, the set of positive integers, and let
Y={f: f:N—={0,1,...,k} and {z € N: f(z) # 0} is finite} .

Given f € Y, let supp(f) = {z € N : f(z) # 0} and for f,g € Y, define f + ¢
pointwise, but only when supp(f) Nsupp(g) = . Then (Y, +) is a partial semigroup.
Let Yy, = {f € Y : max(f[N]) = k}. Define 0 : Y — Y by

sn@ = {7 D20
Notice that o is a partial semigroup homomorphism in the sense that o(f + g) =
o(f) + o(g) whenever f + g is defined. (If we did not have the disjointness of support
requirement, this need not be true.)

We can now state Gowers’ result.

1.3 Theorem. Let k, Y, Y, and o be as defined above, let r € N, and let Y = U§:1 C;.
Then there exist i € {1,2,...,r} and a sequence (fn)5%, in Yy such that supp(f,) N

n=1

supp(fm) = 0 for all distinct m and n in N and
{3ner ™ (fn): FEPyN), t: F—{0,1,...,k—1}, and t"*[{0}] # 0} C C;.
Proof. [5, Theorem 1]. 0

Notice that the requirement that ¢t=[{0}] # 0 is clearly needed, since otherwise,
one could have C; = {f € Y : k € f[N]} and Cy = Y'\C}.
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Notice also that this result already generalizes several other Ramsey Theoretic
results, including the Finite Unions Theorem (see [6, Theorem 3.16] or [9, Corollary
5.17]), which is trivially equivalent to the & = 1 instance of Theorem 1.3.

Theorem 1.3 translates into a statement about Lipshitz functions on the positive
part of the unit sphere of the classical Banach space cy: Every such function is ‘approx-
imately constant’ on some infinite-dimensional slice of the unit sphere. The correspond-
ing statement about Lipshitz functions on the whole unit sphere of ¢q is also proved in

[5], but it does not correspond to a Ramsey-type result.

Another result naturally stated in terms of partial semigroups is Theorem 4.1 of
[1]. In this case, one can again let £ € N (now assuming that & > 1) and work with
the same set Y defined above. The operation & is defined pointwise, but in this case
f @ g is defined only when max supp(f) < min supp(g). For ¢t € {1,2,...,k—1}, define
ui Y =Y by

B tif f(x) =k

One may think of k as a “variable”, so that p:(f) is obtained by “substituting” ¢ for
occurrences of the variable k. Let F = {Mt cte{1,2,...k— 1}} We denote the

identity function (on an appropriate set) by ¢.

1.4 Theorem. Letk, Y, Y} and F be as defined above, letr € N, and let Y = J,_, C;.
Then there exist v(1) and v(2) in {1,2,...,r} and a sequence (f,)2> in Y} such that
(a) max supp(f,) < min supp(fn+1) for each n € N,
(0) {D,.cr Tn(fn): F € Py(N) and 7, € F for eachn € F} C C, (1),
(c) {D,cr Tn(fn) + F € Py(N), 7, € FU {1} for each n € F, and some
Tn =1} € Cya).

Proof. [1, Theorem 4.1]. O

In Section 3 we shall present Theorem 3.13 which is a common generalization of
Theorems 1.3 and 1.4, in terms of what we call a “layered partial semigroup”.

In Section 4 we give examples showing that Theorem 3.13 cannot be strengthened
in certain directions. We also give two variants of this result, one of which (Theorem
4.5) is the optimal result in the case of a semigroup with only two nontrivial layers.

A notion that has become quite important in Ramsey Theory is that of “central
sets”. This concept was introduced by Furstenberg [3] and defined in terms of notions of

topological dynamics. Central sets have a nice characterization in terms of the algebraic
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structure of 39, the Stone-Cech compactification of the semigroup S. We shall present
this characterization below, after introducing the necessary background information.
Let (S,-) be an infinite discrete semigroup. We take the points of 3S to be the
ultrafilters on S, the principal ultrafilters being identified with the points of S. By this
identification, we pretend that S C 8S. In a similar fashion, if S C T', we pretend that
BS C BT by identifying the ultrafilter p on S with the ultrafilter {A C T : ANS € p}
onT. Givenaset AC S, A={pecpS:Acp}. Theset {A: A C S} is a basis for the

open sets (as well as a basis for the closed sets) of 3S.

There is a natural extension of the operation - of S to 4S5 making 5S a compact
right topological semigroup with S contained in its topological center. This says that
for each p € 3S the function p, : 58S — (5, defined by p,(q) = ¢ - p, is continuous and
for each x € S, the function A\, : BS — (35, defined by A\, (¢) = z - ¢ is continuous. See
[9] for an elementary introduction to the semigroup S as well as for any unfamiliar
algebraic terminology enountered here. (We shall frequently cite [9] for basic results
that we need. This is not to be construed as a claim of originality for those results.
Original sources can usually be found by consulting the chapter notes in [9].)

Any compact Hausdorff right topological semigroup (T, -) has a smallest two sided
ideal K (T') which is the union of all of the minimal left ideals of T, each of which is
closed [9, Theorem 2.8 and Corollary 2.6], and any compact right topological semigroup
contains idempotents [9, Theorem 2.5]. Since the minimal left ideals are themselves
compact right topological semigroups, this says in particular that there are idempotents
in the smallest ideal. There is a partial ordering of the idempotents of T" determined by
p < qif and only if p =p-q = ¢-p. An idempotent p is minimal with respect to this
order if and only if p € K(T) [9, Theorem 1.59]. Such an idempotent is called simply

“minimal.”

1.5 Definition. Let (5,-) be an infinite discrete semigroup and let A C S. Then A is
central if and only if there is some minimal idempotent p in 55 such that A € p. Also,
A is central* if and only if AN B # () whenever B is a central subset of S.

See [9, Theorem 19.27| for a proof of the equivalence of the definition above with
the original dynamical definition.

The following theorem is the “Central Sets Theorem” for commutative semigroups.
(We shall actually be concerned with a generalization of the Central Sets Theorem for
arbitrary semigroups, but it is more complicated to state.) Given a sequence (z,)52 ; in
a semigroup (S, -), we write FP({(zn)521) = {[[.cp ¥n : F' € Py(N)}, the set of finite
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00
n=1"

products from (z,,) Recall that, if (.S,-) is not commutative, we specify that the

product [], . o, is taken in increasing order of indices.

1.6 Theorem. Let (S, ) be a commutative semigroup, let A be a central subset of S, and
for eachl € N, let (y1.,)02 ;1 be a sequence in S. There exist a sequence (a,)p>; in S and
a sequence (H,)>  in P¢(N) such that max H,, < min H, 1 for each n € N and such
that for every f : N — N satisfying f(n) <n for eachn, FP((an [l,eq. Yrmn)t)ne1) C
A.

Proof. [9, Theorem 14.11]. (Or see [3, Proposition 8.21] where the original Central
Sets Theorem for the semigroup (N, +) was proved.) O

In Section 5 we shall prove an extension of the Central Sets Theorem, valid for
layered partial semigroups. Some of the results of Section 3 will in fact be corollaries
of this extension. However, we feel justified in beginning with simpler versions of the
more general construction.

In Section 6 we state several open problems and give remarks puting the subject

of the present paper in a somewhat broader context.
2. Partial Semigroups

In this section we present some basic results about an arbitrary partial semigroup and an
associated subspace of its Stone-Cech compactification. Some of this material overlaps
that in [8].

We saw in the introduction two examples of partial semigroups. Another natural
example is the set F'P({x,)>° ) where (x,)°°  is a sequence in a semigroup. In this
case, F'P({x,,)5% ) is not likely to be closed under the restriction of the operation of the
entire semigroup. However, if one only defines (I],,cp #n) - ([I,cq #n) when FNG =0
(if the original semigroup is commutative) or when max F' < min G (otherwise), then

one does have a well behaved partial semigroup.

2.1 Definition. Let (S, -) be a partial semigroup.
(a) For x € S, ¢(z) = Ps(x) ={y € S:x -y is defined}.
(b) The semigroup S is adequate if and only if for every F' € P¢(5),
Neer P(z) # 0.
(c) 68 =Nyes clos(P(x)).
All of the partial semigroups that we have mentioned have been adequate. Notice

that the assertion that S is adequate is exactly the assertion that 6.5 # (). An important
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fact is that, for an adequate partial semigroup S, 4.5 is in a natural way a compact right
topological semigroup. This fact is part of the next theorem.

Note that the operation of a partial semigroup S is defined precisely on
UxGS ({il?} X S0<:Ij))

2.2 Theorem. Let (S,-) be an adequate partial semigroup. Let

D = (U,es ({2} x #(x)) U (BS x 8S).

Then the operation - can be extended uniquely to D so that
(a) for each x € S, the function Ny : P(x) — BS, defined by A\y(q) = = - q, is
continuous, and
(b) for each p € 65, the function p, : BS — BS, defined by py(q) = q-p is

continuous.

Proof. For each x € S, define I, : $(x) — S by l.(y) = - y. Then [, has a unique
continuous extension l; : W — (S. For g € 35, define - q = l;(q) whenever z - ¢ has
not already been defined. Then )\, is continuous.

Now, for each p € 65, x - p is defined for all z € S. Define r,(z) = z - p and let
rp : BS — (BS be the unique continuous extension of r,. For g € 35, define ¢-p = r,(q)
whenever ¢ - p has not already been defined. U

The points of §S are ultrafilters, so we are interested in describing the members of

p - q in terms of the members of p and gq.

2.3 Definition. Let S be a partial semigroup, let x € S, and let A C S. Then
rlA={ye(z):x-ye A}

Notice that there is no suggestion, even in the event that S has an identity, that
any or all elements of S have inverses. Also, if the operation in S is denoted by +, then
we write —z + A for {y € $(z) : v +y € A}

2.4 Lemma. Let S be an adequate partial semigroup.
(a) Letz € S, let g € P(x), and let AC S. Then A € z-q if and only if vt A € q.
(b) Let p € S, let ¢ € §S, and let A C S. Then A € p-q if and only if

{reS:axtAe€q}ep.

Proof. (a) Necessity. Pick B € g such that A,[ BN ¥(z) ] € A. Then $(z)NB C 2~ A.
Sufficiency. Suppose that A ¢ z-¢q. Then S\A € x - ¢ so that, by the already
established necessity, 71(S\A) € ¢ while x7!A Nz~ 1(S\A) = 0, a contradiction.
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(b) Necessity. Pick B € p such that p,[ B] C A. Then by (a),
BC{reS:xtAeq}.

Sufficiency. Suppose that A ¢ p-gq. Then S\A € p- ¢ so that, by the already
established necessity, {x € S : 27 1(S\A) € ¢} € p while {z € S : x7}(S\A) € ¢} N
{xreS:271A € q} =0, a contradiction. O

2.5 Lemma. Let S be an adequate partial semigroup, let p € 3S, ¢ € 0S, and a € S.
Then ¥(a) € p-q if and only if ¥(a) € p.

Proof. Necessity. Assume that p(a) € p-q so that {b € S : b=tp(a) € ¢} € p. We
show that {b € S :b"tp(a) € q} C ¢(a). Solet b~ 1¢p(a) € q. Pick ¢ € b=p(a). Then
ce€ @) and b-c € p(a) so a-(b-c) is defined and thus a- (b-c¢) = (a-b) - ¢ and in
particular b € ¢(a).

Sufficiency. Assume that ¢(a) € p. We claim that ¢(a) C{b € S : b 1y(a) € q} so
that p(a) € p-q. Let b € p(a). Since g € 65, ¢(a-b) € q. Therefore it suffices to show
that ¢(a-b) C b= tp(a). Let ¢ € p(a-b). Then (a-b)-c=a-(b-c)soc € p(b) and
b-c€ p(a). That is, ¢ € b~ ¢(a) as required. O

2.6 Theorem. Let S be an adequate partial semigroup. Then with the restriction of

the operation given in Theorem 2.2, 6S is a compact right topological semigroup.

Proof. We have by Lemma 2.5 that if p,q € 6.5, then p-q € §5. Since 65 is a closed
subset of 35S we have that 65 is compact. By Theorem 2.2, we have that p, is continuous
for each ¢ € 5. It thus suffices to show that the operation is associative on 95.

To this end, let p,q,r € 6S. Suppose that p- (¢-r) # (p- q) - r and pick
Acp-(g-m)\(p-q)-r. Let B={acS:a ' (S\A) €r}.

Then BE€p-qgso{be S:b'Becgq}ecp Also,{bc S:btA€q-r} e pso pick
b€ S such that b 'B € gand b"'A € g-r. Then {c€ S:c 1 (b71A) € r} € q so pick
c € b=!'B such that ¢c71(b~1A) € r. Then c € p(b) and b-c € Bso (b-c)"1(S\A) € r.
Pick a € ¢ 1 (b7t A)N (b-¢)"1(S\A). Then a € ¥(c) and c-a € b1 A so c-a € P(b) and
b-(c-a) € A. On the other hand, a € $(b-¢) and (b-¢) - a € S\ A, a contradiction. [

The fact that .S is a compact right topological semigroup provides a natural context

for the notion of “central” in an adequate partial semigroup.

2.7 Definition. Let S be an adequate partial semigroup and let A C S. Then A is
central if and only if there is some minimal idempotent p € 65 such that A € p. Also
A is central* if and only if AN B # () whenever B is a central subset of S.
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Notice that A is central® if and only if A is a member of every minimal idempotent

in 65.

We shall be concerned extensively with more than one partial semigroup at a time.

2.8 Definition. Let S and T be partial semigroups and let f : S — T. Then f is a

partial semigroup homomorphism if and only if whenever z € S and y € Pg(z), one has

that f(y) € Pr(f(z)) and f(z-y) = f(z)- f(y).

It would be natural to define an “adequate partial subsemigroup” S of an adequate
semigroup 1" to be a subset which is an adequate partial semigroup under the inherited

operation. We see now that this is not enough to guarantee that 65 C 67

2.9 Lemma. Let T be an adequate partial semigroup and let S be a subset of T which
is an adequate partial semigroup under the inherited operation. Then S C 0T if and
only if for all y € T there exists H € Py(S) such that (. Ps(x) € Pr(y).

Proof. The sufficiency is immediate. For the necessity, let y € T" and suppose that for
all H € Py(S), Nyen Ps(@)\Pr(y) #0. Then

{Neerr Ps@N\Pr(y) : H € Pr(S)}

has the finite intersection property so pick p € 4S5 such that

{Noen Ps(@)\Pr(y): H € Pp(S)} Cp.
Then p € §S\d0T, a contradiction. O

We shall see in Theorem 2.12 that the condition of Lemma 2.9 does not have to
hold.

2.10 Definition. Let T be a partial semigroup. Then S is an adequate partial sub-
semigroup of T if and only if S C T, S is an adequate partial semigroup under
the inherited operation, and for all F' € Py¢(T) there exists H € Pf(S) such that

ﬂer Ps(z) C mxeF ().

2.11 Remark. Notice that:

(1) By Lemma 2.9 if S is an adequate partial subsemigroup of T, then 65 C dT.

(2) If T is a partial semigroup which has an adequate partial subsemigroup, then
necessarily T is an adequate partial semigroup.

(8) If S is a subset of T which is a partial semigroup under the inherited operation,
then every adequate partial subsemigroup of T included in S is an adequate partial

subsemigroup of S.



Notice that “is an adequate partial subsemigroup of” is a transitive relation. How-

ever, the following result establishes that the notion is not as well behaved as one might
like.

2.12 Theorem. There exist an adequate partial semigroup T and adequate partial sub-
semigroups R and S of T such that RN S is an adequate partial semigroup with the

inherited operation, but RN .S is not an adequate partial subsemigroup of T'.

Proof. Let T = P¢(w + w), where w + w is the ordinal sum. For «, € T, define
ax [ = aUf exactly when maxa < minf. It is easy to see that T is an adequate
partial semigroup.

Let A=wU{w+2n:new}land B=wU{w+2n+1:n € w}. Let R=Ps(A)
and let S = Py(B). It is routine to verify that both R and S are adequate partial
subsemigroups of . Now RN S = Ps(w). To see that R NS is not an adequate
partial subsemigroup of 7', let F' = {{w}}. Then there is no H € P;(RN S) such that
Nocr Prns(a) € Nyer Pr(a) (whichis {a € T : mina > w}). O

Theorem 2.12 shows in particular that one may have adequate partial semigroups
S and T such that S C T (and S has the inherited operation) but 6S\d7T # 0. If
g € 0S\0T and p € BS\S, then p - g is defined in (S, but is not defined in ST. This
fact raises the possibility of some ambiguity concerning what is meant by p - q. The

following result shows that, if it is defined, p - ¢ can mean only one thing.

2.13 Lemma. Let T be an adequate partial semigroup and let R and S be subsets
of T which are both adequate partial semigroups under the inherited operation. Let
p,q € B(RNS). If p-q is defined in S and p - q is defined in R, then it is the same
object under both definitions.

Proof. Let A C RN S and assume that A € p - q as that object is defined in R.
We show that A € p- ¢ as that object is defined in S. Assume first that p € RN .S
so that (because p - ¢ is defined), Pr(p) € ¢ and Ps(p) € q. Then by Lemma 2.4(a)
{y€Pr(p):p-y€ Al €qand {y € Pr(p) :p-y € A}N¥Ps(p) C{y € ¥s(p) :p-y € A}
and hence {y € ¥s(p) :p-y € A} € ¢q.

Now assume that p € (R N S)\(R N S) and hence (because p - q is defined),
q € (JRN6S). Then by Lemma 2.4(b) {x € R: {y € $r(z) :x-y € A} € q} € p. Also
S € p. We claim that

{reR:{ycPr(x):z-yecAlegtnNSC{zreS:{ycvs(x):z-yec A} € ¢}
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so that {x € S: {y € ¥s(z) : x-y € A} € q} € p as required. To this end, let z € SN R
such that {y € $r(z) : z -y € A} € q. Since also ¥s(x) € ¢ and

{yePr(x):z-yec A} N¥g(z) C{y € Ps(x) :x-y € A}
we have that {y € Ps(x) : z -y € A} € ¢ as required. O

We now establish conditions guaranteeing that the continuous extension of a partial

semigroup homomorphism is a homomorphism.

2.14 Lemma. Let S and T be adequate partial semigroups, let f : S — T be a partial

semigroup homomorphism, and let ]7: BS — BT be the continuous extension of f. If

p € BS,q€edS, and f(q) € T, then f(p-q) = f(p)- f(q). If f[S] is an adequate partial
subsemigroup of T', then f[éS] C 0T and fv|55 is a (semigroup) homomorphism.

Proof. Assume first that p € 85, ¢ € 65, and f(q) € 0T and suppose that f(p-q) #

fv(p) . f(q) Pick disjoint open neighborhoods U and V of f(p-q) and f(p) - f(q)
respectively. Pick A € p such that f o pe[A] € U and Pii © f[Z} C V and pick

x € A. Then f(z-q) € U and f(z)- f(q) € V. Since Ay, (f(q)) € V, pick B € f(q)
such that Ay, [ BN @7 (f(x))] C V. Pick C € ¢ such that FoX[CNPs(x)] CU and

fIC1 S BNn¢r(f(z)). Picky € CN¥g(z). Then f(z-y) € U and f(z)- f(y) €V, a

contradiction.

Now assume that f[S] is an adequate partial subsemigroup of T'. Let p € 65 and
let x € T. Suppose that ¥ (z) ¢ f(p) Pick A € p such that ﬂZ} N@7(z) = 0 and pick
F € Py(f[S]) such that (), cp Pris)(y) € Pr(z). Let G € Pr(S) be such that f[G] = F,
and pick b € AN(,cqPs(a). Then f(b) € fIA]N(,cr Pris)(y) € fIANPr(x), a

contradiction. O

We now extend the notions of “right ideal”, “left ideal”, and “ideal” to partial

semigroups.

2.15 Definition. Let S be a partial semigroup.
(a) A subset I of S is a left ideal of S if and only if x - y € I whenever z € S and
yeInNe(x).
(b) A subset I of S is a right ideal of S if and only if x -y € I whenever x € I and
y € P(x).
(c) A subset I of S is an ideal of S if and only if I is both a left ideal and a right
ideal of S.
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2.16 Lemma. Let T be a partial semigroup, let S be an adequate partial subsemigroup
of T and assume that S is an ideal of T'. Then 65 is an ideal of §T. In particular,
K(6S) = K(T).

Proof. By Lemma 2.9, 65 C 6T. Let p € 65 and q € 6T. To see that ¢ -p € 45,
let x € S. We need to show that ¥g(z) € ¢ -p. Since q € 6T, Pr(x) € q. We
claim that Y7 (z) C {y € T : y~1¥s(x) € p}. (Here y~'¢¥s(x) is interpreted in T, so
y 1os(x) ={z € Pr(y):y-2z € Ps(x)}.) Solet y € Pr(x) and pick H € P;(S) such
that (,cp Ps(2) € Pr(x-y). We claim that (), Ps(z) €y tes(z), and thus that
y~lps(x) € p as required. So let w € (,cp Ps(2). Then w € Pr(x-y). So (z-y) - w
is defined in T and so x - (y - w) is defined in T. In particular, y - w € ¥p(x). Since
we S, and Sis anideal of T, y - w € Pp(z) NS = Pg(x). Also, w € Pr(y). Thus,
w €y 1Pg(x).

To see that p-q € 45, let x € S. We need to show that ¥g(x) € p-q. We claim that
Ps(x) C{y e Ty t¥s(x) € q¢}. (Again y~1¢¥g(x) is interpreted in T.) Let y € ().
We claim that Y7 (z - y) C y~'¥s(x), so that y~! - ©g(z) € q. Let 2 € Pp(x - y). Then
(x-y)-zis defined in T and so z - (y - z) is defined in 7. Also since S is an ideal of T,
y-z€8,80y-z€ pg(x).

Finally, since S is an ideal of 6T, we have that K(67) C 45 and in particular
K(0T) NS # (. Consequently by [9, Theorem 1.65], K(05) = K(6T) NS = K(6T).

O

We conclude this section with three technical lemmas that are of interest in terms

of our descriptions of “layered partial semigroups” in the next section.

2.17 Lemma. Let T and S be adequate partial semigroups, let o : T — S, and let
o : BT — (S be the continuous extension of o. Then 6S C a[0T] if and only if for
every F € Py(T) there exists H € P(S) such that (\,cp Ps(@) C o [Nyer Pr(@)].

Proof. Necessity. Let ' € Py(T) and let B = (. Pr(z). Suppose that for all H €
Pr(S), Nyer Ps(@)\o[B] # 0. Then {Ps(x)\c[B] : x € S} has the finite intersection
property so pick p € 3S such that {Ps(x)\o[B] : © € S} C p. Then p € §S so pick
q € 6T such that o(q) = p. Now B € g so ¢[B] € p, a contradiction.

Sufficiency. Let p € §S. It suffices to show that {o71[A] : A € p}U{Pr(x) : 2 € T}
has the finite intersection property. (For then, picking ¢ € BT such that {o7![4] : A €
ptU{¥Pr(x):xz € T} C q we have that ¢ € 07 and o(¢) = p.) Let A € pand F' € P¢(T).
Pick H € Ps(S) such that (e Ps(z) C o [Npep r(@)]. Picky € AN,cqy Ps(z)
and pick z € (), cp Pr(x) such that y = o(2). Then z € (", cp Pr(z) No A] O
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2.18 Lemma. Let T and S be adequate partial semigroups, let o : T' — S be a partial
semigroup homomorphism such that o[T] = S, and let o : BT — (3S be the continuous
extension of o. The following are equivalent.

(a) 6S C a[oT].

(b) 08 = a[dT].

(c¢) For every F € Ps(T) there exists H € Pf(S) such that

Neerr Ps(z) Co [meF 9OT("E)] :

Proof. Statements (a) and (c) are equivalent by Lemma 2.17, and trivially (b) implies
(a). That (a) implies (b) follows from Lemma 2.14. U

2.19 Lemma. Let T and S be adequate partial semigroups, let o : T — S, and let
o : BT — BS be the continuous extension of o. Then {p € K(6S):p-p=p} Co[oT] if
and only if for every F' € P¢(T), o [ﬂmeF SUT(:L’)] is central™ in S.

Proof. Sufficiency. Let p € K(dS5) such that p-p = p. Then for every F' € P¢(T),
o [Nyer Pr(x)] € p. Thus {Pr(z) : @ € T}U{o [A] : A € p} has the finite intersection
property and so we may pick ¢ € 85 such that

{er(x):zeTYu{o [A]: Acp} Cq.

Since {¢r(z) :x € T} C q, ¢ € 8T. Since {c71[A] : A € p} Cq, a(q) = p.

Necessity. Let F' € Pg(T). To see that o [,cp Pr(z)] is central* in S, let
p=p-p € K(S). Pick ¢ € 6T such that o(q) = p. Then (,.p Pr(z) € ¢ s0
o [Nyer Pr(z)] € p. O

3. Layered Partial Semigroups

In this section, we introduce our main objects of study and prove a common general-
ization of Theorems 1.3 and 1.4. Notice that any semigroup is also a partial semigroup

and if S is a semigroup, then 65 = 3S.

3.1 Definition. The set S is a layered partial semigroup (with k layers) if and only if
there exist k € N\{1} and Sy, S1, ..., Sk, such that

(1) {So,S1,...,Sk} is a partition of S;

(2) So = {e} where e is a two sided identity for S with ¥g(e) = S and e €

m:cES @S(.’IZ’);
(3) for n e {1,2,...,k}, U;_, Si is an adequate partial semigroup; and
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(4) forn € {1,2,...,k}, S, is an adequate partial subsemigroup of S and an ideal
of U?:O Sz

Notice that if S is a layered partial semigroup, then by requirement (3) of the
definition, S = Uf:o S; is an adequate partial semigroup.

If S is a layered partial semigroup which is in fact a semigroup, we shall say that
S is a layered semigroup.

We shall not be concerned with layered partial semigroups by themselves, but rather

in conjunction with certain functions acting on all or part of these semigroups.

3.2 Definition. Let S be a layered partial semigroup with k layers, let Sy, S1,..., Sk
be as in Definition 3.1, and let n € {2,3,...,k}. A function o is a shift on |J;_, S; if
and only if

(1) o is a partial semigroup homomorphism from (I, S; to JI' Si;

(2) o[Sy,] is an adequate partial subsemigroup of S, _1; and

(3) for every F € Ps(Sn), 0 [Nuer Ps. ()] is central* in S,_;.

It is not in general easy to tell whether a given subset of a partial semigroup is
central®. In practice it is often convenient to establish that for every F' € P(S,,) there
exists H € Py(S,—1) such that (e ¥s, (@) C 0 [Nyer Ps,(x)]. Then, by Lemma
2.17, 05,-1 € 7[0S,] and in particular {p € K(dS,—1) : p-p = p} C 7[0S,] so that by
Lemma 2.19, 0 [,cp ¥, ()] is central* in S,,_; for every F € Ps(S).

Notice that requirement (2) of Definition 3.2 holds automatically in the event that
o[Sn] = Sn—1. Notice also that, in the event that S is a semigroup, requirement (2) is
equivalent to the assertion that o[S,] C S,,_1 and requirement (3) is equivalent to the

assertion that o[S,] is central® in S, _1.

3.3 Definition. Let S be a layered partial semigroup with k layers and let Sy, S1, ..., Sk
be as in Definition 3.1. Then (F,)k_, is a layered action on S if and only if for every
n € {2,3,...,k}, F, is a nonempty finite set of partial semigroup homomorphisms from
U, Si to Ul—, S; such that
(1) for each f € F,, either
(a) the restriction of f to U?:_Ol S; is the identity or
(b) f is a shift on [J;_,S; and either
(i) n» > 2 and the restriction of f to U?:_Ol S; is a member of F,,_; or
(ii) fIUiy Si] = {e}; and
(2) for all but at most one member of F,,, condition (1)(a) holds.
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The following simple lemma will be useful later.

3.4 Lemma. Let S be a layered partial semigroup with k layers, let So, S1,..., Sk be as
in Definition 3.1, and let (F,)_, be a layered action on S. Formn € {1,2,...,k}, let
T, =UiSi- Ifne{2,3,...,k} and f € F,, then there is some v € {2,3,...,n} such
that for all s € {v,v+1,...,n} fir, € Fs, and either fip, , = tr,_, or f[T,_1] = {e}.

Proof. This is a routine induction (in the usual upwards direction) on n. U
We pause to note that we already have examples of layered partial semigroups.

3.5 Lemma. Let k € N and let Y, +, and o be as defined before Theorem 1.3. For
eachn € {2,3,...,k}, let Fp, = {U|U?:OSZ.}. Then Y is a layered partial semigroup with

k layers and (F;)k_, is a layered action on'Y .

Proof. For n € {0,1,...,k}, let S, = {f € Y : max(f[N]) = n}. Requirements (1)
through (3) of Definition 3.1 are easily verified. Requirement (4) holds because, given
any n € {1,2,...,k} and any f € Y\{0} there exists g € S,, such that supp(g) =
supp(f) and therefore ¥g (g) = Py (f).

To complete the proof, we need to show that for each n € {2,3,...,k}, olur_,S; isa
shift on [J_, S;, since then condition (1)(b)(ii) of Definition 3.3 holds for n = 2, while
condition (1)(b)(i) holds for n > 2.

Requirement (1) of Definition 3.2 is immediate and requirement (2) holds be-
cause o[Sy,] = S,—1 for each n € {1,2,...,k}. To verify requirement (3), let n €
{2,3,...,k} and let F' € P¢(S,). We show that there exists H € P;(S,—_1) such that
Necrr Psn_i (@) C 0o [Nyer Ps, ()], which suffices, as we remarked, by Lemmas 2.17
and 2.19. For each f € F', define hy € S,_1 by

n—1 if f(t 0
i”“):{ 0 ﬁ?&%io

and let H = {hy: f € F}. Nowlet g € (,cpy ¥s,._,(x). Define r € S,, by

(g +1 ifg(t) £0
“ﬂ_{g 0 ﬁi@:o.

Then, r € (),cp ¥s, (z) since for each f € F, supp(hy) = supp(f). And o(r) =g. [0

3.6 Lemma. Let k € N\{1} and let Y, ®, and Fo = F be as defined before Theorem
1.4. Then'Y is a layered partial semigroup with 2 layers and (F;)7_, is a layered action
onY.
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Proof. Let Sp = {0}, let S; = {f € Y : 0 < max(f[N]) < k}, let S, = {f € Y :
max(f[N]) = k}, and let Fo = F. It is easy to verify that condition (1)(a) of Definition
3.3 applies to each f € Fs. U

Lemmas 3.5 and 3.6 raise the natural question of whether we can have a layered
partial semigroup S and a layered action (F,)%_, on S for which conditions (1)(a) and
(1)(b) each apply to members of F,,. We see in fact that a very familiar semigroup (not

just partial semigroup) satisfies these requirements.

3.7 Lemma. Let k € N\{1} and let S be the free semigroup on k letters with identity e.
Then S is a layered semigroup with k layers. Further for any m € N, there is a layered
action (Fp)k_y on S such that for each n, |F,| > m and condition (1)(b) of Definition

3.3 applies to one member of F,,.

Proof. Let the k letters be ay,aq,...,a;. Let Sy = {e}, and for n € {1,2,... k}, let
Sp ={w € S :max{t: a; occurs in w} = n}.

Recall that a homomorphism on a free semigroup is completely determined by its
values at the letters. Define a homomorphism o : S — S by o(a1) = e and o(a,) = an—1
for n € {2,3,...,k}. Let m € N be given and for each n € {2,3,...,k}, choose a finite
F, C U?:_Ol S; such that |F,| > m. For each n € {2,3,...,k} and each w € F,,, define
a homomorphism fy, . : Uiy Si — U:.L:_Ol S; by

Fow(ar) = { w ift=n

a; ift<n

and let Fp, = {fnw 1w € F} U{oun_ s} All requirements can be easily verified. [

The following is our major algebraic tool. The proof combines ideas from the proofs
of [5, Theorem 1] and [1, Theorem 4.1].

3.8 Theorem. Let S be a layered partial semigroup and let k and Sy, S1, ..., Sk be as in
Definition 3.1. Let (F,)k_, be a layered action on S. Let p be any minimal idempotent
in 651. Formn € {2,3,...,k} and f € Fp, let [ : B(Uiy Si) — 5(U?:_01 S;) be the
continuous extension of f. Then for each i € {1,2,...,k}, there is an idempotent p;,
minimal in 0S;, such that

(1) p1 =p;

(2) ifi€{2,3,...,k} and f € F;, then f(pz) = pi_1 and

(3) ifi,j€{1,2,...,k} and i < j, then p; < p;.

Proof. For each n € {1,2,...,k}, let o, = U], Si.
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Now let n € {2,3,...,k} and assume that we have chosen pg,p1,...,Pn_1 as re-
quired. We claim that it suffices to produce an idempotent p,, minimal in §5,, such
that p, < p,—1 and for o € F,, satisfying condition (1)(b) of Definition 3.3, if any,
o(Pn) = Pn—1.

Assume that we have done this. Then conclusions (1) and (3) hold directly. Let
f € F, such that f satisfies condition (1)(a) of Definition 3.3. Since f[T},_1] = T -1,
f is surjective so by Lemma 2.14, ﬂ(ng : 0T, — 0T,,—1 is a homomorphism. Therefore,

fpn) < f(pn—1). Since f equals the identity on T3,_1, f(pn—1) = pn—1. Therefore,

f(pn) < pn—1. By Lemma 2.16 and Remark 2.11(3), p,—1 € K(6T,,—1) and so p,,_1 is

minimal in 07;,_; and so f(pn) = pPn—1, and conclusion (2) holds.

Notice that, by Remark 2.11(1) and Remark 2.11(3), §.5,,—1 C §7;, and 6S,, C 0T5,.
Notice also that if o is a shift on T;,, then by Lemma 2.14, 755, is a homomorphism
for each n € {2,3,...,k}.

If all f € F,, satisfy condition (1)(a) of Definition 3.3, we simply note that p,_1 €
0Sp—1 € 0T},. Thus we may pick by [9, Theorem 1.60] an idempotent p,, € K (6T},) such
that p, < pn—1. By Lemma 2.16, K(4S,,) = K(dT,) and so p,, is minimal in §.5,,.

So we assume that o € F,, satisfies condition (1)(b) of Definition 3.3. Let M =
{q € 0S5, : 7(q¢) = pn—1}. By requirement (3) of Definition 3.2 and Lemma 2.19, we
have that p,—1 € 7[0S,,] so that M # (). Trivially M is a compact subsemigroup of 4,
(since ¢ is a homomorphism on §S,,). Now p,_1 € S,—1 C §T,, and M C 4S,, C 6T,
so M - p,_1 is a compact subset of d7},,. Since 4.5, is an ideal of §7,, by Lemma 2.16
and Remark 2.11(3), we have M - p,_1 C 405,.

We claim that M - p,_1 € M. To see this, let ¢ € M. We have just seen that
€ Fp_1 or o[T,—1] = {e}. In the first
case 0(pp—1) = pn—2 by the induction hypothesis and so (p,—1) € 6S,—2 C Tj,—1. In

1

q - Pn—1 € 6S,. Now either n > 2 and oy,

the second case o(p,—1) = € € T),—1. Thus in either case we have by Lemma 2.14 that
0(q - pn—1) =0(q)  7(Pn—1) = Pn—1-0(Pn-1) = Pn—1-

Since M - p,—1 € M we have that M -p, 1 - M -pp,_1 € M - p,_1. That is,
M - p,_1 is a subsemigroup of §5,,. Pick an idempotent ¢ minimal in M - p,,_1. Then
q=71"-p,_1 for some r € M so that ¢-p,—1 =7 Pn_1 Pn-1 =7 Dn-1 = q. Also
q€ M- -p,_1 C M. Let p, = pn_1-q and note that p, - pp—1 = Pn_1 - Pn = Pn. Also
note that p, - pn = pn " Pn-1-¢=pPn - q¢=pn-1-9-q¢=pp_1-q= pp. Thus p, is an
idempotent with p,, < p,_1.

We claim first that p, € M (so, since p, = pn - Pn—1, Pn € M - pp—1). We have
that p, € 0S,, because §5,, is an ideal of 67T, and ¢ € 6S,. Also ¢ € §5,, C 6T, and
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a(q) € 05,-1 C dT},—1 so by Lemma 2.14, (p,) = d(pn-1-q) = 0(pn-1) - 0(q) =
0(Pn-1) *Pn—1 = Pn—1, using again the fact that either o(p,_1) = pp—2 or o(p,—1) = e.
It remains only to show that p,, is minimal in §.5,, which we shall do in three steps.

Next we claim that p,, is minimal in M - p,,_1. Indeed, p,, = pn—1-9¢=pn-1-9¢-q¢ =
pn-q € (M- pp1) K(M-pp_1) C KM -py,_1).

Now we show that p, is minimal in M. So let s be an idempotent in M with
$ < pn. Then s =5s-p, =S Py Pn-1 € M -p,_1 and so s = p,. (We used here the
fact noted earlier that M is a semigroup.)

Finally we show that p,, is minimal in §5,,. So let s be an idempotent in §.5,, with
s < pn. We need to show that s € M. To see that o(s) = p,,—1 it suffices to show that
o(s) < pp—1 since o(s) is an idempotent in §S,,—1. Now &(s) - pp—1 = 0(s) - d(pp) =
(s pn)=0c(s) and pp_1-0(s) = (pn) - 0(s) = (pn - s) = d(s). Thus (s) < p,_1 as
required. U

We now introduce some notation that will be used to describe the structures which
we can guarantee to lie in one cell of a partition of a layered partial semigroup. The
notation does not reflect its dependence on the choice of semigroup or the choice of

layered action.

3.9 Definition. Let S be a layered partial semigroup with & layers, let Sp, S1,..., Sk
be as in Definition 3.1, and let (F,)k_, be a layered action on S. Let Gy = {tg}. For
l€{1,2,...,k— 1}, given that G;11 has been defined, let G, = {fog: g € G;41 and
feFi}

The following lemma will be needed in Section 6.

3.10 Lemma. Let S be a layered partial semigroup with k layers, let Sy, S1,...,Sk be
as in Definition 3.1, and let (F,)_, be a layered action on S. Forl € {1,2,...,k} let
Gi be as in Definition 3.9. Let l,m € {1,2,...,k}, let f € G, and let g € Gp,. Then
there is some t € {1,2,...,k}, with t < min{l,m}, such that f o g € Gy U {€}, where €

18 the function constantly equal to e.

Proof. For n € {1,2,...,k}, let T}, = U, Si- We proceed by downward induction on
[. If |l =k, then fog=g € G,,, so assume that [ < k and the lemma is valid for [ + 1
and m. Pick r € G4 and h € F;y1 such that f = hor. Pick t € {1,2,...,k}, with
t <min{l + 1,m}, such that ro g € G; U {€}.

If rog =€, then fog = horog = € because h is a partial semigroup homomorphism.
So assume that rog € G;. Now h € F;41 so pick by Lemma 3.4 some v € {2,3,...,[+1}
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such that for all s € {v,v +1,...,l + 1} hyp, € F,, and either hyp,_, = tp,_, or
h|T,-1] = {e}.

We have that ¢t <[+ 1. Assume first that ¢ > v. Then hyr, € Frand rog € G; so
fog=horoge G,y andt—1<min{l,m}.

Thus we may assume that ¢ < v. Then 7o g[S] C T} C T,,_; and either hjp, , =
tr,_, or h[T, 1] ={e}. ¥ hyp,_, =t1, ,,then horog=rogeGyandt <v—-1<1I
so that ¢ < min{l,m}. If h[T,_1] = {e}, then horog="=¢. 0

Notice that Lemma 3.10 says in particular that {€} U Ule G, is a semigroup under

composition.

3.11 Lemma. Let S be a layered partial semigroup with k layers and let Sy, S1, ..., Sk
be as in Definition 3.1. For n € {1,2,...,k}, let T, = U;_,Si. For each n € {2,3,
..., k}, let F,, be a finite set of partial semigroup homomorphisms from T,, into T,,_1.
Let Gy, = {ts} and forl € {1,2,... )k — 1}, let Gy ={fog: g9 € Giy1 and f € Fi11}.
Forn € {1,2,...,k} let p,, be an idempotent in §.S,, such that, if n > 2, then p, < pp_1
and f(pn) = Pn_1 for every f € F,.
(a) For each | € {1,2,...,k}, G; is a finite set of partial semigroup homomor-
phisms from S into Tj.
(b) For eachl € {1,2,...,k} and each h € G, %(pk) = py, where h: 3S — BTy is
the continuous extension of h.
(c) Forie {1,2,...,k}, let A; € p;. Givenanyi,j€{1,2,...,k} andanyg € G;,
{w e Sk : g(w) ' Anaxfij} € Di} € Dk

Proof. The first two conclusions are immediate. To verify conclusion (c), let i, j € {1,2,
.k}

Assume first that j < 4, in which case p; < p;. In particular, p; = p;-p;. Since A4; €
pi, we have that {w € S : w™'A; € p;} € p;. Since p; = g(px) by conclusion (b), g(px) €
{we S :w1A; € p;}, so there exists B € py such that g{B] C {w € S:w1A; € p;}.
Then B C {w € Si : g(w) ' A4; € p;} and so {w € Sk : g(w) L A; € p;} € pi, as required.

Now assume that ¢ < j, so that p; < p; and in particular, p; = p;-p;. Since A; € p;,
we have that {w € S:w™'A4; € p;} € pj = g(px) and thus {w € Sk : g(w) 1 4; € p;} €
pi as required. U

3.12 Lemma. Let S be a layered partial semigroup with k layers and let Sy, S1,. .., Sk
be as in Definition 3.1. For n € {1,2,...,k}, let T, = U;_,Si. For each n € {2,3,

..k}, let Fy, be a finite set of partial semigroup homomorphisms from T,, into T,,_1.
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Let G, = {ts} and forl € {1,2,....k— 1}, let Gy ={fog:9 € Giy1 and f € Fi41}.
Forn € {1,2,...,k} let p,, be an idempotent in §.S,, such that, if n > 2, then p, < pp_1
and f(pn) = pp—1 for every f € F,. Letr € N and assume that S = J;_, C;. For each
1 €{1,2,... k}, pick y(I) € {1,2,...,r} such that C,;y NSy € p;. For each | € {1,2,
ook} let (Bim)ye—q be a sequence of elements of p;. Then there exists a sequence
(wn)pey in Sk such that [], cp gn(wy) is defined for each F' € P¢(N) and each choice
of gn € U?Zl Gi, and for each |l € {1,2,...,k} and each m € N,

{IL.cr gn(wn): F €Ps(N), g, € Ui:l Gi for eachn € F ,min F' > m,

and there exists n € I' such that g, € Gi1} € Cyq) N By -

Proof. For i € {1,2,...,k}, let A;1 = C,;) N B;1 and note that A;; € p;. We
inductively construct a sequence (w,, )22 ; in Sy and, for each i € {1,2,...,k}, a sequence
(Ain)o; in p; such that
(1) for j € {1,2,...,k},n e N, and g € Gj, g(w,) € Ajn;
(2) fori,5€{1,2,...,k},ne N, and g € G;, g(wn)*lAmax{i,j}m € p;; and
(3) fori €{1,2,...,k} and n € N,

Aint1 = Bipnt1NA; nN (0321 ﬂgegj g(wn)_lAi,n) N (ﬂ?:z mgegj g(wn)_lAjm) :

So let n € N and assume that we have A;,, € p; for each i € {1,2,...,k}. By
Lemma 3.11(c), for any 7,5 € {1,2,...,k} and any g € G;,

{’LU € Sk : g(w)_lAmaX{i,j},n € pz} € Dk -

Also, by Lemma 3.11(b), for any j € {1,2,...,k} and any g € G, g(px) = p,; and so
97 '[A;.n] € pr. Thus we may pick

wn € (N M Nyeg, (0 € St 9(w) ™ Amaxgigyn € Pi}) N (Vo Ny, 974 Asnl) -

Hypotheses (1) and (2) are satisfied directly. For ¢ € {1,2,...,k}, let A; ,41 be as
required by hypothesis (3). By hypothesis (2), A; 41 € p;.

The construction being complete, we show by induction on |F| that if F' € P;(N),
g: F — Ule G, a = min F, and | = max{t : g[F| NG, # 0}, then [], . g(n)(w,) €
Ajpq. Since Ay, € Ayy = Cyy and Ay o € By, forallm € {1,2,...,a}, this will suffice.

If F' = {a}, we have by hypothesis (1) that g(a)(w,) € A 4 as required. So assume
that |F'| > 1 and the assertion is true for all smaller sets. Let G = F'\{a}, let b = min G,
and let m = max{t : g[G] N G; # 0}. By assumption [], .o g9(n)(w,) € Amp. Pick
j€{1,2,...,k} such that g(a) € G;, and note that [ = max{m,j}.
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Assume first that [ = m (so that m > j). Then

—1

Hnec g(n)(wn) € Amar1 C (g(a)(wa)) Am,a

and thus [[, . p 9(n)(wn) € Ao = Ara.

I

Now assume that [ = j (so that m < j). Then

e 9(n)(wn) € Amair C (9(a)(wa)) ™ Az

and thus [],cp 9(n)(wn) € Aj 0 = Aa. O

El

The following is the main result of this section.

3.13 Theorem. Let S be a layered partial semigroup with k layers, let Sy, S1, ..., S be
as in Definition 3.1, and let (F,)k_, be a layered action on S. Let G1,Go,...,Gy be as
in Definition 3.9. Let r € N and assume that S = J;_, C;. Then there exists v : {1,2,
ook} —={1,2,...,7} and a sequence (wn )5y in Sk such that [],cp gn(wy) is defined
for each F' € P¢(N) and each choice of g, € Ule G and for each l € {1,2,... k},
{IL.cr gn(wn): F €Ps(N), g, € Ué:l G; for eachn € F,
and there exists n € F' such that g, € G} C C,y(l) .

Further, for each i € {1,2,...,k}, Cy;) N S; is central in S; and v(1) can be any
i€ {1,2,...,r} such that C; NSy is central in S;.

Proof. Pick (1) € {1,2,...,7r} such that Cy ) N Sy is central in S; and pick an
idempotent p minimal in §S; such that C,) € p. For i € {1,2,...,k} pick p; as

guaranteed by Theorem 3.8. The result now follows from Lemma 3.12. U
We illustrate an application by proving Theorem 1.1 from the introduction.

8.14 Corollary. For every r € N and every partition W({a,b,c}) = U;_, C; there
exist an infinite (x,)>2, in W({a,b,c})\ W({a,b}) and v:{a,b,c} — {1,2,...,7} such
that ZfO' € {feab> faeba faab} and F = {fabc»fabbu fabUw fabeyg} U {fa:yz|x7y72 € {CL,@}},

then we have

{Icr gn(zn) : F € P¢(N), and for eachn € F, g, € F}
N (W({a,b,e})\ W({a,b})) S Cyu

{Ulcr gn(zn) : F € P¢(N), and for eachn € F, g, € F}
N (WH{a,bHh\W({a})) < Cyu

{Icr gn(zn) : F € P¢(N), and for eachn € F, g, € F}
N (WH{ah) \{e}) < Cyo
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Proof. Let S = W({a,b,c}), So = {e}, S1 = W({a})\{e}, S2 = W({a,b}) \ W({{a}),
and S3 = S\W({a,b}). Then S is a layered semigroup. Let F2 = {foae|w({a,p})>
facelW ({a,b})s feab|w ({a,p)) } and let F3 = {fab; faba, fabes 0}

We claim that (F,)2_, is a layered action on S. Trivially Jaae|w({a)) and
face|w ({a}) are equal to the identity on W({a}) and fopsjw({a,b})> Sfaba|W({a,p}), and
fabe|w ({a,b}) are equal to the identity on W({a,b}). Also, fea is a shift on S,
feab|w ({a,b}) is a shift on W({a,b}), and feap[W ({a})] = {e}. Finally, foep and foap are
shifts on S, foep/w ({a,p}) = JacelWw({ap}) € F2, and foapw({a,b}) = faae|w ({a,p}) € Fa-

It is easily checked that Gy, G5 and G3 defined in Definition 3.9 satisfy F\{ fece} =
G1 UGy UGs. Thus the conclusion follows by Theorem 3.13 and the fact that for any
W E S, feee(w) = e. O

Notice that by Lemma 3.5, Theorem 1.3 is a corollary to Theorem 3.13, and by
Lemma 3.6, Theorem 1.4 is a corollary to Theorem 3.13. The reader is invited to amuse
herself by seeing what sorts of configurations can be guaranteed to be monochromatic
in the free semigroup on k letters. As an illustration of the process, we derive the
Hales—Jewett Theorem [7].

Recall that, given an alphabet X, a variable word over Y is a word over the alphabet
Y U {v} in which v actually occurs, where v is a “variable” which is not a member of
Y. Given a variable word w and a € X, w(a) is the result of substituting a for each

occurrence of v.

3.15 Corollary (Hales—Jewett). Let ¥ be a finite nonempty alphabet, let R be the
free semigroup over ¥, let 7 € N, and let R = J,_, C;. Then there existi € {1,2,...,r}
and a variable word u over ¥ such that {u(a) : a € ¥} C C;.

Proof. We may presume that we have k € N\{1} such that ¥ = {a1,a2,...,ax_1}. Let
S be the free semigroup with identity e over {a1,as,...,ar}. Let So = {e}, let S1 = R,
and let So = {w € S : ax occurs in w}. Let Th =5 = SpU S US, and let Th = Sp U Sy.
For i € {1,2,...,k — 1} define a homomorphism f; : T — T} by
a; ift ==k
filar) = {at ift<k.
Let Fo = {fi:i€{1,2,...,k—1}}.
Then S is a layered semigroup with two layers. Let Cy = Sy and let C,31 = S5
(or divide Sy up any way you please). Choose v : {1,2} — {0,1,...,7 + 1} and a

oo

o, in Sy as guaranteed by Theorem 3.13. Define a variable word u

sequence (wy,)
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over Y by replacing all occurrences of ap in w; by v. Then {u(at) ct e {1,2,...,

k—l}}:{f(wl)fefg}g(jv(l) O

In fact, we also get a significant strengthening of the Hales—Jewett Theorem as
a corollary to Theorem 3.13. (This result has probably not been previously stated,
although it is derivable as a consequence of the noncommutative Central Sets Theorem
[2, Theorem 2.8].)

3.16 Corollary. Let X be a finite nonempty alphabet, let R be the free semigroup over
3, letr €N, and let R =J;_, C;. Then there exist i € {1,2,...,r} and a sequence of
variable words (u,)o>, over ¥ such that for every F' € P¢(N) and every h : F — %,

[T.cr un(h(n)) e C;.

Proof. Let k, S, So, Sl, SQ, Tl, TQ, fl,fg,. --;fk—l; FQ, Co, C»,~_|_1, Y, and <wn>;’f:1 be
as in the proof of Corollary 3.15. For each n € N, define a variable word w,, by replacing
each occurrence of a; in w, by the variable v.

Now let F' € P¢(N) and let h: F' — 3. For n € F, let g, = f;, where h(n) = a;.
Then [],cr un(h(n)) =[1,cr 9n(wn) € Cyy. O

4. Restrictions on Shifts

Requirement (3) of Definition 3.2 is of a more esoteric character than the other require-
ments in Definitions 3.1 and 3.2, and it would be nice if it could be eliminated. We see
now that it cannot, given that we want the conclusion of Theorem 3.13 to hold, or even

the weakened version which does not require that the chosen cells be central.

4.1 Theorem. There exist a layered semigroup S with 2 layers, and a set Fo such
that (Fp)2_o would be a layered action on S if requirement (3) of Defintition 3.2 were

n=2

eliminated, for which the conclusion of Theorem 3.13 fails.

Proof. Let S = W({1,2,3}), So = {e}, S1 = W({1,2})\{e}, and Sy = S\W ({1, 2})
Define homomorphisms o and f on S by o(1) = 0(2) = e, 0(3) = 1, f(1) = 1, and

f(2) = f(3) = 2. Let Fo = {f,0}. It is routine to verify that S is a layered partial
2

semigroup with 2 layers and that (F,,); _, would be a layered action on S if requirement

(3) of Definition 3.2 were eliminated.

Every word in f[S2] has at least one letter equal to 2, while all words in o[Ss]
consist only of 1’s. Thus the sets f[S2] and o[Ss] are disjoint, and this clearly implies
that the conclusion of Theorem 3.13 fails. U
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In our results about layered partial semigroups, it is striking how differently con-
ditions (1)(a) and (1)(b) of Definition 3.3 are treated. It would seem far more natural
to simply require that each f € F,, satisfy either condition (1)(a) or condition (1)(b).
However, given that our goal is Theorem 3.13, this is not possible. In fact not only
cannot one allow two of the functions in F,, to satisfy only condition (1)(b), but indeed
one cannot use the same choice of colors for the semigroup layered via two such choices.

(See also Question 6.6 and the paragraph following it.)

4.2 Theorem. Let k € N\{1}. There exist a layered semigroup (S,+) with k layers,

sets C1 and Cs, and functions o : S — S and o’ : S — S such that

(1) if for each n € {2,3,...,k}, Fp ={oun_s,}, then (Fn)E_, is a layered action on
S;

(2) if for eachn € {2,3,...,k}, F, = {o’jun_ s}, then (FIVk_, is a layered action on
S;

(8) S=C1UCy;

(4) if G1,Ga,...,Gk are as in Definition 3.9 for the layered action F, = {O'|UZL:152.},
G1,G5,...,Gy are as in Definition 3.9 for the layered action F, = {U|u;¢:15i}7
v A{L2,. . kY — {1,2}, 7 {1,2,...,k} — {1,2}, and (w,)22, is a sequence in
Sk such that
(a) for eachl € {1,2,... k},

{>ner gn(wn): FePyN), g, € Uizl G; for each n € F,
and there exists n € F' such that g, € G} C Cyy

and

(b) for eachl € {1,2,... k},

{>oner gn(wn): F€Py(N), g, € Ui’:1 G; for eachm € F,
and there exists n € F such that g, € G;} C Cyays

then for all t,l € {1,2,...,k — 1}, v(t) =~v() #~'(t) =~'(1).

Proof. Let S = W({1,2,...,2k}). Let Sy = {e}, S1 = W({1,2})\{e}, and for n €
{2,3,...,k}, let S, =W ({1,2,...,2n})\W({1,2,...,2n—2}). Define homomorphisms
0:5— Sand o’ :S— S by agreeing for i € {1,2,...,2k} that
o - [i-2 2
o= e ifie{1,2}
2k -3 ifti=2k
o) = 22 =2k
N i—2 if2<i<2k-1"
e if i € {1,2}

and
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For each w € S\{e}, let u(w) = n where w € S,,. Let C; = {w € S : 2u(w) — 1
occurs in w before any occurrence of 2u(w)} and let Cy = S\C1.

It is routine to verify that (F,)k_, and (F] )k _, are layered actions on S (via in
each case condition (1)(b) of Definition 3.3). Let 7, 7/, and (w, )2 ; be as in conclusion
(4). Assume without loss of generality that each w, € C;. Then for any g € Uf:_ll Gi
one has g(wn) € C; and thus y(l) = 1 for each | € {1,2,...,k — 1}. Also for any
g€ UZ 1 Q one has g(w,) € Cy and thus v(I) = 2 for each [ € {1,2,...,k — 1}. O

As we have just seen, Theorem 3.13 cannot be extended by adding another shift
(Theorem 4.2) or by relaxing the requirements on o (Theorem 4.1). Theorem 4.4 char-
acterizes exactly when F5 may be taken to be a specified set of homomorphisms in
the case when k£ = 2 and S is countable while Theorem 4.5 provides a simpler descrip-
tion and removes the countability assumption in the event that S is a semigroup. The
proof of the following lemma repeats a portion of the proof of Theorem 3.8 which was

extracted from [5].

4.3 Lemma. Let S be an adequate partial semigroup, and let H be a finite set of

partial semigroup homomorphisms from S into itself such that f[S] is an adequate partial

subsemigroup of S for each f € H. Let p be an idempotent in 05 such that f(p) “p=p

for every f € H, where fv: BS — BS is the continuous extension of f.

(a) If there exists q € 6S such that f(q) = p for every f € H, then there exists an
idempotent v € §S such that r < p and f(r) = p for every f € H.

(b) Assume that X is a compact subsemigroup of 6S such that both p- X and X -p are
included in X. If there exists ¢ € X such that f(q) = p for every f € H, then there
exists an idempotent r € X such that r < p and f(r) = p for every f € H.

Proof. Notice that for each f € H, ﬁ(; g is a homomorphism by Lemma 2.14 and the
assumption that f[S] is an adequate partial subsemigroup of S. Since (a) is a special
case of (b), when X = §S, we shall prove only (b). Let M = {q € §S : f(q) = p for every
f € H}. By assumption M N X # (). Since f|5 g is a homomorphism for each f € H, we
have that M is a compact semigroup. Thus M N X is also a compact semigroup.

We claim that (M NX)-p is a subsemigroup of 6S. Fix ¢’ and ’ in (MNX)-p, and let
q,7 € MNX be such that ¢ = ¢-p and ' = r-p. We need to prove that ¢-p-r € MNX.
Since X -pC X andp- X C X, wehaveq-p-r=¢q-p-p-r € X-X C X. Thus it remains
to prove q-p-r € M. Given f € H, we have that f(qg-p-7) = f(¢)-f(p)- f(r) =p-f(p)-p
and f( )-p = pso that f(q-p-r) =p. Thus ¢-p-r € M, and (MNX)-pis a subsemigroup
of 6S. Note that it is automatically a subsemigroup of X, since X -p C X.
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Since (M N X) - p is compact, pick an idempotent ¢ € (M N X) - p and notice that
q-p=4q.

Let r=p-q. Thenrep- XCXandr-p=p-r=r. Also,r-r=p-q-p-q=
p-

q-q=p-q=r. Thus r is an idempotent in §S and r < p. Finally, let f € H. Then
fr)=fw-a)=fp) fla)=fp) p=p O

4.4 Theorem. Let S be a layered partial semigroup with 2 layers and let Sy, S1, and
So be as in Definition 3.1. Let F be a finite nonempty set of partial semigroup homo-
morphisms from S to SoU Sy with the property that for each f € F, either fis, = ts, or
fIS1] = {e}. Let Go = {ts}, and let G; = F. Statements (2) and (3) are equivalent and
are implied by statement (1). If Sy is countable, then all three statements are equivalent.
(1) Wheneverr € N, S CJ._, C;, and Jy € P#(S1), there exist a function vy : {1,2} —

{1,2,...,7} and a sequence (wy)°; in So such that

(a) T1,cr gn(wy) is defined for each F € P¢(N) and each choice of g,, € U?:1 Gi;

(0) {Il,er 9n(wn) : F € Py(N) and for each n € F, g, € G1} C Cyqy N

Nees, Psi(x); and
(c) for each Jo € Ps(S2), there exists m € N such that

{ILcr gn(wyn) : F € Py(N), minF >m,g, € G1 UGy for eachn € F', and there
evists n € F' such that g, € G2} C Cy2) N[yeg, Ps.(T).
(2) Whenever r € N, J1 € Pp(S1), and (\,c;, s, (x) C Ui_, 4;, there exists i € {1,2,
...,7} such that for every Jy € Ps(S2)

myEJg Ps,(y) N nfe]: f_l[Ai] #0.

(8) There exist idempotents py in 651 and ps in Sy such that pa < p1 and f(p2) = p1
for each f € F.

Proof. To see that (1) implies (2), let » € N and J; € P¢(S1) be given and assume that
Nocs, Psi(x) € Ui—q Air Let Apyp = S\U;_; Ai. Pick a function v : {1,2} — {1,2,
...,7+1} and a sequence (w,,)5% ; as guaranteed by (1) and the fact that S C U:;l A;.
Let i = (1) and pick g € F. Since g(w1) € Aya) N[y, $si(x), we have that
i # r+ 1. Now let J; € Ps(S2) and pick m € N as guaranteed by (1)(c). Then

W € ﬂyGJz ('052 (y) n ﬂfe]—‘ f_l[AZ]
To see that (2) implies (3), let
R ={ACS,: there exists Jy € Pp(S2) with (,c;, Ps,(y) Nser fAl =0}
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and let A = {S1\A: A € R} U{¥s,(z) : © € S1}. We claim that A has the finite
intersection property. To see this, let {41, Ag,..., A} C R and let J; € P¢(S1). If we
had (;_;(S1\Ai) N,ey, Ps,(x) =0 we would have (), ¥s,(z) € U;_; A; so that,
by (2), there would be some i € {1,2,...,r} with A; ¢ R.

Since A has the finite intersection property, there is some p € 3S; such that
A C p. Since {¥g,(x) : © € S1} C A, one has that any such p is in §5;. Let
X ={p€dS; : pNR = 0}. We have just seen that X # (). Further X is trivially
compact.

We claim that X is a subsemigroup of §57. To see this, let p,q € X and let A € p-q.
We need to show that A ¢ R. To this end, let Jo € P¢(S2). We need to show that
Nyer 9052(y)ﬂﬂf67f_1[14] #0. Let B={r e S;:27'Acq}. Then BEpsoB¢ R
so pick a € (s, Ps,(Y) N yer f7HB]. Let C =Ner fla)™'A. Then C € gso C ¢
R sopick b € ez, Psa(y-a)NNyer f7YC]. Thena-b € Nyer Ps(W)NNrer AL

Since X is a compact right topological semigroup, pick an idempotent p; € X.

Further, given f € F, either fig, = tg, or f[S1] = So so that either f(p1) = p1 or
f(p1) = e. In either case, f(p1) - p1 = p1-
Since Lemma 2.16 implies that 455 is an ideal of 6.5, by Lemma 4.3 it suffices to

show that there exists ¢ € §52 such that f(q) = py for every f € F. For this, it suffices
to show that

B={f"1Al:A€pand f € F} U{Ps,(y):y € So}
has the finite intersection property. For this, it in turn suffices to let A € pq, let

J € P¢(S2), and show that (,c; Ps,(¥) Njer f71[A] # 0. But this is precisely the
assertion that p; N R = 0.

To see that (3) implies (2), let 7 € N, J; € Pf(S1), and (N, ;, Ps,(x) C Uiy Ai-
Pick i € {1,2,...,r} such that A; € p; and let Jo € Pf(S2). Then for each f € F,
f_l[Ai] € po and py € 455 so

nyejg Ps, (y) N mfe]—" f_l[Az] € p2.

Finally, assume that Sy is countable. We show that (3) implies (1). Enumerate
Sy as (x,)0° 1 (with repetition in the somewhat boring event that Sy is finite) and for
each m € N, let Ba,, = (it s, (z;). (Since pa € 652, we have each Bg,, € pa.) Let
J1 € Pr(S1) and for each m € N, let By, =(\,c;, Ps, (2).

Let r € N and let S C |J;_; C;. Pick a sequence (w,)32; in S and v : {1,2} —
{1,2,...,r} as guaranteed by Lemma 3.12. To see that conclusion (1)(c) holds, let
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Ja € P¢(S2) be given and pick m € N such that Jo C {z1,x2,...,2mn}. Then Bs,, C
m.’EEJQ (pSQ (x)' D

The requirement in Theorem 4.4 (as well as in Theorem 4.5 below) that all maps
in F are either equal to the identity on S; or send S7 into {e} may seem unnatural, but
some form of this requirement is necessary in order to have (1) (see Theorem 6.4). By
Theorem 3.13, (1) is true if at most one f € F sends S; into {e}. It is thus natural to
ask whether we can draw the same conclusion if we have more than one such map? By
Theorem 4.2, not always. See also Question 6.6 and the remarks following it.

While Theorem 4.4 may seem a bit technical, we have a considerably simpler situ-
ation in the event that S is a semigroup. Note that statement (2) resembles the state-
ment of the Hales—Jewett Theorem (Corollary 3.15) and is apparently much weaker than

statement (1).

4.5 Theorem. Let S be a layered semigroup with 2 layers and let Sy, S1, and Sy be as
i Definition 3.1. Let F be a finite nonempty set of homomorphisms from S to So U Sy
with the property that for each f € F, either fis, = ts, or f[Si] = {e}. Let Go = {ts},
and let G = F. The following statements are equivalent.
(1) Whenever r € N and S C |J,_, C; there exist a function v : {1,2} — {1,2,...,r}
and a sequence (wp)$2 1 in So such that
(a) {Il,.cr gn(wn) : F € Pg(N) and for eachn € F, g, € G1} € Cy1y and
(0) {Ilcr 9n(wn) : F € Pr(N),g, € G1 UGy for each n € F, and there exists
n € I such that g, € G2} C C,y(2).
(2) Whenever r € N and S; C J,_, A;, there exists i € {1,2,...,r} such that
Nper [7HA] #0.
(8) There exist idempotents py in 3S1 and py in 3Sy such that po < p1 and f(p2) = p1
for each f € F.

Proof. That (2) and (3) are equivalent and implied by (1) follows from Theorem
4.4. That (3) implies (1) follows from Lemma 3.12, taking each Bs,, = Sz and each
Bl,m = Sl- U

The above result can be used to prove Theorem 1.4. Then all f € F are such that
their restriction to S; is equal to the identity, and the requirement (2) can be proved
by using the Hales—Jewett Theorem.

Let us state a variant of Gowers’ theorem for semigroups in which the layers are

not being fixed in advance. Note that the requirement imposed on S, namely that there
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is an identity and ab = e if and only if a = b = ¢, is true in many of the cases interesting

from the point of view of Ramsey theory.

4.6 Theorem. Assume S is a semigroup with identity e, and that ab = e implies
a=0b=-¢e for all a,b € S. Assume further that o: S — S is a homomorphism such
that for some k € N we have o*(x) = e for all x € S, yet o*~(a) # e for some
a € S. Then for every partition S = U;Zl C; there exist a sequence (yn)oe, and
v:{1,2,...,k} = {1,2,...,r} such that
(i) o*L(yn) # e, for all n, and
(ii) for every F' € P¢(N) and every g: F — {0,1,...,k — 1} we have

H o9 (y;) € Cy (),

icF

where m = min{g(i) : i € F'}.

Proof. Fori € {0,1,...,k},let T; = {a € S : 0'(a) = e}, let Sy = Ty, and for i € {1, 2,
...k} let S; = T;\T;_1. Each T, is clearly a subsemigroup of S, and by the assumption
T, = S and S # 0. Since Sy # () and o[S,] = S,—1 for each n € {1,2,...,k}, we
have that each S,, # (. We claim that S,, is an ideal of T}, for all n. Let a € S,, and
b € T,,, and pick m such that ab € S,,,. Note that since T;, is a semigroup, m < n. Then
o™ (a)o™(b) = e, and by the assumption on S we have ¢ (a) = e. Therefore m = n
and ab € S,,. The proof that ba € S, is analogous.

For each n € {2,¢,...,k}, let F,, = {0y, }. For each n € {1,2,...,k}, if G, is as
in Lemma 3.12, then G,, = {*~"}.

Let X) = Sk and X,,_1 = 0[X,,] for n € {2,3,...,k}, where ¢ : 35S — S is the
continuous extension of o. Since o is a homomorphism, so is ¢ by [9, Corollary 4.22],

and thus each X, is a compact semigroup. Note that for every | € {1,2,...,k}, since
o'=1(a) # e for all a € S; and ¢'[S)] = {e}, we have

BSi={p€fS:5'(p)=cand g '(p) #e},

X; ={c""(p) : p € BS and 7" (p) # e}.
Notice in particular that each X; C 35;. We shall find idempotents p1,pa,...,pr in
X1, Xa, ..., X} respectively such that
(1) if i, € {1,2,...,k} and i < j, then p; < p; and
(2) ifi€{2,3,...,k}, then o(p;) = pi—1.
Pick an arbitrary idempotent p; in X;. Let I € {1,2,...,k — 1} and assume that
p1 € X1,p2 € Xo,...,p € X; have been found satisfying statements (1) and (2).
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We need to check the assumptions of Lemma 4.3 are satisfied, with p = p;, X =
Xi11 and H = {oj1,,,}. First note that d(p1) = e and, if [ > 1, o(p;) = p—1 and
p1 < pi—1 so that, in any event, o(p;) - pi = pi-

We now check that X;y1 - p; € X341 and p; - Xj41 € Xi41, by proving that if
q € X;41 and r € X, then ¢-r and r-q are in X;;1. Let us prove this for [ = k—1. By
the characterization of 35; above we have ¥~ 1(q-r) = "~ 1(q)-a*~1(r) = 7% 1(q) e =
7*~1(q) # e, while 7*(q-r) = e. Thus q-r € 3Sy = X}. Similarly, r - ¢ € Xj. Now
consider the case when [ < k—1, and pick ¢ € X;4; and r € X;. Such a ¢ is of the form
P =+ (go) for some qg € Xy = Sk, while 7 is of the form a5~ (rg), for ro € BSy. Let
r1 = o(rg); then 1 € Xj_1, and g - 71 € 5Sk. Since == (qy -71) = q - r, we have
q-r € X;41. This proves that X;41 - X; € X;41. The proof that X; - X;41 C Xj4q is
identical.

Since p; € X; and 7[X;+1] = X, there is ¢ € X;41 such that o(¢q) = p;. Thus
Lemma 4.3 implies that there is an idempotent p;+; € X;41 such that p;4; < p; and
o(piy1) = pr-

This describes the construction of py,ps,...,pr. An application of Lemma 3.12 to

this k-tuple of idempotents concludes the proof. U
5. Central Sets in Layered Partial Semigroups

In this section we derive a common generalization of the noncommutative Central Sets
Theorem ([2, Theorem 2.8], or see [9, Theorem 14.15]) and Theorem 3.13. We also

present as an application an extension of the Hales—Jewett Theorem.

5.1 Definition. Let S be an adequate partial semigroup and let (y,,)°% ; be a sequence
in S. Then (y,)5=; is adequate if and only if [], .y ¥, is defined for each F' € Py(N)
and for every K € Py(S), there exists m € N such that FP({yn)nl,,) € (ex P(T).

The noncommutative Central Sets Theorem, which we shall be generalizing, is
itself a generalization of the commutative Central Sets Theorem (Theorem 1.6). The

extension to arbitrary semigroups requires the introduction of additional notation.

5.2 Definition. Let m € N. Then

Im = {(Hl,Hg,...,Hm)EPf(N)m:ifm>land
te{l,2,...,m— 1}, then max H; < min Hy;1}.

The basic idea behind the proof of Theorem 5.4 (which was also the basic idea

behind the proof of the noncommutative Central Sets Theorem) is an elaboration of
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an idea of H. Furstenberg and Y. Katznelson [4] which they developed in the context
of enveloping semigroups. The following lemma supplies the technical details that are

required.

5.3 Lemma. Let S be an adequate partial semigroup and for each | € N, let (y; )02,
be an adequate sequence in S. For m € N, @ € S™*+!, H € L, and t € N, let
w(d, H,t) = (IT:%1 (ai - TToen, Yem)) - @my1. For K € Pp(S) and i,a € N, let

Ig,oa={2¢€ X:;S . there exist m € N, @ € S™t! and H ¢ T such that
min Hy > i and for allt € {1,2,...,a}, x; :w(&’,ﬁ,t)
and x1 € (N,cx P(y)} and let

Erio=IriaU{T € X2,S: there exists a € Nyex Py) such that
forallt € {1,2,...,a}, xy =a}.
Let Y = X 2,88, let Z = X238, let

Eo= ﬂKEPf(S) N1 Nowy ¢z (Ek ia) and let

I = ﬂKePf(S) ﬂfil ﬂcoxozl clz(IK i) -

Then E is a subsemigroup of Y and I is an ideal of E. Further, for any p € K(095),
p={@pp,...) EENK(Y)=K(E)CI.

Proof. We show first that & C Y. To this end, let p € E. We need to show that
for each t € N, p; € 05S. Solet t € N and y € S be given. We need to show that
Y(y) € pt. So suppose instead that S\P(y) € pr. Then B={7€ Z : q, € W} is a
neighborhood of p'so pick & € BN Eyyy 1. Then x4 € ¥(y), a contradiction.

Next we show that I # () for which it suffices to show that each I ; o # 0 (because
if K C F,i<j,and a <6, then Ir;5 C Ix,iq). Solet K € Ps(S) and i, € N
be given. Pick a1 € (), cp P(y). For each t € {1,2,...,a}, pick m; € N such that
FP((ytn)pem,) € Nyex Py -a1). Let r = max{i} U {my:t €{1,2,...,a}} and let
Hy = {r}. Pick az € ;= Nyex P - a1-yer). Let @ = (a1, az) and let H = (Hy). Let
Tr=a1 Yur-a2 ift € {1,2,...,a} and z; = a; if t > @. Then ¥ € Ik ; 4.

Now we show that F is a subsemigroup of Y and [ is an ideal of E. To this end,
let p, ¢ € E. We show that p’- ¢ € F and, if either p€ I or € I, then p'- g€ I.

Let K € Py(S) and i, € N be given. We show that that p'- ¢ € clzEk ;o and, if
either pe I or ¢ € I, then - ¢ € clzIk ;. To this end, let a neighborhood U of p'- ¢
in Z be given. Pick v > a in N and for each ¢t € {1,2,...,~} pick A; C S such that

p-q€ ﬂ'ty:1 7Tt_l[A_t] cU.
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Then for each t € {1,2,...,7}, ps-q: € Ay so By = {x € S : 271 A; € ¢} € p;. Thus

7, m [ B;] is a neighborhood of ' in Z so pick

T € FkiaN;m *[Bt]

with @ € I ;o if p'€ I. Then we have that for each ¢t € {1,2,...,a}, x4 € (), P(y)-
If # € Ik,ia, pickm €N, @€ S and H € T,, such that min H > i and for
eacht € {1,2,...,a}, z; = w(c?,ﬁ],t). If ¥ € Ix;a, let j = max Hy, + 1. Otherwise let
7 = 1. In either case let F' = {y-xt:yeKanth {1,2,...,04}}.
Now, for each t € {1,2,...,a}, we have z; € By, so

v, YA ={z€P(xy) w2 € Aty €.
Thus (),_, m*[x:~1A:] is a neighborhood of ¢ in Z so pick
7€ Epja oy me o A

with 2 € Ip o if ¢ € I. Then we have that for each ¢t € {1,2,...,a}, zt € () cp P(y).
If 7€ Ipja, pick n € N, b e Sntland G € I, such that min G > j and for each
te{1,2,...,a}, z = w(b,G,t). Then directly we have that 7- 7 € Ni— 7 A ] CU
so we need only show that -2 € Ex ;o With &2 € Ik ;o if p€ I or ¢ € I. First let
te{1,2,...,a} and let y € K. Then z; € $(y) and y - x; € F so z; € P(y - x¢) and
hence x; - z; € $(y). We now consider four possibilities:
(1) £¢ Ixiqand Z¢ I q.
Then pick a € ﬂyeK ©Y(y) such that for all t € {1,2,...,a}, z; = a and pick b €
Nyer $(y) such that for all ¢t € {1,2,...,a}, 2 = b. Then for all t € {1,2,...,a},
Ttz =0a-bso T -Z€ Eiq.
(2) ¥€lkqand 2¢ Ip ;.
Then pick b € (,cp $(y) such that for all ¢ € {1,2,...,a}, z = b and let ¢ =
(ar,a9,...,0m,amy1 + b). Then for t € {1,2,...,a}, x; - 2z = w(c,H,t) so that
T-Z€lKa.
(3) T¢ Ik,iq and Z € Ip .
Then pick a € (,cx P(y) such that for all ¢t € {1,2,...,a}, », = a and let ¢ =
(@-b1,ba, ..., bpy1). Then for t € {1,2,...,a}, x4z = w(¢,G,t) so that T- 2 € Ik ; o-
(4) £ €Ik iqand Z€ I q.
Then let @ = (ay,az, ..., am,am+1 - b1, b2, ..., bos1) and let J = (Hy, Ho, ..., Hy, Gy,
Ga,...,Gy). Then J e Tmsn and for all t € {1,2,...,a}, x¢ - 2t = w(C, j,t) so that

r-zZe IK,i,a-
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To complete the proof of the lemma, we need to show that ENK(Y) = K(E) C 1
and for any p € K(0S), p € EN K(Y). For this, it suffices to let p € K(65) and show
that p € E. For then 5 € EN X o, K(6S) and X ;= K(6S) = K(Y) by [9, Theorem
2.23] so that p € EN K(Y). Since ENK(Y) # () we have by [9, Theorem 1.65] that
K(E)=FENK(Y) and since [ is an ideal of E, K(E) C I.

So let U be a neighborhood of p in Z and let K € P;(S) and i, € N. We need to
show that U N Fk ;o # 0. Pick v > « in N and for each t € {1,2,...,~} pick A4, C S
such that p € ()_; m [A;] CU. Let A=()_, A;. Then A € p and Nyex $y) €p
so pick a € AN(,cx P(y). Then @ € B ;0 NN, A O

5.4 Theorem. Let S be a layered partial semigroup with k layers and let (F,)*_, be
a layered action on S. Let Sy, S1,...,Sk be as in Definition 3.1 and let G1,Go, ..., Gk
be as in Definition 3.9.

For eachl € N, let (y; n)o2; be an adequate sequence in S,. Form € N, d € S,

H e, andl €N, let

w(67 ﬁ? l) = (Hgl(az : HtGHi yl,t)) *Am41 -

Let r € N and let S = \J,_, C;. Then there exist v : {1,2,....k} — {1,2,...,r} and
sequences (m(n))°, (@), and (H,)2>, such that
(a) for each j € {1,2,...,k}, Cy;yNS; is central in Sj;
(b) for each n € N, m(n) € N, a,, € S+ and H, € Ton(n)s
(c) for each n € N, max H,, () < min Hy, 1115 and
(d) for every f: N — N such that f(n) < n for eachn € N and for every j € {1,2,
-k}

{Ilcr gn(w(a},lfn,f(n))) : FePsN), g, € Uzzl G; for eachn € F,
and there exists n € F such that g, € G;} C C,y(j) )

Further, v(1) can be any i € {1,2,...,r} such that C; NSy is central in Sy.

Proof. Choose v(1) € {1,2,...,r} such that C,;y NS, is central in ;. Choose a
minimal idempotent p in 457 such that C, ;) N S1 € p and choose p1,po, ..., pr With
p1 = p as guaranteed by Theorem 3.8. For each i € {2,3,...,k} choose v(i) € {1,2,
...,r} such that C, ;) N S; € p;.

For each K € Py¢(Sk) and each i,a € N, let I ;o and Ex ;o be as in Lemma
5.3 applied to the semigroup Si. Also let Z, Y, E, and I be as in Lemma 5.3. We
inductively construct sequences (m(n))o2 . (@)%, (H,)2,, and for each i € {1,2,

..., k} asequence (4;,)7; in p;, such that
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(1) for each n, m(n) € N, a,, € S g e Tpn(n), and if n > 1, then
min Ay, 1 > max H,,_1 yy(n—1);

(2) for j € {1,2,...,k},neN, g€ G;,and |l € {1,2,...,n}, g(w(a},]fn,l)) €
Ajn;

(3) fori,j€{1,2,...,k},neN,geG,,and l € {1,2,...,n},
g(w(a_ﬁ,H_)n,l))_lAmax{i,j}yn € pi;

(4) for i € {1,2,...,k} and n € N,

Ainyr = AinN ﬂ;zl ﬂgegj Ni=; (g(w(a_;l, H,, l))_lAi’n)
=i Nyeg, Mt (o(wdn, D)™ Aj) 5 and
B)ifneN 0§ #£FC{l,2...,n}, b =minF, f: F — N, f(u) < u for
every u € F, g : F — Ule Gi, and @ = max{t : g[F] NG, # 0}, then
[Lier 9(w) (w(a}},[—fu,f(u))) €Aip.

For i € {1,2,...,k}, let A;; = Cy;) N S;. Let n € N and assume that for each
ie{l,2,...,k}, we have A, ,, € p;. By Lemma 3.11(c), we have for any 7,5 € {1,2,...,
k} and any g € G;, {w € S : g(w)_lAmaX{m}m € pi} € pr. By Lemma 3.11(b), for any
j€{1,2,...,k} and any g € G;, g~ '[A; ] € px. Let

k k —
B = ﬂi:l mjzl mgegj {w S Sk: : g(w) 1Amax{i,j},n S pz}
k _
NN ﬂgegj 9 Ajn].
H

Then B € pi. If n =1, let t = 1. Otherwise m(n — 1) and H,,_; have been chosen and
we let t = max H,, 1 ;p(n—1) + 1. If n =1, let K be any member of P;(Sy). Otherwise
let
K = {[Tuer 9u(w(an, Hy, f(w)): 0#F C{1,2,....,n—1}, f(u) € {1,2,...,u}
for each u € F, g, € JF_, G; for each u € F,
and there exists u € F' such that g, € G} .
By hypothesis (5), K C Si. Since each G, is finite by Lemma 3.11(a), we have that K
is finite.
Let = (Pk, Pk, Dk, - --)- By Lemma 5.3, p € I. Let D = (\;_, 7; '[B]. Then D is
a neighborhood of p in Z so pick ¥ € D N Ik 4. Pick m(n) € N, a;, € S+ and
H, € T pn(n) such that min H,,; >t and for all s € {1,2,...,n}, v, = w(a},ffn, s) and
Ts € ﬂyeK ¥s, (y). Notice in particular that for each s € {1,2,...,n}, w(a}’L,an, s) €
B.
Now for each ¢ € {1,2,...,k} let A; ,,+1 be as required by hypothesis (4). Then
hypotheses (1), (2), and (3) hold directly, and A; ,,+1 € p; by hypothesis (3).
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To complete the construction as well as the proof of the theorem, we verify hypoth-
esis (5). (The conclusion of the theorem follows because each A;;, C A; 1 € Cy;y.) So
let ) # F C {1,2,...,n}, let b=minF, let f : F — N such that f(u) < u for every
ueF letg: F— Ule G, and let i = max{t : g[F] N Gy # 0}. We need to show that
[Tocr 9(w) (w(ar, H,, f(w))) € A;p, which we do by induction on |F]|.

If F = {b}, by hypotheses (2) and (4), g(b)(w(ds, Hy, f(b))) € Ain C Aip. So
assume that |F| > 1, let G = F\{b}, let ¢ = min G, and let s = max{v : g[G] NG, # 0}.
We have by induction that

[T 9@ (w(di, Ha, f(w))) € Age C A -
ueG
Pick j € {1,2,...,k} such that ¢g(b) € G, and note that i = max{j, s}.
Case 1: i = s (so s > j). Then
1T 9@ (w(d, Ha, f(w)) € Agprr € (9(b) (w(db, He, £(b))))
ueG
and 50 [],cp 9(uw) (w(ay, _)u,f(u))) € Asp = Aip.
Case 2: 1 = j (so s < j). Then
T 9w (w(d, H, £(w)) € Asprr € (9(0) (w(ds, Hy, £5)))) " Ajp

ued@

and so HuEF g(U) (w(a:w ﬁ’tﬂ f(U))) € Aj,b = A’i,b- U

—1
As,b

In the event that the partial semigroup S is commutative (which means that when-
ever either z -y or y - = are defined, they both are defined and are equal), the statement

of Theorem 5.4 becomes considerably simpler.

5.5 Corollary. Let S be a commutative layered partial semigroup with k layers and
let (F,)k_, be a layered action on S. Let Sy, S1,...,Sk be as in Definition 3.1 and let
G1,Ga,...,Gk be as in Definition 3.9.

For each | € N, let (yin)02, be an adequate sequence in Sy. Let r € N and let
S =U._,Ci. Then there emist v :{1,2,....k} — {1,2,...,r} and sequences (b,)>>,
and (Gn)52, such that

(a) for each j € {1,2,...,k}, C ;)N S; is central in Sj;

(b) for each n € N, b, € S, and Gy, € P¢(Sk);

(c) for each n € N, maxG,, < min G, y1; and

(d) for every f : N — N such that f(n) < n for eachn € N and for every j € {1,2,

.k},
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{IL.cr gn(bn : HteGn yf(n),t) i FePyN), g, € ngl G; for eachn € F,
and there exists n € F' such that g, € G;} C Cv(j) .

Further, v(1) can be any i € {1,2,...,r} such that C; NSy is central in Si.

Proof. Choose v:{1,2,...,k} — {1,2,...,r} and sequences (m(n))>°,, {(a,)5,, and
(ﬁn>zo:1 as guaranteed by Theorem 5.4. For each n, let b, = HZ&”Hl an,; and let
G, = U?l({l) H, ;. Then given F € P¢(N), f : F — N with f(n) < n for each n, and

g:F— Ule G, we have

[Ler 9(n) (bn : HteGn yf(n),t) =[I,er 9(n) (w(a}'b,ﬁn, f(n))) : ]

6. Remarks and questions

Let us take a look at results of this paper from a somewhat different angle. If (z,,)0%, is
a sequence in a partial semigroup S and H is a set of partial semigroup homomorphisms
from S to itself, let ({(x,)p2; )y be the ‘closure’ of (x,,)52; with respect to H and the
semigroup operation. Namely, if cl(H) is the set consisting of all compositions of maps

from H U {¢}, let
{(rn)pi Dy = {HzeF gi(x;) :F € P#(N),g; € cl(H) for all i € F
and [[;cp gi(z;) is defined} .
6.1 Problem. For each k € N, describe the class of triples (S,S’,’H) such that S is a
partial semigroup, S’ is an ideal of S, and H is a set of partial semigroup homomor-

phisms from S to itself such that for every r € N and every partition S = U§:1 C; there

is a sequence (Xy)2> 1 included in S’ such that the set

{.7 S {1727"'77} : G<xn>$zo:1 DHﬂCj + (Z)}

has at most k + 1 elements.

The requirement that (x,,)52; is included in S’ is there to assure that all x,,’s are
‘large’ in some prescribed sense, as this is usually required in applications. Let us show

that we already have a substantial class of such triples (S, S, H).

6.2 Theorem. If S is a layered semigroup with k layers, (F,)_, is a layered action
on S, (G,)E_, is as in Definition 3.9, and H = Uszl Gn, then for all r € N and every
partition S = \J;_, C; there is a sequence (xn)52; included in the top layer such that

the set {j € {1,2,...,r} : {{zn)ply Dy N Cy # 0} has at most k + 1 elements.
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Proof. This is an immediate consequence of Theorem 3.13 and the fact from Lemma
3.10 that cl(H) € H U {e}. (The set {j € {1,2,...,7} : ({{wn)5Zi Py NC; # 0}
might have k + 1 elements rather than just k& because it is possible, indeed likely, that
e € (((@n)nZy D) O

6.3 Conjecture. If S is a free semigroup with identity e and S’ is an ideal of S, then

for every set H of homomorphisms from S to itself and every | € N\ {1}, the following
are equivalent:

(1) For allr € N and every partition S = U§:1 C; there is a sequence (x,)0>, included

in ' such that the set {j € {1,2,...,7} : ({({zn)52y Dy NC5 # 0} has at most 141
elements.

(2) There exist a partial subsemigroup R of S and k € {2,3,...,1} such that
(a) R is a layered partial semigroup with k layers, S1,Sa,...,Sk;
(b) Sx CS'; and
(c) if for each n € {1,2,...,k},

Gn={fir: €M, fIRIC UL, Si, and fIR\NUZy Si # 0},
then the conclusion of Theorem 3.13 is satisfied.

It is trivial that (2) implies (1) for arbitrary semigroups.

The following result is related to Conjecture 6.3.

6.4 Theorem. Let S be a layered semigroup with two layers, let So, S1, and Sy be
as in Defintion 3.1, and let f be a homomorphism from S to Sy U Si. The following
statements are equivalent.

(1) For every r € N and every partition S = |J;_, C;, there exist a sequence ()52,

in Se and y(1),v(2) € {1,2,...,7} such that
G<{En>%o:1 D{f} ns; ¢C C,y(l) and

{lzn)nzi Diny NS2 S Gy
(2) There is a sequence ()02 1 in So such that either
(a) f?(x,)=e for alln or
(b) f3(x,) = f(xn) for all n.
(8) There exist idempotents py € 5S1U{e} and py € 35Sy such that py < p1, f(pz) = p1,
and either f(p1) = py or f(p1) =e.
(4) Either there exists y € So such that f(y) = e or there is a subsemigroup R of S
which is a layered semigroup with two layers (where Ry = {e}, Ry = RN Sy, and
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Ry = RN Sy are as given by Definition 3.1) such that, with Fo = {fir}, (Fn)i_s

s a layered action on R.

Proof. (1) implies (2). Let g be a function from S to S such that g(x) = f(x) if
f(z) # z and g(x) € S\{z} if f(x) = x. Then ¢ has no fixed points so pick by
Katetov’s Theorem [9, Lemma 3.33] sets C, C1, and Cs such that S = Cy U C; U Cy
and C; N g[C;] = 0 for each i € {0,1,2}. Pick i € {0,1,2} and a sequence (x,)>
in Sy such that ({(z,)52,))py NS1 € C;. If for infinitely many n’s, f*(z,) = e
then conclusion 2(a) holds. Thus we may assume that for all n, f?(x,) # e (and in
particular, since f is a homomorphism, f(z,) # e). Consequently, for all n € N, we have
that f(x,), f?(x,) € C;. We claim that for all n, f?(z,) = f(x,). So suppose instead
that we have some n with f?(z,) # f(zn). Then g(f(zn)) = f2(zn) € C; Ng[Ci], a

contradiction.

(2) implies (3). For m € N, let
Wi ={Ilher f*(@n): FE€PyN), minF >m, {a,:neF}C{0,1},
and some «;,, = 0}
and let Vy,, = {[],,cp f(zn) : F € P¢(N) and min F' > m}.

Let X = ~_, clgs(Wy,). Since Sy is an ideal of S, we have that W; C Sy and so
X C (3S5. We claim first that X is a subsemigroup of 3S5. To see this, let p,q € X and
let m € N. To see that W,, € p- q, we show that W,,, C{y € S :y~ W, € ¢}. To this
end let y € W, and pick F' € P¢(N) and {o, : n € F} C {0,1} such that min F' > m,
some o, =0, and y =[], cp f*"(zn). Let | = max '+ 1. Then W; C ytW,,.

Thus X is a compact right topological semigroup so pick an idempotent ¢ € X.
Now, by [9, Corollary 4.22], f: BS — (S is a homomorphism. Let p; = f(q) Then p;
is an idempotent. Further p; € 3S; U {e}. If p; = e, let po = ¢ and we are done. So
assume that p; € 55].

We claim that for each m € N, V,,, € py, for which it suffices that f[W,,] C V,,.
So let m € N and let y € W,,,. Pick F' € P¢(N) and {a,, : n € F} C {0,1} such that
min F > m, some o, = 0, and y = [[,,cp f*"(xn). If for each n, f*(z,) = e, then
f() =T1l,eq f(@n), where G = {n € F : a, = 0}. If for each n, f?(z,) = f(2y), then
f(y) = HneF f(xn)

If for each n, f2(z,) = e, then f[Vi] = {e} so that f(p;) = e. If for each n,

f?(zn) = f(xn), then f is the identity on V; so that f(p1) = p1. In either case we have

that f(p1) - p1 = p1-
Now we claim that p;- X C X and X-p; € X. To thisend, let » € X and let m € N.
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To see that W,,, € p1 - r one checks as in the proof that X is a semigroup, that for each
y € V,, there is some [ € N such that W; C y~'W,, so that V,, C {yes: y W, € r}.
To see that W,,, € r - p1 one checks that for each y € W, there is some [ € N such that
V, Cy W, sothat W,, C{y € S:y W, € p1}.

Now by Lemma 4.3(b) (with H = {f}) pick ps € X with ps < p; and f(p2) = p1.

(3) implies (1). Assume first that p; = e. Then since f(ps) = e, there is some y € S
such that f(y) = e. Then for alln € N, f(y™) = e. Pick by the Finite Products Theorem
[9, Corollary 5.9] some sequence (x,,)0%; in {y™ : n € N} and v(2) € {1,2,...,r} such
that {J[,cp on : F € Pr(N)} C Cy2y. Then ({((zn)ply sy = e} U{llep on: F €
Pr(N)}.

Now assume that p; € 35;. If f(pl) = p1, then by [9, Theorem 3.35] {z € S :

flx)=ax} eprso{xr e Sy: f2(x) = fla)} € pa. If f(p1) = e, then {w € Sy : f(x) =
e} € p1 so{x € Sy : f3(xr) = e} € pa. Thus, in either case, {x € Sy : f?(z) = f(x) or
f?(x) = e} € pa. For each m € Nlet By, = {x € Sy : f2(x) = f(z) or f*(z) = e} and
let By =51

Let Fo = {f}, G2 = {ts}, and G1 = {f}. Let r € N, let S = {J._, C;, and pick
v(1),7(2) € {1,2,...,r} and a sequence (z,)52; in So as guaranteed by Lemma 3.12.

To complete the proof, we need to show that

((n)nzs Diry N S2 S {Ilher nlan) 1 F €Ps(N), {gn:n € F} C{tg, f}
and g,, = tg for some n}

and ({{zn)nZ1 Diry N 51 € U lner f(2n) : F € Pr(N)}.

For the first of these inclusions, let y € ({(zn)p=y ))is} N S2. Pick F' € Py(N)
and {a, : n € F'} C wsuch that y =[], cp O (2n). Let G ={n € F:a, =0or
fé(x,) = f(xn)}. Since each x,, € By 1, we have that, if n € F\G, then f*(z,) =,
soy = [I,eq fo(zn) where §,, = min{e,, 1}. Further, since y € S», some §,, = 0.

For the second inclusion, let y € ({{(zn)ney )15y N S1. Pick F' € P¢(N) and {a, :
n € F'} C wsuch that y = [[,cp f*(z,). Since Sy is an ideal of S we have that
each a, > 1. Let G = {n € F: f*(z,,) = f(x,)}. Since each z, € By, we have if
n € F\G, then f*(z,) = e. Further, y € S; so G # 0. Thus y = [],.cc; f(@n).

(2) implies (4). If for some n, f(z,) = e, the first alternative of (4) holds, so
assume that for each n, f(x,) # e. Let R be the subsemigroup of S generated by
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{e}U{x, :neN}U{f(x,):neN} let Ry = RNSy, and let Ry = RN Se. Then

R = {[I", f(z,,): me€N,(n;)™, is a sequence in N,
and (a;)™, is a sequence in {0,1}} U {e},

Ry = {[IZ, fY(zpn,): meN,(n;)™, is a sequence in N,
(o)™ is a sequence in {0,1}, and some «a; = 0}, and

Ri = A{IlZX, f(zn,): meNand (n;)!, is a sequence in N} .

Using these characterizations it is easy to see that if for all n, f?(z,) = e, then fir is a
shift on R with f[Ro U R;] = {e}, and if for all n, f%(z,) = f(z,), then the restriction
of f to Ry U R; is the identity.

(4) implies (1). We showed in the proof that (3) implies (1) that the existence of
some y € Sy such that f(y) = e implies (1). So assume that we have a layered semigroup
as in (4). Let G2 = {tr} and let G; = {fir}. Pick v(1), v(2), and a sequence (z,)n2,
in Ry as guaranteed by Theorem 3.13. Since (F,)2_, is a layered action on R, we have
that f|R2 = fir or f|R2 =¢ and thus

({en)nzy Dipy N S2 = {Ilhep gn(en) : F € Pr(N), {gn :n € F} C {tr, fir}
and g, = tg for some n}

and ({(zn)7Z1 Dy NS1 = A{Ilnep f(@n) : F € Pp(N)}. O

Notice that the option in statement (4) that some y € Sy has f(y) = e cannot be
simply omitted. To see this, let S be any layered semigroup with two layers and let
f =e. Let R be any subsemigroup of S which has Ry = RNSs # ) and Ry = RNS1 # 0
(as is required if these are to be layers of R). Then f[Rs] is not central® in R; and
JIRoUR, 18 not the identity. The same example shows that the possibility that p; = e in

statement (3) cannot be eliminated.

Notice also that the requirement in statement (3) that f(p1) = p1 or f(p1) =
e cannot be simply omitted. To see this, let So = W({a,b,c})\W({a,b}), S1 =
W ({a,b})\{e}, and Sy = {e}. Let f : S — S be the homomorphism with f(c) = b,
f(b) = a, and f(a) = e. Then, letting Cy = W({a}), C1 = W({a,b})\W({a}), and
Cy = Sy, if (x,)%, is any sequence in S, then f(z1) € C1 and f2(x2) € Cp, while both
are in ({{zn)n21 )){f} N S1. On the other hand, taking p; to be a minimal idempotent
in BC one produces ps € (35S with po < p; and f(pg) = p1 as in the proof of Theorem
3.8.

It would of course be interesting to see whether Theorem 3.13 can be strengthened

by relaxing the definition of action. Theorem 6.4 suggests that the only possible way
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to do so is by allowing more than one shift at each transition between layers (i.e., by
allowing (1)(b) of Definition 3.3 to hold for more than one member of F,,, perhaps with
some other restrictions). To support this claim, let us note that the above proof shows
that (1) implies (2) in a more general case when f is replaced by an arbitrary finite set

of homomorphisms.

6.5 Question. Let S be a layered partial semigroup and let H be a set of partial ho-
momorphisms satisfying the conclusion of Theorem 3.13. Is there necessarily a partial
subsemigroup R of S such that RN S is a layered partial semigroup with layers RN .S,
(n < k) and the restriction of H to R is included in Uizl Gn, where G,, are obtained

from some action on R as in Definition 3.97

A positive answer to Question 6.5 would suggest that Theorem 3.13 is rather opti-
mal. In Question 6.6 below we state a more modest variant of Question 6.5.

As pointed out earlier, the fact that we are unable to deal with more than one shift
at a time (see Theorem 4.2) is a bit annoying. It is curious that we were unable to find
a nontrivial example of a layered partial semigroup with two layers and two different

shifts to which the conclusion of Theorem 3.13 applies.

6.6 Question. Assume S is a layered semigroup with layers Sy, S1 and Sy. Are the

following equivalent for every set H of shifts of S into So U S1 ¢

(1) The conclusion of Theorem 3.13 holds.

(2) There is a subsemigroup R of S closed under all f € H and a shift g on R such
that RNS1 and RN S are nonempty and for every f € H we have either fijr = g|r

or fR] = {e}.

By Theorem 3.13, (2) implies (1). Thus a positive answer to Problem 6.6 would
be a sort of a converse to Theorem 3.13 in case k = 2, suggesting that at least in this
case this theorem is optimal. We were able to give a positive answer to Question 6.6 in
case when S = W(X U {a}), So = W(XU{a}) \ W({a}), S1 = W({a}) \ {e} for some
finite alphabet Y. This result suggests that, at least in the case of free semigroups,
Question 6.6 has a positive solution. Its proof will appear elsewhere.

Let us finish with a variation of Problem 6.1.

6.7 Problem. Describe the class of triples (S, S’,H) such that S is a partial semigroup,

S’ is an ideal of S, and H is a set of partial semigroup homomorphisms from S to itself

o

such that for every r € N and every partition S = U§:1 C; there is a sequence (X, )5,

included in S and j € {1,2,...,7r} such that ({{(zn)p2q )y NS" C Cj.
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