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ORDER COMPACTIFICATIONS OF DISCRETE
SEMIGROUPS

NEIL HINDMAN AND RALPH KOPPERMAN

ABSTRACT. Given a partially ordered set (X, <) one can con-
struct the order compactification uX of X in the same fashion
as Cech’s construction of the Stone-Cech compactification,
using the order preserving functions from X into the unit
interval [0,1]. We consider a semigroup (S,-) which has an
ordering which the semigroup respects in the sense that z <y
implies that z-z < z-yand -2z < y-z for all z,y,z € S.
We show that the operation can be extended to pS making
it into a right topological semigroup with S contained in the
topological center such that both the left and right transla-
tions are order preserving. We then investigate the structure
of puS for certain specific semigroups S.

1. INTRODUCTION

In his construction of the Stone-Cech compactification [2], E.
Cech embedded a completely regular Hausdorff space X into the

product F [0, 1] where F' is the set of all continuous functions from
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X into [0, 1]. It is well known that this approach can be generalized,
and we summarize these well known facts now.

We shall be mainly interested in the case in which F' is the set
of order preserving functions from a partially ordered set to [0, 1].
However some of the basic facts are valid in more generality. Below,

we denote the set of functions from X to Y by Xy.

Definition 1.1. Let X be a set. Let F' C X[O, 1] and let Z =
F [0,1] with the product topology. Define the evaluation map e :
X — Z by e(z)(f) = f(z) and let uX(F) = clze[X].

We shall usually write X rather than pX(F).

Theorem 1.2. Let X be a set and let F' C X[O, 1]. Then pX is a
compact Hausdorff space. The evaluation e is injective if and only
if F' separates points of X. If v € X and there exist U open in [0, 1]
and f € F such that f~Y[U] = {x}, then e(x) is isolated in uX.
Consequently, if for each x € X there exist U open in [0,1] and
f € F such that f71[U] = {x}, then e[X] is open and discrete in
uX, so that in particular (e, uX) is a topological compactification
of X with the discrete topology.

Proof. The first and second conclusions are immediate. For the
third, let z € X and pick U and f as guaranteed. Then 7 1[U] is
a neighborhood of e(z). If p € w1 [U]\{e(x)} then 7 {U]\{e(z)}
is a neighborhood of p missing e[X] so 7 U] NuX = {e(x)}. O

Regardless of the set F' of functions there is a natural partial
order induced on ¥’ [0,1].

Definition 1.3. Let X be a set and let F' C X[(), 1]. For p,q €
F[O, 1], we say that p < ¢ if and only if for each f € F, p(f) < q(f).

From this point on we shall be concerned with a specific class of
functions from X to [0, 1].

Convention 1.4. Let (X, <) be a partially ordered set. When F' is
mentioned without modification, it will be assumed that

F:{fEX[O,l]:(VazEX)(VyEX)(a:gyif(x)gf(y))}.

The compactification puX (F') will be called the order compactifica-
tion of X.
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Theorem 1.5. Let (X, <) be a partially ordered set with the dis-
crete topology. Then the order compactification (e, uX) is a topo-
logical compactification in which e[ X] is open.

Proof. By Theorem 1.2 it suffices to let x € X and produce U open
in [0,1] and f € F such that f~'[U] = {z}. Let U = (0,1) and
define f € X[O, 1] by

0 if =(z <y)
fly)=9 1/2 ifz=y
1 ifz<y.

(When we write x < y we of course mean that x < yand z # y.) O

It is trivial that the evaluation map from a partially ordered set
to its order compactification is order preserving. In fact a stronger
conclusion holds.

Lemma 1.6. Let (X, <) be a partially ordered set and let x,y € X.
Then z <y < e(z) < e(y).

Proof. As we stated, the necessity is trivial. For the sufficiency
assume that —(z < y). Define f € X[O, 1] by

0 if =(x <z

f(z):{ 1 ifz<z.
Then f € F and e(y)(f) < e(z)(f) so =(e(z) < e(y)). O

Notice that trivially < is a partial order on F [0, 1].

Lemma 1.7. Assume that < is a linear order on X and let p,q €
uX. Then

p<q& (3f € F)(p(f) <a(f))-
In particular, uX s also linearly ordered by <.

Proof. The necessity is immediate.

For the sufficiency pick f € F such that p(f) < ¢(f). Suppose
that =(p < ¢) and pick g € F such that ¢(g) < p(g). Pick a,b €
[0,1] such that p(f) < a < ¢(f) and ¢q(g) < b < p(g). Then
7 1[0, a)] Nyt [(b,1]] is a neighborhood of p and ;1 [[0, )] N
mp ! [(a, 1]] is a neighborhood of ¢ so pick x,y € X such that

e(z) € ﬂ'f_l[[[(), a)] N wg_l[[(b, I]J and
e(y) € mg H[0,0)] N7 [(a, 1]] .
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Then f(z) < a < f(y) and g(y) < b < g(z) so one has a contradic-
tion regardless of whether x < gy or y < x. O

The following lemma provides a convenient description of the
order on the order compactification.

Lemma 1.8. Let (X, <) be a partially ordered set and letp,q € uX.
Then

p<qe (VU EN)(VV eN)Bzce U@y ce V) (z < y).

Proof. Necessity. Let U € N, and V € N, be given. Define f €
X10,1) by

() = { 1 if @z ceU))(z < 2)

0 otherwise.

Then f € F so p(f) < q(f). Also f[e ' [U]] = {1} so p(f) =1 and
consequently ¢(f) = 1 so that 7;7'[(0,1]] is a neighborhood of g.
So pick y € X such that e(y) € m;1[(0,1]] N V. Then f(y) =1 so
(Gr € e U])(x < p).

Sufficiency. Assume that —(p < ¢) and pick f € F such that
q(f) < p(f). Pick a such that ¢(f) < a < p(f). Then m;~[(a,1]]
is a neighborhood of p and = 1[ ] is a neighborhood of ¢ so
pick # < y such that e(z) € mp~ [(a 1]] and e(y) € 75 1[[0,a)].
But then f(y) < a < f(x) contradicting the fact that f € F. O

As a topological compactification of the discrete space X, nec-
essarily uX is a quotient of the Stone-Cech compactification SX
of X. We see now that there is a significant amount of collapsing
when this quotient is formed, unless there are no strictly monotonic
sequences in X.

Theorem 1.9. Let (X, <) be a partially ordered set and let (x,)0° 4
be a monotonic sequence in X. Then (e(xy,))s>; converges in uX.
More generally, let D C X and assume that either (D,<) or

(D, >) is a directed set. Then the net (e(x))yep converges in pX.

Proof. Assume without loss of generality that (D, <) is a directed

set. Define r € F[O, 1] by r(f) = lub{f(z) : + € D}. We claim
that (e(z))zep converges to r (and in particular r € pX). So let a
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neighborhood U of r in F [0,1] be given. Pick a finite subset H of
F and € > 0 such that

Nher ™ (r(h) — e, r(h) +e)] CU.
For each h € H pick z, € D such that h(xp) > r(h) —e. Pick

x € D such that x;, < x for each h € H. Then for each h € H and
each y € D with x <y,

r(h) —e < h(zp) < h(y) <r(h) <r(h)+e€
and s0 e(y) € MNpem ™ '(r(h) — €, 7(h) + €)]. O

We shall be concerned in the next section with the extension of
the operation on an ordered semigroup S to pS and the following
Theorem will be useful.

Theorem 1.10. Let (X, <) be a partially ordered set and let f :
X — pX be an order preserving function. Then there exists a
continuous f : uX — puX such that foe= f.

Proof. [6, Theorem 2(b)]. O

In Section 2 we shall show that for any ordered semigroup S for
which the operation respects the order, the compactification pS is a
compact right topological semigroup with respect to which both left
and right translates preserve order. In Section 3 we shall investigate
the structure of of S for certain specific ordered semigroups.

2. THE ORDER COMPACTIFICATION OF A DISCRETE SEMIGROUP

We shall see in this section if (S, -) is a semigroup which is also
a partially ordered set for which the operation respects the order,
then there is a natural extension of the operation to S which
makes (.5, +) into a right topological semigroup with e[S] contained
in its topological center. That is, for every p € uS the function
pp : S — pS defined by p,(q) = g p is continuous. And, for every
r € S, the function A.(;) : uS — S defined by Ac(,)(q) = e() - ¢
is continuous.

Given any semigroup S, equality is a partial order which the op-
eration respects, and for this partial order uS = 35, the Stone-Cech
compactification of S. Consequently one cannot hope in general to
have ;15 as a semitopological semigroup, that is to have A\, contin-
uous for each p € uS. (See [4, Section 4.2].) In fact, we shall see in
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the next section that for (R, 4) with its usual order, the topological
center of uR is exactly e[R].

Theorem 2.1. Let (S, -) be a semigroup and let < be a partial order
on S. Assume that for all x,y,z € S, if x <y, thenz-z2<y-z
and z-x < z-y. Then there is a unique extension of - to uS such
that e : S — uS is a homomorphism and (uS,-) is a compact right
topological semigroup with e[S] contained in its topological center.

Proof. We establish existence and uniqueness at the same time,
defining - on pS as we are forced to define it. First let x € S and
define I, : S — S by l,(y) = e(z - y). The requirements that
Ae(z) be continuous and that e be a homomorphism say that A. ()
must be a continuous function with the property that A, oe = l;.
Since e[S] is dense in w5, there can be at most one such continuous
function. We claim that [, is order preserving. So let y, z € S with
y < zandlet g € F be given. Then z-y < x -z so

l(y)(9) = e(z - y)(9) = g(x-y) < glx-2) =e(z-2)(9) = l(2)(9).-
By Theorem 1.10, there is a continuous function Ly : wS — S such
that I, o e = ,. For each p € pS, define e(z) -p = l;(p) Then we
have that A.(,) = I, and e(z - y) = e(z) - e(y) for all y € S.

At this stage - is defined (in the only way possible) on e[S] x u.S.
Now let p € S and define r), : S — pS by rp(z) = lo(p). Then for

z €8, e(x)-p =l(p) so pp, must be a continuous function such that
pp o e = 1p, and again we see that there can be at most one such
function. We claim that r,, is order preserving. So let z,y € S with
z <y and let g € F be given. Suppose that r,(y)(g) < rp(x)(g).

Pick a such that 7,(y)(9) < a < rp(z)(g). That is, l;(p)(g) <
a < lz(p)(g). Then Ty 1[[0,a)] is a neighborhood of l;(p) and
Ty [(a,1]] is a neighborhood of Io(p) so pick a neighborhood W
of p such that ZZ,[W] C 7y 1[[0,a)] and I.[W] C 74 '[(a,1]]. Pick
z € S such that e(z) € W. Thenz- 2 <y-zsog(z-2) <g(y-=2)
and thus,

o <lg(e(2))(9) = Lu(2)(g) = e(a- )(9)—9(36-2)
<g(y-2) =e(y-2)(g) =ly(2)(9) = Ly(e(2))(9) <a,

a contradiction. Thus by Theorem 1.10, there is a continuous func-
tion 7, : uS — S such that r, oe = r,. For x € S we have that
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rp(e(z)) = e(x) - p. For g € uS \ e[S], define ¢ - p = 7p(q). Now -
has been defined on all of 1S x pS and p, = 7, for each p € puS.
To complete the proof we show that - is associative on pS. To
this end, let p,q,r € uS. To see that (p-q)-r =p-(¢-r) it suffices
to show that p, o p; and py., agree on e[S]. So let x € S. Then
(01 £0) (e(2)) = (Pr 0 Ae(ay)(@) and pyr(€(2)) = (o) © pr)(g) 50
it suffices to show that p. o A¢(y) and Ac(y) © pr agree on e[S]. So
let y € S. Then (p, o )‘e(m))(e(y)) = ()‘e(x)-e(y))(r) = ()‘e(ary))(r)
and (A¢(y) © pr)(e(y)) = (Ae(z) © Ae(y)) (1) so it suffices to show that

Ae(zy) ad Ag(z) © Ae(y) agree on e[S]. So let z € S. Then

Ae@n)(e(z)) =e(z-y)-e(z) =e((x-y)-2) =e(z-(y-2))
= G(SL‘) : (6(y) ) 6(2)) = ()‘e(r) ° )‘e(y))(e(z))

0

We establish now that for any p € pS, both p, and A, are order
preserving (in spite of the fact that only p, need be continuous).

Theorem 2.2. Let (S, +) be a semigroup and let < be a partial order
on S. Assume that for all x,y,z € S, ifx <y, thenxz -2 <y-z
and z-x < z-y. Let - be the operation on puS given in Theorem
2.1. Then for each p € uS, both p, and A\, are order preserving.

Proof. Let p,q,s € uS be given such that g < s.

Suppose first that —(pp(q) < pp(s)). Pick f € F such that
pp(@)(f) > pp(s)(f). Pick a such that p,y(s)(f) < a < pp(q)(f)-
Then 7~ 1[[0,a)] is a neighborhood of pp(s) and 7y~ [(a,1]] is a
neighborhood of p,(q). Pick a neighborhood U of ¢ and a neigh-
borhood V' of s such that

plU] € 77 (0, 1)] and p,[V] € 7,7 [0, 0)]]

Pick by Lemma 1.8 x € e }[U] and y € e [V] such that z < y.
Then e(z)-p €y [(a,1]] and e(y)-p € 7, [[0, a)]] so 7y~ [(a, 1]]
is a neighborhood of A.(;)(p) and 7 1[[0,a)]] is a neighborhood
of Ae(y)(p) so pick a neighborhood W of p such that A, [W] C
7~ (a,1]] and Ao, [W] C 7~ 1[[0,a)]]. Pick z € e”*[W]. Then
fla- Z) = ( )(f) (e(z) - e(2))(f) > a and f(y-z) = e(y-

2)(f ( )( <a. Butz <ysozxz-z<y-zand thus
( z) < ( , a contradiction.
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Now suppose that —=(X\,(g) < Ap(s)). Pick f € F such that
(@) (f) > Ap(s)(f). Pick a such that A\y(s)(f) < a < M\p(q)(f).
Then 7~ 1[[0,a)] is a neighborhood of ps(p) and 7,1 [(a,1]] is a
neighborhood of p4(p) so pick a neighborhood U of p such that
ps[U] C @y~ 1[0,a)] and pg[U] C 7yt [(a,1]]. Pick z € e [U].
Then 7y~ '[[0,a)] is a neighborhood of A, (s) and 7! [(a,1]] is a
neighborhood of \.(,)(q) so pick a neighborhood V' of ¢ and a neigh-
borhood W of s such that A, [V] C 75 [(a, 1]] and A, [W] C
77 1[[0,a)]. Pick by Lemma 1.8 y € e~ ![V] and z € e }[W] such
that y < 2. Then z-y < z-zs0 f(z-y) < f(x-2). On the
other hand f(z - z2) = e(zx - 2)(f) < a <e(z-y)(f) = flz-y), a
contradiction. O

In fact, Theorem 2.2 is a corollary of the following more general
result, whose statement and proof presume a knowledge of bitopo-
logical spaces.

Theorem 2.3. Let (M, 1,7*) be a pH bitopological space, together
with a semigroup operation, -. Suppose that for each p € M, p, :
M — M s pairwise continuous, and D is an °-dense subspace of
M such that for each x € D, A\, is < -preserving. Then for each
p € M, p, and )\, are both <. -preserving.

Proof. Note first that each p, preserves the specialization, <., as
does any continuous function, by [6, Theorem 3(b)]. If A, were
not <, -preserving, then there would be ¢, s € M such that ¢ <; s
amd A,(q) £+ A\p(s). Since our bitopological space is pH, we can
find disjoint T" € 7, U € 7* such that pg € T and ps € U. By
the continuity of pq : (M,7) — (M, 7) and that of pg : (M,7*) —
(M, 7*), we can then find V € 7 such that p € V and Vq C T
and W € 7* such that p € W and Ws C U. Since p € VNW,
D meets VNW;let x € DNV NW. But then xqg <, xs and
xs € U. Also s € T, and since T' € 7, s € T by [6, Theorem
3(a)], contradicting the disjointness of T and U. O

3. ORDER COMPACTIFICATIONS OF CERTAIN SEMIGROUPS

Both 4 and - respect the usual order on N. Thus by Theorem
2.1 (uN,+) and (uN,-) are compact right topological semigroups
with e[N] contained in their topological centers. Unfortunately, this
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fact becomes significantly less interesting in view of the following
theorem.

Theorem 3.1. With the usual order on N, uN 14s the one point
compactification of N.

Proof. By Theorem 1.9, the sequence (e(n))o° | converges to a point
p of uN. By Theorem 1.2, p ¢ ¢[N]. Now let ¢ € uN\ {p} and pick
disjoint neighborhoods U of p and V of ¢q. Pick m € N such that
{e(n) :n>m} CU. Then q € cl{e(n) :n <m} ={e(n) :n < m}.
Therefore uN = e[N] U {p}. O

On the other hand, if R has its usual order, then pR has a more
interesting structure. The referee has pointed out that the order
compactifications underlying the examples of Theorems 3.2 and 3.4
have been considered, without the semigroup structure, before. See
for example [1] and [5].

Notice the difference between the behavior of the points ¢~ and
a™ when compared to —oo and oo; for example a~ +b" = (a+b)",
while oo + —00 = —o0.

Theorem 3.2. Let R have its usual order. Define points oo, —oo
in F[O, 1], and for each a € R define points a* and a~ in F[O, 1]
by specifying that for f € F,
oo(f) =1lub{f(z):x € R}
(—00)(f) =glb{f(z):z R}
at(f) =glb{f(z):r €Rand z > a}
a (f) =lub{f(z):x€eRand z < a}.

Then uR = e[R] U {oo, —oco} U {at : a € R} U{a™ :a € R}. Also
uR s linearly ordered and has the order topology. The point oo is
the largest member of uR and the point —oo is the smallest member
of uR. Given a,b in R, a~ <e(a) <a’t,a<b=at <b™, and
(1)a”+b" =a +eb)=a +b" =e(a)+b” =(a+b)",
(2)at+b" =at +e) =at +b" =e(a) +b" = (a+b)T,

(3) co+00 = 0o+a” = oco+te(a) =oo+at =a 400 =e(a)+00
at +00=—00+ 00 =00, and

(4) —0+—00 = —00+a~ = —0+e(a) = —cot+at =a +—00 =
e(a) + —oco =a" + —00 = 00+ —00 = —00.

Proof. We show first that {co, —oo}U{at :a € R}U{a™ :a € R} C
uR. To see that co € uR, let U be a neighborhood of co and pick
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finite H C F and € > 0 such that [,y 7 H(oo(f) — €, 00(f) +
€)] CU. For each f € H pick z; € R such that f(zs) > oco(f) — €
and let y = max{zs : f € H}. Then e(y) € ey 7 H(oo(f) —
€,00(f) + €)]. Similarly —oco € uR.

Now let a € R. We show that a™ € uR, the proof for a~ being
similar. Let U be a neighborhood of a* and pick finite H C F and
e > 0 such that (N, 7 H(aT(f) — e,a™(f) +¢€)] C U. For each
[ € H pick zy € Rsuch that z; > aand f(zf) < a™(f)+e. Lety =
min{zy : f € H}. Then e(y) € Nyey 75 (a¥(f) — €, a™(f) +€)].

To see that uR C e[R]U{oco, —co}U{a™ :a € R}U{a™ :a € R},
let p € pR and pick a net (ry)acp in R such that (e(xq))aen
converges to p in F[O, 1]. Let RU {-c0, 0} be the two point com-
pactification of R. By passing to a subnet, we may presume that
the net (z4)aep converges in R U {—co, 00 }.

Assume first that (x,)aep converges to oo. We claim that
(e(xa))aep converges to oo, so that p = co. So let U be a neigh-
borhood of p and pick finite H C F' and € > 0 such that

Nyen T (oo(f) — €,00(f) +€)] CU.

For each f € H pick yy € R such that f(y) > oo(f) — € and pick
ay € D such that for all v € D, if v > ay, then 2, > yy. Pick
0 € D such that for each f € H, 6 > ay. If y € D and v > 4, then
for each f € H, x, > yy and so f(zy) > f(ys) > 0o — € and thus
e(z4) € Nyey 7 H(00(f) — €, 00(f) +€)]-

Similarly, if (z4)aep converges to —oco, then p = —oo.

Now assume that (z4)aep converges to a € R. Let B} = {a €
D:xzy <a},let By ={a €D :x, =a}, and let B3 = {a €
D : x4 > a}. If Ey is cofinal in D, then a subnet of (z4)aep is
constantly equal to a and therefore p = e(a). We shall show that if
E4 is cofinal in D, then (e(zq))aecp clusters at ¢~ and thus p = a™.
So assume that FEj is cofinal in D and let U be a neighborhood
of a= and let n € D. Pick finite H C F and € > 0 such that
Nyerr 77 (@™ (f)—€,a= (f)+€)] CU. Foreach f € H pick y; € R
such that y; < a and f(ys) > a™(f) — € and pick ay € D such that
whenever v € D and v > ay, one has z € (yf,a+1). Pick vy € E;
such that v > n and v > ay for each f € H. Then for each f € H
we have yy <z, <asoa” (f)—e< f(yr) < f(zy) < a™(f) so that
zy €U.
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Similarly if E3 is cofinal in D, then p = a™.

By Lemma 1.7 and [6, Theorem 9], uR is linearly ordered and
has the order topology.

Let a,b € R with a < b and pick ¢ € R with a < ¢ < b. Define

fe®o,1) by

ifr<a-—1
fa—-1<z<a
ifr=a
fa<z<ec
ife<x<d
ifx=5
ifb<zx<b+1
ife>b+1.

Then f € F, —OO(f) =0, ai(f> = %7 e(a)(f) - %7 a+(f) = %7
b=(f) = 2, e(d)(f) = 2, bT(f) = S, and oo(f) = 1, so by Lemma
1.7 —co<a” <e(a) <at <b” <e(b) <b" < oo.

Notice that as a consequence of the order just displayed and the
fact that uR has the order topology, one has for each a € R that
{(e(a —€),e(a)) : € > 0} is a basic neighborhood system of a~.
Note also that [a=,a™] = {a™,e(a),a™}.

To establish (1), let a,b € R. Suppose first that e(a) + b~ #
(a + b)~ and pick disjoint neighborhoods U of e(a) + b~ and V
of (a4 b)~. Pick e > 0 such that (e(a +b—¢€),e(a+1b) CV
and pick a neighborhood W of b~ such that e(a) + W C U. Also
(e(b — €),e(b)) is a neighborhood of b~ so pick € R such that
e(z) € (e(b—¢€),e(b)) NW. Then e(a+ z) = e(a) + e(z) € U. But
b—e<zx<bsoat+b—e<at+zr<a+bandsoe(la+z)eV,a
contradiction.

Now let b* € {b™,e(b),b"} and suppose that a= + b* # (a+b)~.
Pick disjoint open neighborhoods U of a~ + b* and V of (a +b)~.
Pick ¢ > 0 such that (e(a + b — €),e(a + b)) C V and pick a
neighborhood W of a~ such that W +b* C U. Also (e(a—e¢),e(a))
is a neighborhood of a™ so pick z € R such that e(z) € (e(a —
€),e(a)) NW. Thena — € < z < a. Let § = min{a — 2,2 — a +
¢}. Pick a neighborhood T of b* such that e(z) + 7 C U. Also
(e(b—0),e(b+ 0)) is a neighborhood of b*. Pick y € R such that
e(y) € (e(b—4),e(b+6))NT. Then e(x+y) = e(x)+e(y) € U. But

g
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b—rz+a—e<b—0<y<b+i<bt+a—zsobta—e<zxz+y<b+ta
and so e(x +y) € V, a contradiction.

The proof of conclusion (2) is essentially identical.

We conclude by verifying (3), the proof of (4) being similar. We
first show that for any p € uR, p + co = oco. Suppose instead
we have p € pR such that p + co # oo and pick disjoint open
neighborhoods U of p 4+ co and V of co. Pick € R such that
(e(z),00] C V. Pick a neighborhood W of p such that W +o00 C U
and pick y € R such that e(y) € W. Pick a neighborhood T of
oo such that e(y) + T C U. Also (e(x — y), 0] is a neighborhood
of oo so pick z € R such that e(z) € (e(z — y),00] N T. Then
e(y+z) =e(y)+e(z) eU. Also, z <y+zsoe(ly+z) eV, a
contradiction.

Finally, let @ € R and let a* € {a",e(a),a™}. Suppose that
o0 4+ a* # oo and pick disjoint open neighborhoods U of oo + a*
and V of co. Pick x € R such that (e(z),o00] € V and pick a
neighborhood W of oo such that W+a* C U. Also (e(z+1—a), 0]
is a neighborhood of co so pick y € R such that e(y) € (e(z + 1 —
a),o0] N W. Pick a neighborhood T of a* such that e(y) + T C U.
Also (e(a—1),e(a+1)) is a neighborhood of a* so pick z € R such
that e(z) € (e(a—1),e(a+1))NT. Then e(y+2) = e(y)+e(z) € U.
Buta—1l<zandz+1—a<ysox <y+zandthuse(y+z) eV,
a contradiction. O

Corollary 3.3. The topological center of (uR,+) is e[R].

Proof. We have by Theorem 2.1 that e[R] is contained in the topo-
logical center of uR. We have that Ay (—00) = —oo while for any
p € uR\{—00}, Aso(p) = 0o and thus A is not continuous at —oo.
Similarly, A_~ is not continuous at oc.

Now let a,b € R. We claim that A,+ is not continuous at b~
and \,~ is not continuous at b*. We write out the verification of
the first of these assertions. We have that A\ +(b™) = (a +b)* and
(e(a+1b),e(a+b+1)) is a neighborhood of (a+b)*. Suppose that
we have a neighborhood U of b~ such that A+ [U] C (e(a+b),e(a+
b+ 1)). Pick ¢ < b such that (e(c),e(b)) C U and pick = € (c,b).
Then A+ (e(z)) = (a+2)* ¢ (e(a+b),e(a+b+1)). O

The proof as well as the statement of the following theorem are
very similar to that of Theorem 3.2, so we omit the proof. Notice a
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contrast between the topology of uR and the topology of uQ. The
points of uR \ {—o0, 00} have a neighborhood base consisting of

intervals of the form (e(a),e(b)). But in pQ, v2 Tis immediately

preceeded by v/2 , and so v/2 ™ does not have a neighborhood base
of the same form.

Theorem 3.4. Let Q have its usual order. Define points oo, —oo
n F[O, 1], and for each a € R define points a* and a~ in F[O, 1]
by specifying that for f € F,

oo(f) =1lub{f(z):z € Q}

(—o0)(f) =glb{f(z):2 € Q}
at(f) =glb{f(z):z€Qand x > a}
a= (f) =lub{f(z):z€Qand z <a}.

Then pQ = e[Q] U {oo, —oco} U {a™ : a € R} U{a™ : a € R}. Also
uQ is linearly ordered and has the order topology. The point oo is
the largest member of nQ and the point —oo is the smallest member
of pQ. Given a,b inR, a~ <e(a) <at, a<b=a" <b”, and
(1)a”+b" =a +eb)=a +b" =e(a)+b” =(a+b)",
(2)at+b" =at +eb) =at +b" =e(a) +b" = (a+b)T,

(3) co+00 = 0o+a~ = oco+te(a) =oco+at =a” 400 =e(a)+oo =
at +00=—00+ 00 =00, and

(4) —00+—00 = —c0o+a~ = —oco+e(a) = —co+at =a” +—0c0
e(a) + —oo =at + —00 = 00 + —00 = —cx%.

(In the above conclusions, it is intended that references to e(x) be
omitted in the event x ¢ Q.)

In (R, -) with the usual order, the operation does not respect the
order. However, letting RT = {2 € R: 2 > 0}, one has that both +
and - respect the order of RT. Further, since (RT,-) and (R, +) are
isomorphic via an order preserving function, one has that (uR™, ")
and (uR, +) are also isomorphic. In particular, given a,b € R™ one
has

at -0t =0c0-0" =0".
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It is interesting to note that neither distributive law is satisfied in
the system (uR™, +,-). Indeed, let a,b € RT. Then a™ - (0T +b1) =
a”-b" = (a-b)” whilea™-0"+a=-b" =0T+ (a-b)” = (a-b)*. Also if
a,b,c € RT, then (e(a)+b7)-¢c™ = (a+b)~-c" = ((a+b)-c)” while
e(a)-ct+b"-ct = (a-¢)T(b-¢c)” = (a-c+b-¢)T. (On the other hand,
for p,q,7 € pR™\ {0%} one does have that p- (¢q+7)=p-q+p-7.)

With the usual ordering we have seen that yR and uQ are rela-
tively small and that uN is positively tiny. Further, since we have
explicitly described the operations we can tell exactly the smallest
ideal, K, of each of (uR, +), (uQ, +), (uN, +), (uR",-), and (uN,-).
For example, K (uR, +) = {—o0,00}.

We now turn our attention to another ordering of N designed to
reflect its multiplicative structure.

Definition 3.5. Let x,y € N. Then z < y if and only if x divides
Y.

One has that - respects the order <. We shall see that (uN, <, -)
is as large as possible and has a significant amount of algebraic
structure. In fact it contains a copy of the free semigroup on 2°¢
generators. On the other hand, the smallest ideal of (uN, <,-) is
trivial. (We remind the reader that members of the smallest ideals
of (AN, +) and (BN, -) are behind many of the most powerful com-
binatorial applications of those structures.)

Recall that if p € BN and (x,)nen is a sequence in a Hausdorff

topological space X, then p—linl%I r, = y if and only if for every
ne

neighborhood U of y, {n € N: z,, € U} € p, where we are taking p
to be an ultrafilter on N. (See [4, Section 3.5].)

We shall use our knowledge of the structure of (SN, -) to obtain
information about (uN, <, ).

Definition 3.6. Let uN be as determined by the order <. Define
¢ BN — pN by ¢(p) = p-lim e(n).

Lemma 3.7. The function ¢ is a continuous surjective homomor-
phism from (ON,-) to (uN,-).

Proof. To see that ¢ is continuous, let p € OGN and let U be a
neighborhood of ¢(p). Pick a neighborhood V' of ¢(p) such that
clV CU. Then e 1 [V]={n e N:e(n) € V} € psocl(e t[V]) is
a neighborhood of p. And, if ¢ € cf(e™1[V]), then o(q) € U.
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Since ¢[N] = e[N] and ¢[N] is dense in uN, we have ¢[GN] = uN.
(We are identifying the points of N with the principle ultrafilters,
so if n € N, then ¢(n) = n_hHIl\I e(m) =e(n).)

me

Now ¢ is a continuous function extending e and e[N] is contained
in the topological center of uN so by [4, Corollary 4.22], ¢ is a
homomorphism. O

Theorem 3.8. Let P be the set of primes. Then ¢ is injective on
cl(P). In particular, |uN| = 2°.

Proof. 1t is well known that there are 2¢ ultrafilters on a countably
infinite set. (See [3] or [4].) And as a quotient of SN, |uN| < 2¢ so
it suffices to establish the first assertion.

So let p and ¢ be distinct members of ¢/(P) and pick A € p\ q.
Define f : N — [0,1] by

f(z) = 0 ifforallr € ANTP, r does not divide x
|1 1 if there exists r € ANP such that r divides x.

Then f € F. We claim first that ¢(p)(f) = 1. So suppose instead
that ¢(p)(f) < 1. Then 7;~'[[0,1)] is a neighborhood of ¢(p) so
{n € N:e(n) € m7[[0,1)]} € p. Pick n € ANP such that
e(n) € m;71[[0,1)]. Then f(n) < 1, a contradiction. Similarly,
using the fact that P\ A € ¢, one sees that ¢(q)(f) = 0. O

We now set out to show in Theorem 3.11 that the elements of
o[ cl(P) ]\ e[N] generate a free semigroup.

Lemma 3.9. Letn € N, let p1,pa,...,pn € uN\ €e[N], and for each
i€{1,2,...,n} let U; be a neighborhood of p; and let C; C N such
that p; € cle[C;]. Let

B=A{[l"jzi: z1<x2<...<zp and
(Vie{1,2,...,n})(e(x;) € U; and z; € Cy)} .

Then py - pa - - pp € cle[B.

Proof. We proceed by induction on n. Assume first that n = 1.
Let W be a neighborhood of p;. Then W N U; is a neighborhood
of p1 so pick y € C; such that e(y) € W NU;. Then y € B and
e(y) e W.

Now assume that n > 1 and the lemma is valid for n — 1. Let V'
be an open neighborhood of py-ps - - - p,, and pick a neighborhood W
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of p1-pa -+ pp—1 such that W-p,, C U. By the induction hypothesis

pick 1 < x93 < ... < x,—1 such that for all i € {1,2,...,n — 1},

e(x;) € U; and z; € Oy, and e([[7=]' x;) € W. Pick a neighborhood

R of p, such that e(H?;f z;) - R C V. Pick z,, € C, such that
e(zy) € RNU, \{e(y) 1y < xp_1}.

Then z, > zp—1 and e([[}, z;) € V. O

Lemma 3.10. For x € N, let {(x) be the length of the prime fac-
torization of x. Let n € N and let Uy, Us, ..., U, be open subsets of
uN such that U; N e[P] # 0 for each i € {1,2,...,n}. Let

B={[[lL,zi: z1<z2<...<x, and
(Vie{1,2,...,n})(e(z;) € Uj and z; € P)}.

Define gp : N — [0,1] by
1 ifl(x) >n

ifxreB

N[ =

gp(z) =

0 otherwise.

Then gp € F. Also
(1) if p € cle[{x € N: £(x) > n}, then p(gp) = 1;
(2) if p € cle[B], then p(gp) = %; and
(3) if p e uN\ (cle[{z € N: l(x) > n}|Ucle[B]), then p(gp) =
0.

Proof. Tt is routine to verify that gg € F', and conclusions (1) and
(2) are immediate. To verify conclusion (3), let p € uN\ (cle[{z €
N : 4(z) > n}] U cle|B]) and suppose that p(gg) > 0. Pick a
neighborhood V' of p such that

VN(el[{x e N:l(z) >n}Ue[B])=10.
Also 7y, 71 [(0, 1]] is a neighborhood of p so pick = € N such that
e(z) € V Ny, 1[(0,1]] .
But then gp(z) € {3,1}, a contradiction. O

Theorem 3.11. Letn,m € N and let p1,p2, .., Pnys Q1,425 -« -, Gm €
(cle[P)) \ e[N] and assume that p1 -p2--pn = q1-q2 " qm- Then
m =n and for each i € {1,2,...,n}, pi = ¢;.
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Proof. For each r € {p1,p2,.--,Pn,q1,G2,---,qm} Pick an open
neighborhood W, of r such that W, N W, = () whenever r # s.
For i € {1,2,...,n}, let U; = W), and for ¢ € {1,2,...,m}, let
Vi=W,,. Let

B={[[L,zi: z1<z2<...<x,and
(Vie{1,2,...,n})(e(x;) € Uj and z; € P)}
and let
C={[[11zi: z1<wz2<...<mpand
(Vi e {1,2,...,m})(e(z;) € V; and z; € P)}.

Then by Lemma 3.9 py - pa---p, € cle[B] and ¢1 - g2+ qm €
cle[C]. Consequently by Lemma 3.10 (p1 - p2---pn)(98) = 5 and
(@1 a2+ qgm)(9c) = 5. Thus my,~1[(0,1)] is a neighborhood of
G192 Gm = p1-D2---Pn € cle[B] so pick x € B such that
e(z) € mg, 1[(0,1)]. Thus go(z) = 2 sox € BNCsox = [[I 2 =
[T, vi where 21 < 22 < ... < Zp, Y1 < Y2 < ... < Ym, for each
i€ {1,2,...,n}, z; € P and e(z;) € U;, and for each i € {1,2,
...,m}, y; € P and e(y;) € V;. Then ¢(x) = n = m and by the

uniqueness of prime factorization z; = y; for each i € {1,2,...,n}.
Thus for each i € {1,2,...,n}, U; NV, # 0; that is W,,, N W, # 0,
and consequently p; = ¢;. ]

We have just established the existence of substantial algebraic
structure in (pN, <, -). Unfortunately, we see that the structure of
the smallest ideal is trivial.

Theorem 3.12. |p[ (72, ¢/(nN) || = 1. In particular, | K (uN)| =
1.

Proof. For the “in particular” conclusion note that by Lemma 3.7
and [4, Exercise 1.7.3], p[K (BN, )] = K(uN,-) and, since c/(nN) is
an ideal of (AN, ), K(ON,-) C 2, c/(nN).

Now let p, ¢ € (,—, ¢/(nN) and suppose that ¢(p) # ¢(g). Pick
f € F such that ¢(p)(f) # ¢(q)(f) and assume without loss of
generality that b = ¢(p)(f) < ¢(¢)(f) = a and let € = a — b. Now
7 (a — §,a+ §)] is a neighborhood of ¢(q) so

{reN:e(x) €np(a— %,a—i— g)]} €q.
Pick 2 € N such that f(z) = e(z)(f) € (a — §,a + §). Now
7 (b — §,b 4 §)] is a neighborhood of ¢(p) so A = {y € N
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e(y) € mp (b — 5,04 5)]} € p. Also aN € p so pick y € AN aN.
Then z <y soa—§ < f(x) < f(y) < b+ §, a contradiction. [
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