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Abstract. Furstenberg’s original Central Sets Theorem applied to central subsets of
N and finitely many specified sequences in Z. In this form it was already strong enough
to derive some very strong combinatorial consequences, such as the fact that a central
subset of N contains solutions to all partition regular systems of homogeneous equations.
Subsequently the Central Sets Theorem was extended to apply to arbitrary semigroups
and countably many specified sequences. In this paper we derive a new version of the
Central Sets Theorem for arbitrary semigroups S which applies to all sequences in S
at once. We show that the new version is strictly stronger than the original version
applied to the semigroup (R,+). And we show that the noncommutative versions are
strictly increasing in strength.

1. Introduction

In [3] Furstenberg defined a central subset of the set N of positive integers in terms of
some notions from topological dynamics. He showed that if N is partitioned into finitely
many classes, one of these classes contains a central set. Then he proved the following

theorem. (For any set X, we write Py(X) for the set of finite nonempty subsets of X.)

1.1 The Original Central Sets Theorem (Furstenberg). Let [ € N and for each
ie{1,2,...,1}, let (yin)o2q be a sequence in Z. Let C' be a central subset of N. Then
there exist sequences (an)peq in N and (H, )72, in Pr(N) such that

n=1

(1) for all n, max H,, < min H,, 11 and
(2) for all F € Py(N) and all i € {1,2,...,1}, > cp(an+ ey yit) €C.

Proof. [3, Proposition 8.21]. 0
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He pointed out that an immediate consequence is that whenever N is divided into
finitely many classes, and a sequence (x,)>°; is given, one of the classes must con-
tain arbitrarily long arithmetic progressions with the increment d € FS({x,)22,) =
1D oner Tn: F € Pr(N)}. (To see this, let [ € N and for i € {0,1,...,1} let y; , = i- 2y,
Pick a cell of the partition which contains a central set C' and pick (a, )52, and (H, )52,
as guaranteed by the Central Sets Theorem. Now throw away all but the first term of
each sequence. Let d =,y 4. Thenfori € {0,1,...,l}, ax+id = a1+ ;cpy, Vit €
C'.) Furstenberg also used central sets to prove Rado’s Theorem [7] by showing that any
central subset of N contains solutions to all partition regular systems of homogeneous
linear equations.

Subsequently, after looking at an early draft of the paper [4] by Furstenberg and
Katznelson which derived Ramsey Theoretic results using idempotents in enveloping
semigroups, Vitaly Bergelson had the idea that one might be able to derive the con-
clusion of the Central Sets Theorem for a set C' C N which had an idempotent in the
smallest ideal of AN in its closure. (Here N is the Stone-Cech compactification of N.
We shall present a brief introduction to its structure later in this section.) He was right.

This suggested the following definition which makes sense in any semigroup.

1.2 Definition. Let S be a discrete semigroup and let C' be a subset of S. Then C'
is central if and only if there is an idempotent p in the smallest ideal of 55 such that
p € clC.

In [1] it was shown, with the assistance of B. Weiss, that a subset C' of N is central
according to Definition 1.2 if and only if C' is central according to Furstenberg’s original
definition. Furstenberg’s original definition extends naturally to an arbitrary semigroup
and in [8] Hong-ting Shi and Hong-wei Yang showed that this extended definition is
equivalent to that of Definition 1.2.

In [2], the Central Sets Theorem was extended to arbitrary semigroups. The ver-
sion for commutative semigroups extended Theorem 1.1 by allowing the choice of the
sequence which was used to vary as n varied. (We shall deal with noncommutative ver-
sions later.) For purposes of comparison with the noncommutative versions we introduce

the following notation.

1.3 Definition. Let (S,+) be a commutative semigroup, let a € S, let H € P#(N),
and let (y;)72; be a sequence in S. Then z(a, H, (y:)21) = a+ > ,cny Y-

With this notation conclusion (2) of Theorem 1.1 becomes “for all F' € P¢(N) and
all i € {1,2,...,0}, > cp 2(an, Hn, (yi,1)2,) € C
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1.4 Theorem. Let (S, +) be a commutative semigroup. Letl € N and for each i € {1,2,
ool et (Yin) 22y be a sequence in S. Let C' be a central subset of S. Then there exist
sequences (an)p>q in S and (Hy)o>, in P¢(N) such that

(1) for all n, max H,, < min H, 11 and
(2) for all F € Pr(N) and all f: F — {1,2,...,1}, >, cp @(an, Hn, (Yrm),i21) € C.

Proof. [2, Corollary 2.10]. O

The alert reader may have noticed that in Theorem 1.1 C' is central in N while
the sequences (y; n)ne, are allowed to come from Z. It is a fact, which follows from [6,
Exercise 4.3.5 and Theorem 1.65], that any set central in (N, +) is also central in (Z, +),
so Theorem 1.1 does follow from Theorem 1.4.

In [6] we extended the Central Sets Theorem further by dealing with countably
many sequences at a time. The straightforward extension of Theorem 1.4 to count-
ably many sequences (in which conclusion (2) would read “for all F' € Pf(N) and all
[ F =N, Y cp @(an, Hy, (Ypmn),e)i21) € C”) is not valid. One can see this because it
would easily imply that any central set in N, and thus one cell of any finite partition of
N, would contain infinite arithmetic progressions. One needs to restrict oneself to deal-
ing with finitely many sequences at one time, so we use the following set of functions.
Given sets X and Y, we write XY for the set of functions from X to Y.

1.5 Definition. ® = {f € NN : for all n € N, f(n) < n}.

1.6 Theorem. Let (S,+) be a commutative semigroup and for each i € N, let (y; n)o%,
be a sequence in S. Let C' be a central subset of S. Then there exist sequences {a,)$ 4
in S and (Hyp)s>, in P¢(N) such that

(1) for all n, max H,, < min H, 1 and

(2) for all F € Py(N) and all f € ®, Y _p x(an, Hn, (Ypm)e)i21) € C.

Proof. [6, Theorem 14.11]. 0

In this paper we prove an extension of the Central Sets Theorem for commutative
semigroups which applies to all sequences in S at once and we prove the corresponding
extension for the Central Sets Theorem for noncommutative semigroups.

In Section 2 we shall derive the new commutative version. We shall also show
that there exist commutative semigroups, including (R, ), in which the conclusion
of Theorem 1.4 is strictly stronger than the obvious generalization of Theorem 1.1 to

arbitrary commutative semigroups.



In Section 3 we shall derive the new noncommutative version and investigate those

members of 35 all of whose members satisfy the new Central Sets Theorem.

In Section 4 we shall show that in the free semigroup on w; generators the new
Central Sets Theorem is strictly stronger than the noncommutative version of Theorem
1.6. We shall also show in that section that in the free semigroup on ¢ generators, the
noncommutative version of Theorem 1.6 is strictly stronger than the noncommutative
version of Theorem 1.4 which is in turn strictly stronger than the noncommutative

version of Theorem 1.1.

We now present a very brief review of basic facts about (3S5,:). For additional

information see [6].

Given a discrete semigroup (S, -) we take the points of the Stone-Cech compactifi-
cation 35 of S to be the ultrafilters on S, the principal ultrafilters being identified with
the points of S. Given A C S, A= {p€ 35S : A c p} and the set {A: A C S} is a basis
for the open sets (and a basis for the closed sets) of 3S. Given p,q € 8S and A C S,
Aep-qgifandonlyif {x € S: 27 1A € q} €p, wherez7'A={ye S :x-yec A}
In particular, the operation - on 35S extends the operation - on S. If the operation is
denoted by +, then A € p+ ¢ if and only if {x € S : —z + A € ¢q} € p. The reader
should be warned however, that even if S is commutative, 55 seldom is. In particular
the algebraic centers of (BN, ) and (SN, +) are both equal to N.

With this operation, (3S,-) is a compact Hausdorff right topological semigroup
with § contained in its topological center. That is, for each p € S, the function
pp : BS — BS defined by p,(¢) = ¢ - p is continuous and for each x € S, the function
Az : 3S — BS defined by A\.(¢) = x - ¢ is continuous. A nonempty subset I of a
semigroup 7' is a left ideal provided T - I C I, a right ideal provided I -T C I, and a
two sided ideal (or simply an ideal) provided it is both a left ideal and a right ideal.

Any compact Hausdorff right topological semigroup 7" has a smallest two sided
ideal K(T') = |J{L : L is a minimal left ideal of T'} = [J{R : R is a minimal right ideal
of T'}. Given a minimal left ideal L and a minimal right ideal R, LNR is a group, and in
particular contains an idempotent. An idempotent in K (T') is a minimal idempotent. If
p and q are idempotents in T" we write p < ¢ if and only if pg = qp = p. An idempotent
is minimal with respect to this relation if and only if it is a member of the smallest
ideal.

Thus a subset C of S is central if and only if it is a member of a minimal idempotent

of 3S.



2. The new commutative Central Sets Theorem

As with the older versions, the new Central Sets Theorem for commutative semigroups
is a consequence of the general result for all semigroups. However, the commutative
version is much simpler to state, and so we present its derivation separately.

We present a nearly self contained proof, relying only on a few basic facts about
compact right topological semigroups. We do this to make clear the simplicity of the
proof of the new Central Sets Theorem. We begin with the following special case of
Theorem 1.4. A subset C of S is piecewise syndetic if and only if C N K(B8S) # 0. In
particular any central set is piecewise syndetic.

As the referee pointed out, the following theorem is an immediate consequence of
the corresponding result which does not require that min H > m. (One may simply
delete the first m terms of each sequence.) However, we need this version, and it is no

harder to prove than the superficially more restricted version.

2.1 Theorem. Let (S,+) be a commutative semigroup and let | € N. For each
ie{1,2,...,1}, let (Yin)o>y be a sequence in S. Let C be a piecewise syndetic subset
of S and let m € N. There exist a € S and H € P¢(N) such that min H > m and for
each i € {1,2,...,1}, z(a, H,(y; +)i2,) € C.

Proof. Let Y = XizlﬂS. Then by [6, Theorem 2.22] Y is a compact right topological

semigroup and if s € X ft:lS , then A is continuous. For ¢ € N, let
I = {(z(a, H, (y1,0)21), - - . xla, H, (y1,1)i21)) :a € S, H € P¢(N), and min H > i}

and let E; = I, U{(a,a,...,a) :a € S}.

Let E =2, E; and let I = (N2, I;. We claim that E is a subsemigroup of Y and
I is an ideal of E. To this end, let p,q € E. We show that p+ ¢ € E and if either p € I
orq € I, then p+q € I. Let U be an open neighborhood of p+¢ and let ¢ € N. Since p,
is continuous, pick a neighborhood V of p such that V + ¢ C U. Pick x € E; NV with
zelifpel Ifxel;sothat x = (x(a, H, (y1,4)2), ..., x(a, H, (y14)52,)) for some
a € S and some H € Py(N) with min H > i, let j = max H. Otherwise, let j = 4. Since
A is continuous, pick a neighborhood W of ¢ such that x + W C U. Picky € E; N W
withy € I;if g € I. Then x+y € E;NU and if either p € T or ¢ € I, then x+y € I;NU.

By [6, Theorem 2.23] K(Y) = Xile(ﬁS). Pick p € K(8S)NC. Then p =
(p,p,...,p) € K(Y). We claim that p € E. To see this, let U be a neighborhood of
P, let © € N, and pick Aq, As, ..., A; € p such that Xf&:lzt C U. Pick a € ﬂf::1 Ay
Then @ = (a,a,...,a) € UNE;. Thus p € K(Y) N E and consequently K(Y) N E # (.
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Then by [6, Theorem 1.65], we have that K(F) = K(Y)NE and so p € K(E) C I.
Then I,,, N Xile’ # () so pick z € I,,, N Xile and pick a € S and H € P;(N) with
min H > m such that z = (:I:(a, H, (y1.4)521)s---,x(a, H, (ylyt>§§1)). O

The following is the new Central Sets Theorem for commutative semigroups.

2.2 Theorem. Let (S,+) be a commutative semigroup and let T = NS, the set of

sequences in S. Let C' be a central subset of S. There exist functions o : Py(T) — S

and H : P¢(T) — Ps(N) such that

(1) if F,G € P¢(T) and F' C G, then max H(F') < min H(G) and

(2) whenever m € N, G1,Go,...,Gp € Pp(T), G1 C G2 S ... G G, and for each
i€{1,2,....,m}, (Yin)ilq € Gi, one has >_.- | x(a(G;), H(G;), (yi1)521) € C.

Proof. Pick a minimal idempotent p of 55 such that C' € p. Let
C*={zxeC:—x+Cep}.

Since p + p = p, C* € p. Also by [6, Lemma 4.14], if z € C*, then —z + C* € p.

We define a(F) € S and H(F) € Ps(N) for F € P¢(7) by induction on |F|
satisfying the following inductive hypotheses:

(1) if @ # G C F, then max H(G) < min H(F') and

2 ifneN 0 #G CGC...C G, =F, and (fi).; € X;_,G;, then

> i 2(a(Gy), H(G), fi) € C*.

Assume first that F' = {f}. Pick by Theorem 2.1 a € S and L € P#(N) such that
z(a, L, (f(t))721) € C*. Let a({f}) = a and H({f}) = L.

Now assume that |F| > 1 and a(G) and H(G) have been defined for all proper
subsets G of F. Let K = (J{H(G):0 # G C F} and let m = max K. Let

M={3" 2(a(Gi),H(G), [i) :neN,0#£#G, S G2 S ... G, G F,
and (fi)i_; € X;_;Gi}.
Then M is finite and by hypothesis (2), M C C*. Let B = C* N[, ¢ (—x+C*). Then
B € p so pick by Theorem 2.1 a € S and L € Pf(N) such that min L > m and for each
feF, x(a,L,{f(t)2,) € B. Let a(F) =a and H(F) = L.

Since min L > m we have that hypothesis (1) is satisfied. To verify hypothesis (2),
letn €N let ) #G CGC ... CG, =F,and let (f); € X;_,G; If n = 1,
then > | z(a(G;), H(G;), f1) = z(a, L, f1) € B C C*. So assume that n > 1 and let
Yy = Z;:ll z(a(Gy), H(G;), fi). Then y € M so z(a, L, f,) € B C (—y + C*) and thus
S x(a(Gy), H(G,), fi) = y+ x(a, L, f,) € C* as required. O
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As a simple application, we present the following corollary which is not directly
derivable by a single application of Theorem 1.6. The point of the corollary is that an

arithmetic progression A is chosen which “works” for every length k and every sequence

<yn>720:1'

2.3 Corollary. Let C be a central subset of N, let (x,)7°; be a sequence in N, and let
l € N. There exista € N andd € FS((x,,)2 ) such that A = {a+d,a+2d,...,a+ld} C
C and whenever (y,)$2, is a sequence in N and k € N there will exist b € N and
ce€ FS((yn)o2,) such that B={b+c¢,b+2¢c,...,b+kc} CC and A+ B C C.

Proof. Pick functions a and H as guaranteed by the new Central Sets Theorem. Let
Fr={{zn)nZ1, Qon)nZy, - (lwn)5Zy ) Let a = a(F) and let d = 3, gy @i Given
(yn)oy and k, let G = F U {(yn)% 1, Cyn)o2q, ..., (kyn)2,}. Let b = a(G) and let

n=1

c= ZtEH(G) Yt- O

Honesty compels us to admit that we could have derived Corollary 2.3 by two
applications of Theorem 1.6, or even of Theorem 1.1, by first producing ¢ € N and
d € FS((xn)52 ) such that A = {a + d,a+ 2d,...,a + ld} C C* and then applying
Theorem 1.1 to the central set ﬂizl(—(a +d) +C%).

Notice that Theorem 1.6 is an easy consequence of Theorem 2.2. To see this, notice
that one can assume that the sequences in the statement of Theorem 1.6 are distinct.
Then given such sequences, for each n € N, let F}, = {(y1.4)521, (Y2.6) 7215 - - - » (Yn,t) 121}
and let a,, = a(F,) and H,, = H(F,).

We cannot prove that Theorem 2.2 is strictly stronger than Theorem 1.6 or even
Theorem 1.4. (In Section 4 we will show that the corresponding noncommutative ver-
sions are indeed strictly increasing in strength.) We can, however, show that Theorem
1.4 is strictly stronger than the obvious generalization of Theorem 1.1 to arbitrary

commutative semigroups which we state now.

2.4 Theorem. Let (S,+) be a commutative semigroup. Letl € N and for eachi € {1, 2,
ool et (Yin) 22y be a sequence in S. Let C' be a central subset of S. Then there exist
sequences (an)p>y in S and (Hy)o2, in P¢(N) such that

n=1

(1) for all n, max H,, < min H, 1 and
(2) for all F € Pr(N) and all i € {1,2,...,1}, 3, cp 2(an, Hn, (yi,4)2,) € C.

The following semigroup contains much of the known algebraic structure of SN and

occurs as a subsemigroup of 45 for many semigroups S. (See [6, especially Section 6.1].)
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2.5 Definition. H =", c/gn(2"N).

We shall need the following technical lemma. Recall that w = N U {0} is the first

infinite ordinal.

2.6 Lemma. Let (S,+) be a commutative semigroup with identity 0 and no other idem-
potents. Let m € N and for each i € {1,2,...,m}, let (yin)or, be a sequence in S.
Assume that 1) : w(%hs, ¥(0) = 0, and the restriction of{bv to H is an injective homo-
morphism, where @Z : Bw — BS is the continuous extension of 1. Assume further that
all idempotents of 3S\ S are in P[H]. Then for each r € N, there exists H € Ps(N)
such that min H > r and for all i € {1,2,...,m}, v (X ,cpy vit) €27 w.

Proof. Consider the semigroup (P¢(N),U) and denote the extended operation in
BPs(N) by & . (We cannot follow our usual custom of denoting the extended op-
eration by the same symbol as used for the original semigroup since pU g already means
something.) For each n € N let B, = {H € P¢(N) : min H > n}. Then by [6, Theorem
4.20], B=.—, clgp,(N)Bn is a subsemigroup of (8P(N), & ) so pick an idempotent
p € B. For each i € {1,2,...,m} define 6; : Py(N) — S by 0;(H) = > ,cy Vi

Now let i € {1,2,...,m} be given. By [6, Theorem 4.21], if 0; : BPs(N) — S
is the continuous extension of #;, then the restriction of 0; to B is a homomorphism.
Consequently, 6;(p) is either 0 or an idempotent in $[H]. Thus {/}V_l(évz(p)) is either 0
or is an idempotent in H. In any event, 27 - w is a neighborhood of ¢! (é; (p)) in Sw so
pick A; € p such that J‘l(@[z]) C2r - w.

Pick H € B, N(;~, A;. Then min H > r and for each i € {1,2,...,m},

¢_1(ZteH yi,t) = w_l(‘gi(ﬂ)) €2 w. 0

As noted before the proof of [6, Theorem 7.28] the word “metrizable” is not really

needed in the following theorem.

2.7 Theorem. For each v < ¢ let (S,,+) be a semigroup containing (w,+) with |S,| <
c. Assume further that either So = w or Sy is a countably infinite group which can
be mapped into a compact metrizable group by an injective homomorphism. Let S =
@... S.. Then there is a subset A of S which satisfies the conclusion of Theorem 2.4

but does not satisfy the conclusion of Theorem 1.4.

Proof. Given o < ¢ define e(0) € S by e(0)(0) =1 and e(o)(r) = 0 if ¢« # 0. We shall
use two notions of “support” in this proof. For x € S, supp(z) = {0 < ¢ : z(o) # 0}.
For z € N, supp,(z) € Py(w) is defined by =3, cqnp () 2" and supp,(0) = 0.

8



If So = w, let ¥ : w — w be the identity. If Sy is a countably infinite group which
can be mapped into a compact metrizable group by an injective homomorphism, then
by [6, Theorem 7.28] we may pick ® : w(%S such that ¢(0) = 0, the restriction of QZ
to H is an injective homomorphism, and all idempotents of 35\ S are in ¢[H]. In any
event the hypotheses of Lemma 2.6 are satisfied.

Notice that |S| = ¢ and so, if 7 = NS, we have that |P¢(T)| = c. Enumerate P(7)
as (Fy)os<c and for each o < ¢, let m(o) = |F,|. Write

Fo = {{Uoit)i21 11 €{1,2,...,m(0)}}.

Let {E, : n € N} be a partition of N into infinite sets and define 6 : N — N by
n € Ey(y). Let D = {0 < ¢: 0 is a limit ordinal} and choose 7 : ¢ D such that for all
o < ¢, sup (U?i(f) Ui, supp(ym-,t)> < (o).

We choose inductively for o < ¢ sequences (ayn)oe; in S and (H, )52 in P(N) as
follows. Let o < ¢ be given and assume that (a, )02, and (H; ,)>2; have been chosen
for all 7 < . Choose ki € E,,(,) and choose H, 1 € Py(N) such that for each i € {1,2,
..,m(o)}, 28 divides 1~ ( Y e, T0(Yoit)) = ¢! (WO(ZtGHU  Yo,i,t)) which one
can do by Lemma 2.6. Choose ko E’ E,. (o) such that w_l(WO(Zt,eHU,l yayi,t)) < k2
for each ¢ € {1,2,...,m(0)} and ko > k1. (The last inequality is redundant unless
T0(Xtem, , Yoit) = 0 for each i € {1,2,...,m(0)}, which is possible.) Let as1 =
Y(2M +2F2) - e(0) + e(y(0) + 1).

Now let n € N and assume that a,, and H,, have been chosen. Pick ko,4+1 €
E,.(s) such that ko,y1 > kp, and pick H, 11 € Pp(N) such that min Hypqq >
max H, , and 2*2»+1 71 divides 1)~} (WO(ZteHU,,LH Yo,it)) for each i € {1,2,...,m(0)}.
Pick kopyo € Epy (o) such that kay,q2 > ka,y1 and wil(WO(ZteH(,,nH ygyi,t)) < Qkan+2
for each i € {1,2,...,m(0)}. Let ag ni1 = (2241 4 2F2nt2) . ¢(0) + e(y(0) +n + 1).

Now let for each o < ¢, 4, = U;Z(f) FS(<x(agjn,Ha’n, <y0’i’t>;’il)>zo:1) and let
A=, Ao

Observe now that if ¢ < ¢ and x € A,, then
(1) Q(min suppytp* (Wo(ac))) = Q(max Supp21/1_1(7r0(x))) = m(o) and
(2) there exist i € {1,2,...,m(0)} and G € P;(N) such that

=2 nec ¥ aon Hom, (Yo,it)§21) Where

(a) v(0) < maxsupp(z) < y(0) +w and

(b) supp(z) N (y(0),v(0) +w) = {y(o) +n:n e G}.

We have directly that A satisfies the conclusion of Theorem 2.4. Suppose that
A satisfies the conclusion of Theorem 1.4. Let f1(n) = e(0) and fa(n) = 2 - €(0) for
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each n € N. Pick sequences (a,)>2; in S and (H,)>2; in P;(N) such that max H,, <

n=1

min H,,4; for each n € N and whenever K € P¢(N) and g : K — {1, 2},

ZnEK CC(CLn, H,, fg(n)) cA.
Forr e N\ {1} and [l € {2,3,...,7}, let
b(la T) = 25122 x(aTm ZtGHn7f1) + Z;i%_y-l x(arw Hn7 f2)
and note that for each I € {2,3,...,7 — 1}, m(b(l,7)) > mo (b(l + 1,7)).
Now let B = {1, 2,..., maxsuppyt) " (7r0 (:):(al, Hy, fl))) } We claim that
{0 (maxsupp21/1_1 (Wo(b(l,T‘)))) :r e N\ {1} and [ € {2,3,... ,r}} C 0[B].
To see this, let » € N\ {1} and [ € {2,3,...,7} be given. If
min supp,ty~* (mo (b(1, 7)) ) < maxsuppyty~! (mo (2(ar, Hi, f1))) .
then min suppy?~—* (7?0 (b(l, r))) € B so

0 (max suppytp~t (770 (b(l, r)))) =40 (min suppytp* (7r0 (b(l, 7’)))) € 0[B].
So assume that min suppyt)~—* (770 (b(l, 7’))) > max suppyt) (7r0 (:c(al, Hy, fl))) and let
x =x(ay, Hy, f1) + b(l,r). Then = € A, for some o so
0 <max suppytp ! (7?0 (b(l, r)))) = H(max supp, ' (7o (:1:)))
=0 ( min supp, " (770(96)))
=0 <minsupp21/)_1 (Wo(ﬁ(al,Hla f1)))> € 0(B].
Now let k = max0[B] and let r = k + 2. For each [ € {2,3,...,r} and any ¢ with
0<¢<e m(blr) = WL(Z:Lilz ap) which is independent of [. Thus by observation
(2) there exist 0 < ¢ and G € P¢(N) such that for each [ € {2,3,...,7} there is some
i € {1,2,...,m(0)} such that b(l,r) = > - 2(Go,n, Hom, (Yo,it)§21). Further, since
b(2,r) € A,, we have that m(c) = 6 <maxsupp2¢_1 (7‘(’0 (b(?,r)))) < k. But we have
seen that
m0(b(2,7)) > mo (b(3,7)) > ... > mo(b(r, 7))
so [{b(l,r):1€{2,3,...,7}}| =k + 1 while
}{ Y mea Tom, Hony (Yo,it)21) 11 € {1,2,... ,m(a)}}| <m(o)<k.
This contradiction completes the proof. U

2.8 Corollary. There is a subset of (R,+) which satisfies the conclusion of Theorem

2.4 but does not satisfy the conclusion of Theorem 1.4.
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Proof. (R, +) is isomorphic to @, _ .

T by an injective homomorphism. U

Q and (Q, +) can be mapped into the circle group

We ask the following question in the broadest terms, but we do not know the answer
for S=Nor S =R.

2.9 Question. Do there exist a commutative semigroup (S,+) and a subset C' of S

establishing that the conclusions of Theorems 1.4, 1.6, and 2.2 are not all equivalent.

We shall see in Section 4 that the noncommutative versions of these theorems are

strictly increasing in strength.

3. Rich sets, strongly rich sets, and the

new noncommutative Central Sets Theorem

As is customary, we use multiplicative notation for a not necessarily commutative semi-
group. The versions of the noncommutative Central Sets Theorem are more complicated
because the translates a,, or a(F') must be split into several parts. That is the function

of the notion 7,, which we introduce now.

3.1 Definition. For m € N, Z,,, = {(H(1), H(2),...,H(m)) : each H(j) € Ps(N) and
for any j € {1,2,...,m — 1}, max H(j) < min H(j + 1)}.

The following is the version of the noncommutative Central Sets Theorem given
in [6]. In a noncommutative semigroup, by [[,.» =+ we mean the product taken in

increasing order of indices.

3.2 Theorem. Let (S,-) be a semigroup, let C' be a central subset of S, and for each
leN, let (y14)721 be a sequence in S. There exist sequences (m(n))e>;, (a(n))p,, and
(H(n))o2, such that

n=1

(1) for eachn € N, m(n) € N, a(n) € S™™+1 H(n) c Lin(ny> and max H(n)(m(n)) <
min H(n + 1)(1), and
(2) for each f € ®, and each F' € P¢(N),

Moer (T (atm)G) - Thenm) Yrme)) - an)(mn) +1) € C.
Proof. [6, Theorem 14.15]. 0

In [5] it was shown that central sets were not the only sets satisfying the conclusion

of the Central Sets Theorem (Theorem 1.4) in commutative semigroups. Sets satisfying
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the conclusion of Theorem 1.4 were called rich and it was shown that any quasi-central
set, i.e., a set which is a member of an idempotent in the closure of the smallest ideal,
is rich. Further it was shown that in (N, +) there are quasi-central sets which are not
central and there are rich sets which are not quasi-central.

In this section, we extend the notion of rich to arbitrary semigroups, and introduce
the notion of strongly rich. The new stronger Central Sets Theorem (Corollary 3.10) is
the assertion that any central set is strongly rich. We show that there is a closed two
sided ideal J of BS such that a set is strongly rich if and only if it is a member of an
idempotent in J.

We introduce some special notation. The notation does not reflect all of the vari-

ables upon which it depends.

3.3 Definition. Let (5,-) be a semigroup.

(a) T =Ns.

(b) ¥ = N1,

(c) Given m €N, a € 8™ HeT,, and f €T,

w(m,a, H, ) = (TI7%; (a(i) - Then) f1)) -a(m+1).

(d) Given Y = <<yl,t>fi1>z1 €Yand ACS, Aisa Jy-set if and only if for all n € N
there exist m € N, a € S™*! and H € T, such that min H(1) > n and for all
le{l,2,...,n}, x(m,a, H, (y14)i2;) € A.

(e) A C Sisa J-set if and only if for each F' € P¢(7) and each n € N, there exist
m €N, a € S, and H € Z,, such that min H(1) > n and for each f € F,
x(m,a, H, f) € A.

(f) GivenY € Y, Jy ={pe 3S:forall Aep, Aisa Jy-set}.

(g) J={pepS:forall Acp, Aisa J-set}.

(h) A C S is rich iff for each Y = <<yl,i);ﬁl>i1 € Y, there exist sequences (m(n))> ,,
(a(n))s2q, and (H(n))52, such that
(1) for each n € N, m(n) € N, a(n) € S+ H(n) € T,,(,, and

max H (n)(m(n)) < min H(n + 1)(1), and
(2) for each f € @, and each F € P;(N),
[Lher z(m(n), a(n), H(n), (ysm))i21) € A.
(i) A C S is strongly rich if and only if there exist m : Pr(7) — N,
a € Xpep, (1) S and H € X pep, (1) Im(r) such that
(1) if F,G € P¢(T) and F C G, then max H(F)(m(F)) < min H(G)(1) and
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(2) whenever n € N, G1,Ga,...,G, € P¢(T),G1 S G2 C ... C Gy, and for each
ie{1,2,...,n}, (yit)i2, € G;, one has
H?:1 x(m(Gi),a(Gi),H(Gi), <yi,t>1?il) €A

We omit the routine proof of the following theorem.

3.4 Theorem. Let S be a semigroup and let A C S. Then A is a J-set if and only if
for eachY € Y, A is a Jy-set. In particular J = ﬂYey Jy .

3.5 Theorem. For each'Y € Y, Jy is a closed two sided ideal of 3S. Consequently J
is a closed two sided ideal of BS and so c{K(3S) C J.

Proof. Let Y € ). By Theorem 3.2 any idempotent in K (35) is in Jy and thus Jy # 0.
If p € 3S\ Jy, pick A € p such that A is not a Jy-set. Then A is a neighborhood of p
missing Jy. Thus Jy is closed.
Now let p € Jy and let ¢ € 3S. To see that p-g € Jy, let A€ p-q and let n € N.
Let B={2¢€ S:2'A¢cq}. Then B € psopickmeN, aec S and H € T,
such that min H(1) > n and for all [ € {1,2,...,n}, z(m,a, H, (y14)2;) € B. Pick
z €N x(m,a, H,(y1)52;) ' A. Define b € S™! by, for t € {1,2,...,m + 1},
1 <
b(t) = a(t) }ft_m
alm+1)-z ift=m+1.
Then for all [ € {1,2,...,n}, x(m,b, H, (y14);2;) € A.
To see that g-p € Jy,let A€ g-pandletn € N. Let B={z¢€ S:27'A € p}. Then
B € q and is therefore nonempty so pick z € B. Pick m € N, a € S, and H € Z,,
such that min H(1) > nand for alll € {1,2,...,n}, x(m,a, H, (y,.4)$2,) € 2~ ' A. Define
be Smtl by, fort € {1,2,...,m+ 1},
_Jzoa(l) ift=1
b(t) = { alt) ift>2.
Then for all [ € {1,2,...,n}, z(m,b, H, (y14)72,) € A. O

We note now a strong relationship between rich sets and the ideals Jy and between

strongly rich sets and the ideal J.

3.6 Theorem. Let (S,-) be a semigroup and let A C S. Then A is rich if and only if
for every Y € Y there is an idempotent p € Jy N A.

Proof. In the case S is commutative, this is [5, Corollary 2.11]. The adjustments to
the proof needed for the general case can be deduced from the proof of Theorem 3.8,

which we present in full detail. U
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We shall need the following lemma from [6].

3.7 Lemma. Let P be a set, let (D, <) be a directed set, and let (S,-) be a semigroup.
Let (T;)iep be a decreasing family of nonempty subsets of S such that for each i € D
and each x € T; there is some j € D such that x-T; CT;. Let Q = ﬂieD clpsT;. Then
Q is a compact subsemigroup of 3S. Let (E;);cp and (I;);cp be decreasing families of

nonempty subsets of X,cpS with the following properties:
(a) for each i € D, I; C E; C XyepT;,
(b) for each i € D and each x € I; there exists j € D such that x - E; C I;, and
(¢c) for each i € D and each x € E;\I; there exists j € D such that z - E; C E;
and x - I; C I;.
Let Y = XyepfBS, let E = (\,ep by Ey, and let I = (\,cp clyl;. Then E is a
subsemigroup of Xicp Q and I is an ideal of E. If, in addition, either
(d) for eachi € D, T; =S and {a € S :a ¢ E;} is not piecewise syndetic, or
(e) for each i € D and each a € T;, a € E;,
then given any p € K(Q), one hasp € ENK(X4pQ) = K(FE) C I.

Proof. [6, Lemma 14.9] 0

As the referee has observed, only the “sufficiency” portion of the following theorem

(which is the part with the easier proof) is needed for the corollaries that follow.

3.8 Theorem. Let (S,-) be a semigroup and let A C S. Then A is strongly rich if and
only if there is an idempotent p € J N A.

Proof. Sufficiency. Pick p = p-p € J N A. Recall from the proof of Theorem 2.2 that
A*={r e A:271A € p} and if z € A*, then 271 A* € p. We define m(F), a(F) and
H(F) for F' € P¢(T) by induction on |F| so that
(1) if 0 # G C F, then max H(G)(m(G)) < min H(F)(1) and
(2) whenever n e N, 0 #G1 C G2 G ... S G, =Fand 7€ X G, then

[T, z(m(Gy), (Gy), H(G;), 7(i)) € A

Assume first that ' = {f}. Then A* is a J-set so pick m(F) € N, a(F) € §™F)+1,
and H(F) € Z,,(r such that z(m(F),a(F), H(F), ) € A*

Now assume that |F| > 1 and that m(G), a(G), and H(G) have been defined

for all proper subsets G of F. For § # G C F, let I(G) = max H(G)(m(G)) and let

)
)
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k=max{l(G):0#G C F} +1. Let
M:{Hgﬂﬁmgxquﬂwmﬂm;
B#AGI GGG ... GGy G Fandre XL,Gi}.

Then M is a finite subset of A* so B = A*N(,c,, b7 'A* € pand so B is a J-set. Pick
m(F) € N, a(F) € ™+ and H(F) € Z,,(r) such that min H(F)(1) > k and for
each f € F, z(m(F),a(F),H(F), f) € B.

Hypothesis (1) is satisfied directly. To verify hypothesis (2), let n € N, let (§ #
G1 GGG ... CG,=F,andlet 7 € X?:lGi. If n =1, then

z(m(G1),(G1), H(G1),7(i)) € BC A*,

so assume that n > 1. Let b = H?;llx(m(Gi),a(Gi),H(Gi),T(i)). Then b € M so
z(m(Gr),a(Gy), H(Gy),7(i)) € B C b*A* so [[;; z(m(G;),a(G;), H(G;),7(i)) €
A* as required.

Necessity. Pick
m: Pf(T) —- N, ae XFG’Pf(T) Sm(F)+l, and H € XFG’Pf(T) Im(F)
as guaranteed by the fact that A is strongly rich. For F' € P;(7) define

1%:{ [T, =(m(F}), a(F;), H(F;), (i) :n € N,
each F, e Pp(T), FCFL CF, G ... CQF,,and 7 € X?:1Fi}-

Note that if F,G € P¢(7T), then Tpue C TrNTg, so Q = mFePf(T) Tr # 0. We claim
that @ is a subsemigroup of 5S. For this it suffices by [6, Theorem 4.20] to show that
for all F € Pp(7) and all u € Tp, there is some G € Py(7) such that v-Tg C Tr. So
let F' € P¢(7T) and u € Tr be given. Pick strictly increasing (F;)7_; in P¢(7 ) such that
F C Fyand u=[]", z(m(F),a(F;), H(F;),7(i)). Then u-Tr, C Tp.

Now we claim that K(Q) € AN J so that any idempotent in K (Q) establishes the
theorem. We have that each Tr C A so Q C A. Let p € K(Q). We need to show that
p € J, so let B € p. We shall show that B is a J-set. So let F' € Py(7) and k € N be
given. We shall produce v € N, ¢ € S*T! and M € Z, such that min M (1) > k and for
each f € F, z(v,c, M, f) € B. Note that we can assume that |F| > k so if G € P¢(7)
and F' C G, then min H(G)(1) > k.

We shall apply Lemma 3.7 with P = F and D = {G € P¢(T) : F C G}. Note that
Q= ﬂGeD Tg as in Lemma 3.7. For G € D we shall define a subset Ig of X fer S as
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follows. Let w € X ¢cp S. Then w € I¢ if and only if there is some n € N\ {1} such
that

(1) there exist disjoint nonempty sets C7 and Cy such that {1,2,...,n} = Cy UCy,
(2) there exist strictly increasing (G;);; in Py(7) with G C G, and
(3) there exists 7 € X, Gi,
such that for each f € F, if 7y € X|_,G; is defined by
V(i) = {T?) gz 2 g;

then w(f) = [Ty 2(m(G), a(Gi), H(G:), V(7))

For G € D,let Eqg =IcU{b:becTg}.

We claim that (Eg)gep and (Ig)gep satisfy statements (a), (b), (c), and (e) of
Lemma 3.7. Statements (a) and (e) hold trivially.

To verify (b), let G € D and let w € Ig. Pick n, Cq, Cy, (G;)_, and 7 as
guaranteed by the fact that w € Ig. We claim that w- Eg  C Ig. So let z € Eg, .

Assume first that z = b for some b € Ty, Pick n/ € N, strictly increasing (F;)™
in Py(7T) with G, C Fy, and 7' € X, F; such that

b=T1", z(m(F), o(Fy), H(F), (i) .
Let CY =C1U{n+1,n+2,...,n+n'} and fori € {1,2,...,n+n'}, let
L-:{ G, ifi<n
‘ F,_, ifi>n.
Define 7" € X;coy L; by, for i € CY,

v [ 7)) ifi<n
T (Z)_{T’(i—n) ifi>n.

Then n+n’, CY{, Cy, <Li)?:+1n/, and 7”7 establish that w - z € I5.
Now assume that z € I, . Pick n/, Cf, C4, (F;)™, and 7’ as guaranteed by the
fact that z € Ig,. Let CY =C1U{n+i:i€ Ci}, let CJ =CoU{n+i:ie Ch}, and

forie {1,2,....,n+n'} let

v Fi—n ifi >n.

Define 7" € X;coy L; by, for i € CY,

e 7(7) ifi1<n
T (Z)_{T’(i—n) ifi>n.
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Then n+n', CY, C9, (L,-}?iln/, and 7" establish that w - z € I¢.

To verify (c) let G € D and let w € Eg \ Ig. Pick b € Tg such that w = b. Pick
n € N, strictly increasing (Gy)j_, in Py(7) with G C Gy, and 7 € X _,G; such that
b=TIi, z(m(G;),a(G;), H(G;),7(i)). Then as above one has that w - Eg,, C Eg and
w-lg, Clg.

We then have by Lemma 3.7 that p € I = (sep Ia. Now X feFE is a neighbor-
hood of p so pick w € Ip N X jecp B. Pick n, C1, Ca, (Gi)? 4, and 7 € X0, G; as
guaranteed by the fact that w € Ip. Let r = |Cs| and let hq, ho, ..., h, be the elements
of Cy listed in increasing order. Let v = >\, m(Gp,). If hy = 1, let ¢(1) = a(G1)(1).
If hy > 1, let

c(1) =TT (2(m(Gy), alGi), H(G), 7(i)) ) - oGy )(1) -
For 1 < j < m(Gn,) let c(j) = a(Gy,)(j) and for 1 < j < m(Gy,) let M(j) =
H(Gy,) ()
Now let s € {1,2,...,r — 1} and let u = > 0, m(Gp,). If hyy1 = hs + 1 let
c(u+1) = a(Gn,)(m(Gh,) + 1) - a(Gh,,,)(1). If hep1 > hs + 1, let

c(u+1) = a(Gy, ) (m(Gr,) +1)- (TI1=5 11 2 (m(Gy), a(Gy), H(G), 7(1)) ) -Gy )(1) -

And for u < § < S5 m(Gh,), let M(5) = H(Gh,,,)(j — u).

If hy = n, let c(v+1) = a(Gn)(M(Gp) +1). If by <n,let c(v+1) =
a(Gn, ) (m(Gh, ) +1) - TTip, 11 (2(m(Gi), a(Gy), H(Gy),7(7))). Then c € S"+', M € I,
such that min M (1) > k, and for each f € F, x(v,¢c, M, f) € B as required. O

3.9 Corollary. Let (S,-) be a semigroup. FEvery quasi-central subset of S is strongly

rich.
Proof. Theorems 3.5 and 3.8. [l

We isolate the following corollary with a full statement of the conclusion because

it is the new Central Sets Theorem.

3.10 Corollary. Let (S,-) be a semigroup and let C be a central subset of S. There
exist m: Py(T) = N, a € X pep, (1) S+ gund H € X pep; (1) Im(r) such that
(1) if F,G € P¢(T) and F C G, then max H(F)(m(F)) < min H(G)(1) and
(2) whenever n € N, G1,Ga,...,G, € Pp(T), G1 S G2 C ... C Gy, and for
each i€ {1,2,...,n}, (Y1), € G;, one has
[T=) 2(m(Gi), a(Gi), H(Gy), (yie)i21) € C-

17



Proof. A central set is quasi-central. U

Theorem 4.4 below gives an example of a rich set in the free semigroup on w;
generators which is not strongly rich.

By Theorem 3.8, the example of [5, Theorem 5.5] of a subset of N which is rich and
not quasi-central is in fact strongly rich. By Theorems 3.6 and 3.8 the example given
in Theorem 4.4 of a subset of the free semigroup on w; generators is a member of an

idempotent in Jy for each Y € Y but is not a member of any idempotent in J.

4. Strength of the versions of the Central Sets

Theorem in noncommutative semigroups

Each of Theorems 1.1 and 1.4 have natural noncommutative versions which we now

state. They are, of course, each corollaries of Theorem 3.2.

4.1 Theorem. Let S be a semigroup, let Z € P¢(T), and let C be a central subset of
S. There exist sequences (m(n))>2, (a(n))s2, and (H(n))o2, such that
(1) for each n € N, m(n) € N, a(n) € S™MFL H(n) € I,,(), and
max H(n)(m(n)) < min H(n + 1)(1), and

(2) for each f € Z and each F' € Py(N), [[,,cp z(m(n),a(n), H(n), f) € A,

4.2 Theorem. Let S be a semigroup, let Z € P¢(T), and let C be a central subset of
S. There exist sequences (m(n))>, (a(n))s2,, and (H(n))o>, such that
(1) for each n € N, m(n) € N, a(n) € S™W*L H(n) € I,,(), and
max H (n)(m(n)) < min H(n + 1)(1), and
(2) for each F € P¢(N) and each f: F — Z,

HneF :l?(m(n), CL(?’L), H(n), f(n)) € A.

We now show that Theorems 4.1, 4.2, 3.2, and Corollary 3.10 are strictly increasing
in strength. For the following, recall that any ordinal is the set of its predecessors. In

particular, the cardinal w; is the set of countable ordinals.

4.3 Theorem. Let S be the free semigroup on the alphabet ¢. There exist subsets A
and B of S such that A satisfies the conclusion of Theorem 4.1 but not that of Theorem
4.2 and B satisfies the conclusion of Theorem 4.2 but not that of Theorem 3.2.

Proof. Enumerate P;(7) as (Z,)s<c. Choose an injective mapping ¢ — z, from ¢ to
¢ \ w such that if f € Z,, n € N, and § occurs in f(n), then § < z,.
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Let Ay = {[L,cr 20> 'f(n)zo : F € Py(N) and f € Z,} and let A =J,_. A,
To see that A satisfies the conclusion of Theorem 4.1, let Z € P;(7) be given and pick
o < ¢ such that Z = Z,. For each n € N, let m(n) = 1, a(n) = (2,2 ', 2,), and
H(n) = ({n}). Then for n € Nand f € Z, 2(m(n),a(n), H(n), f) = 2,2 ' f(n)zy, so
for each F' € P;(N), [[,,cp z(m(n),a(n), H(n), f) € A.

Now suppose that A satisfies the conclusion of Theorem 4.2. Let ¢g1(n) = 1 and
g2(n) = 2 for all n € N and let Z = {g1,¢92}. Pick sequences (m(n))>2,, (a(n))s,
and (H(n))>2; as guaranteed for Z. Pick o < ¢ such that x(m(1),a(1), H(1),q1) € As.
Pick r € N such that 277! > |Z-|. Words in A, begin and end with z,. Therefore,
given f : {1,2,...,r} — {g1,92} with f(1) = g1, there exist ' € P¢(N) and h € Z,
such that []\_, (m(i), a(i), H(i), f(i)) = [I,er 20> 'h(n)zs. Let d be the number of
occurrences of z, in [[;_, HT:(?H a(i)(j). Thend =) 2" so I' does not depend on
f. But there are 27! distinct products of the form []!_, z(m(i), a(¢), H (i), f(i)) where
fA{12,....,r} — {g1,92} and f(1) = g1 while there are only at most |Z,| distinct
products of the form [[, .

Now let By = {[,.cr 202 2f(n)(n)zo : F € P¢(N) and f : F — Z,} and let B =
U,<c Bo. To see that B satisfies the conclusion of Theorem 4.2, let Z € Py(7) be given
and pick ¢ < ¢ such that Z = Z,. For each n € N, let m(n) =1, a(n) = (2,2 ', z5),
and H(n) = ({n}). Then for n € N and f : F — Z, z(m(n),a(n),H(n), f(n)) =
2,2 "1 f(n)(n)2,, so for each F € P;(N),

HnGF x(m(n)v a(n), H(n), f(n)) €B.

262" “1h(n)z, for h € Z,, a contradiction.

To see that B does not satisfy the conclusion of Theorem 3.2, for each [,n € N let
g1(n) = I. Suppose we have sequences (m(n))>2 ;, (a(n))>2, and (H(n))>2,; such that
(1) for each n € N, m(n) € N, a(n) € S™™M+L H(n) € Z,,(,), and max H(n)(m(n)) <

min H(n + 1)(1), and
(2) for each f € @, and each F' € P;(N), [[,,cp z(m(n),a(n), H(n),gsmn)) € B.

Pick ¢ < ¢ such that b = z(m(1),a(1),H(1),91) € B,. Pick r € N such that
r > |Z,|. Forie {1,2,...,r} let ¢; = x(m(r),a(r),H(r),g;). Then for each i € {1, 2,
...,7}, ¢; € B and be; € B. Since b begins with z, and each element of B begins and
ends with the same letter, one has that ¢; ends with z, and therefore ¢; € B,. Assume
that H(r) = (L1, Lo, ..., L) and for j € {1,2,...,m(r)}, let [; = |L;|. Then for each
i € {1,2,...,7}, ¢; = a(r)(1)ira(r)(2)i2 - - - i a(r)(m(r) + 1). Let d be the number
of occurrences of z, in Hm(r)ﬂ a(r)(j). fd=73", cp 2", then for each i € {1,2,...,7},

j=1
ci = [lher 262 “Yhi(n)(n)z, for some h; : F — Z,.
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We have that z, occurs in a(r)(1) and in a(r)(m(r)+1). Let j be the least member
of {2,3,...,m(r) + 1} such that z, occurs in a(r)(j). Then a(r)(1) = uz,? ~'v and
a(r)(j) = wz,y where n € F, v and w are possibly empty words over the letters less
than z,, u and y are possibly empty words over the letters less than or equal to z,, and
u is either empty or ends in a single occurrence of z,. (Recall that if g € Z,, n € N,

and § occurs in g(n), then § < z,.)

Thus for each i € {1,2,...,7},
27 i) (n)z = 27 i a(r)(2) - a(r)( — i wz,

Therefore there are r distinct values for h;(n)(n), while each h;(n) € Z,, a contradiction.

O

4.4 Theorem. Let S be the free semigroup on the alphabet wy. There is a subset C' of
S such that satisfies the conclusion of Theorem 3.2, but not that of Corollary 3.10.

Proof. For each A < wy, let Sy denote the free semigroup on {¢ < wy : ¢ < A}, regarded
as a subsemigroup of S. Let C' = U)\<w1 ASy. So (' is the set of words s in S whose
first letter is greater than or equal to any other letter in s. We observe that, for each
A < w1, AS) is central in Sy, because it is a right ideal of S). If Y = <<yi:t>§>i1>21 €,
we can choose A < wy such that {y;, : i, € N} C S,. It follows from Theorem 3.2
applied to the semigroup Sy, that C satisfies the conclusion of Theorem 3.2.

We claim that C' does not satisfy the conclusion of Corollary 3.10. To see this,
suppose that, on the contrary, there exist functions m, a and H satisfying the con-
clusion of this theorem. Choose F' = {f} € Pf(7). Then choose A < w; such that
x(m(F),a(F), H(F), f) € ASx. Choose u satisfying A < p < wy. Put g = (u, p, 1, .. .)
and put G = {f,g} € Ps(7T).

We are assuming that s = z(m(F),a(F), H(F), f)z(m(G),a(G), H(G),g) € VS,
for some v < w;. This implies that the first letter of s is ¥ and hence that v = \, because
the first letter of s is equal to the first letter of x(m(F),a(F), H(F), f). However, u

occurs in s and hence p < A, a contradiction. O
Notice that none of our examples involve a countable semigroup S.

4.5 Question. Do there exist a countable semigroup S and a subset C' of S satisfying
the conclusion of one of Theorems 4.1, 4.2, or 3.2, but not of one or all of the stronger

statements?
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