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VIP Systems in Partial Semigroups
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and

Randall McCutcheon?

Abstract. A VIP system is a polynomial type generalization of the notion of an IP
system, i.e., a set of finite sums. We extend the notion of VIP system to commutative
partial semigroups and obtain an analogue of Furstenberg’s central sets theorem for
these systems which extends the polynomial Hales-Jewett Theorem of Bergelson and
Leibman. Several Ramsey Theoretic consequences, including the central sets theorem
itself, are then derived from these results.

1. Introduction

Given a set A, we write Py(A) for the set of finite nonempty subsets of A. We use the
special notation F = P¢(N). Also, if (H,)5%, is a sequence of sets, then FU((H,)5%,) =
{Uneca Hn:a € F}. An IP system in a commutative semigroup (.S, +) is an indexed family
(Va)aer where there exists a sequence (y, )52, such that for each o € F, vo =), ., Un-
(Equivalently, vaug = vo + vg for all o, 8 € F with an @ = 0.) An IP ring FM) is a set
of the form F) = FU({,,)22,) where (a,,)22; is a sequence of members of F such that
max o, < min a1 for each n.

In [3] V. Bergelson and A. Leibman established strong generalizations of van der
Waerden’s Theorem and Szemerédi’s Theorem. Our starting point is their generalization

of van der Waerden’s Theorem.

1.1 Theorem. Let k € N and suppose {p1(z),---,pr(z)} C Z[x] are polynomials having
zero constant term. Let (ny)acr be an IP system. For any finite coloring of N there exists
a € N and o € F such that

{a,a—f—pl(na), T, a +pk(na)}
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Proof. This is an unstated combinatorial corollary to [3, Corollary 1.9]. (For a simple

algebraic proof of this result see [8].) 0

To see that Theorem 1.1 implies van der Waerden’s theorem, let £ € N and for each
te{l,2,...,k}, let p(x) = t-x. Then Theorem 1.1 tells one that, not only can one always
find a monochrome arithmetic progression of length k£ 4 1, but in fact the increment can
be chosen in any prespecified IP system.

The following infinitary generalization of Theorem 1.1 was obtained in [10]. (The

linear case of Theorem 1.2 follows from Furstenberg’s central sets theorem [6, Proposition
8.21].)

1.2 Theorem. Let k € N and suppose {p1(x),...,pr(x)} C Z[z] are polynomials having
zero constant term. Let (no)acr be an IP set. If r € N and N = J._, C; then there exists
an IP ring FU) | an IP system {ao)oecrm, and some j with 1 < j < r such that for all
o€ .7:(1),

{aouaa +p1(na)7 N 76 +pk(na)} - Cj

Proof. [10, Theorem 1.6]. 0

Our goal in this paper is to obtain a similar infinitary generalization of a “set poly-
nomial” extension of the Hales-Jewett Theorem, also due to Bergelson and Leibman. To
discuss this we need to introduce some terminology. (For a statement of the Hales-Jewett
Theorem itself, see Section 4.) Let [ € N. A set-monomial (over N') in the variable X is an
expression m(X) = S7 x Sy x ... xS), where for each i € {1,2,...,1}, S; is either the sym-
bol X or a nonempty singleton subset of N (these are called coordinate coefficients). The
degree of the monomial is the number of times the symbol X appears in the list Sq,...,5].
For example, taking [ = 3, m(X) = {56} x X x X is a set-monomial of degree 2, while
m(X) = X x {17} x {2} is a set-monomial of degree 1. A set-polynomial is an expression of
the form p(X) = m1(X) Uma(X)U...Umg(X), where k € N and mq(X),...,mg(X) are
set-monomials. The degree of a set-polynomial is the largest degree of its set-monomial
“summands”, and its constant term consists of the “sum” of those m; that are constant,
i.e. of degree zero.

A polynomial p(A) determines a function from P;(N) to P;(N') in the obvious way
(interpreting the symbol x as Cartesian product and the symbol U as union). Here now

is the polynomial Hales-Jewett theorem of Bergelson and Leibman.

1.3 Theorem. Let | € N and let P be a finite family of set-polynomials over N' whose
constant terms are empty. Let I C N be any finite set and let r € N. There exists a finite
set N C N, with N NI = (), having the property that if Pf(UP(X)GP P(N)) = U;_, C;
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then there exist i € {1,2,...,r}, some nonempty B C N, and some A C p x)ep P(IV)
such that AN P(B) =0 for all P € P and

{AUP(B): P(X)eP}CC.
Proof. [4, Theorem 3.5]. 0
We shall utilize the following special case of Theorem 1.3.
1.4 Corollary. Let k,r,d € N. There exists N € N such that if
Pr({1,2,...,k} x {1,2,...,N}*) =U;_, C;

then there exists A € Pr({1,2,...,k} x {1,2,...,N}%) and B € P;({1,2,...,N}), with
AN({1,2,...,k}y x BY) =0, and j € {1,2,...,7}, such that

{Au(ExB%:EC{1,2,....k}} CCj.

Proof. This is the special case of Theorem 1.3 corresponding to the set-polynomials
P(X)=Ex X4 EC{1,2,...,k}. a

We shall obtain in Theorem 4.4 a result which generalizes Theorem 1.3 in much the
same way that Theorem 1.2 generalizes Theorem 1.1. On the way to this result, we shall
need the notions of VIP system and partial semigroup. The notion of VIP system was
introduced in [2]. Recall that given a set A and a cardinal number &, [A]" = {B C A :
|B| = k}.

1.5 Definition. Let (G, +) be an abelian group. A sequence (v4)acr in G is called a VIP
system if there exists some non-negative integer d (the least such d is called the degree of

the system) such that for every pairwise disjoint ag, aq,...,aq € F we have

d+1

(=1t > ws=0.

t=1 Be[{ao,...,aa}]’

“Degree” suggests that VIP systems have a “polynomial” nature; and indeed they do.
Notice that the VIP systems of degree 1 (i.e. “linear” VIP systems) are precisely the IP
systems (the above equation in this case takes the form va,ua, — Vay — Vay = 0). More
generally, it is easy to verify that, given any sequence (z,)>°; in G, and any n € N, if
Vo = (D ica i)™, then (va)aer is a VIP system of degree n.

There is an alternate characterization of VIP systems that is often simpler to work
with. For d € N, let F; denote the family of nonempty subsets of N having cardinality at

most d.



1.6 Theorem. Let G be an additive abelian group and let d € N. A sequence indezxed by
F, (Va)acF, in G is a VIP system of degree at most d if and only if there exists a function
from Fy to G, written v — n., v € Fq, such that

for all o € F.
Proof. [10, Proposition 2.5]. g

This characterization may be used to show, for example, that if R is a commutative
ring, k,d € N, and p € R[x1,x2,..., 2] is a polynomial of degree d with coefficients in R
and with p(0,...,0) = 0, and if (n(()f)>aey: are IP systems in R, 1 < i < k, then letting
Vo = p(ng}),ng), . ,n&k)), a € F, the resulting sequence (v,)aer is a VIP system of
degree at most d. (For a proof, see [10, Proposition 2.6].)

In this paper we shall extend (in Section 3) the definition of VIP system to partial
semigroups. In so doing, we must make a choice between trying to mimic either Defini-
tion 1.5 or the characterization provided by Theorem 1.6 (these two approaches, though
equivalent for groups, yield different notions when naturally applied to semigroups). We
choose to follow the characterization of Theorem 1.6, as this is easier and encompasses all
of the interesting examples of which we are aware.

We shall be using the Stone-Cech compactification 35 of a discrete space S. We take
the points of 3S to be the ultrafilters on S, the principal ultrafilters being identified with
the points of S. Given aset AC S, A= {pe€ 3S: Acp}. Theset {A: AC S} is a basis
for the open sets (as well as a basis for the closed sets) of 45.

If S is a semigroup, then there is a natural extension of the operation of S to 59,
customarily denoted by the same symbol, making 3S a compact right topological semi-
group with S contained in its topological center. (If the operation is “.”, this says that for
each p € 85 the function p, : 85 — (S5 is continuous and for each x € S, the function
Az : BS — BS is continuous, where p,(¢) = ¢-p and A\;(q) =z - ¢q.) See [9] for an elemen-
tary introduction to the semigroup (S as well as for any unfamiliar algebraic assertions

encountered here.
2. Partial Semigroups

There are many cases in which one is interested in a set with a natural operation in which
it is convenient to not have the operation defined for all pairs of members of the set. This

can arise in basically two ways. The simpler of the two ways is the situation in which the
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natural operation does not satisfy the closure property. For example, given a sequence
(Tn)52q in a semigroup (S, -), let FP((z,)521) = {[],cq ®n:a € F}, where the products
are taken in increasing order of indices. Then, for example x; - z3 € FP({x,)5> ) and
x3- x5 € FP((x,)22 ) but it is not likely that z; - x5 - x3 - x5 € FP((x,)22 ). (Of course,
it is possible that z1 - x3 - x3 -5 = v7 € FP((x,)52;).) On the other hand, if one requires
that o < 8 (meaning max o < min (3), or in the event that S is commutative simply that
anp=10,then [[,c, zn [lhes Tn = lncavs Tn € FP(zn)ply)-

The other way in which the problem can arise is the situation in which the natural
operation does yield another member of the set, but does not behave as one wants it to. For
example, consider the semigroups (F,U) and (N, +) and the function ¢ : F — N defined
by ¢(a) = |a|. Then ¢ is not a homomorphism, but it behaves like one on disjoint sets.

We address these problems by using the notion of partial semigroup introduced in [1]
to obtain some Ramsey Theoretic results about variable words and sequences of variable

words.

2.1 Definition. A partial semigroup is a pair (S, *) where * maps a subset of S x S to S
and for all a,b,c € S, (a*b) xc=ax (bxc) in the sense that if either side is defined, then

so is the other and they are equal.

2.2 Definition. Let (S,*) be a partial semigroup.

(a) For s € S, o(s) ={t € S:sxtis defined}.

() Fo H € P)(5), () = sy 70

(c) o(0) =

(d) F rsESandACSslA {tep(s):sxte A}

(e) (S,%) is adequate if and only if o(H) # 0 for all H € Pf(S).

Given a partial semigroup S and a,b,c € S, one thus has that the statements
(i) b € p(a) and ¢ € p(a*b)
and
(ii)) c € p(b) and bx* c € p(a)
are equivalent and imply that (a % b) x ¢ = a * (b*c).
Notice that, just as in a semigroup, only even more strongly, the notation s~' A should
not be read as suggesting that there is some object s~' € S. We do see however, that in

some sense the behavior resembles the case in which such objects exist.

2.3 Lemma. Let (S,*) be a partial semigroup, let A C S and let a,b,c € S. Then
ceb HatA) e becp(a) andc € (axb) A,

In particular, if b € ¢(a), then b=1(a1A) = (ax b)"LA.
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Proef.

cebHatA) ccpb)andbxcecatA

cepb)and bxce€ p(a) and a*x (bxc) € A

be y(a)and c € p(axb) and (axb)xc€ A
(

)
bep(a) and c€ (axb) LA O

tee0

We now introduce formally the product of more than one elements of S. (If the
operation of S is denoted “+”, then [] will be replaced by >.)

2.4 Definition. Let (S,*) be a partial semigroup. Given k € N and z1,z9,..., 2 € 5,
we define Hle x; inductively by:

Hil:l o= k k k
H{g+1 S (IL,=; zi) * xpq1 if T[;_; @i is defined and zg41 € o([[;_; 24)
=1 undefined otherwise.

Notice that if Hle x; is defined and t < k, then necessarily [['_, #; is defined.
We are interested in adequate partial semigroups because they give rise to a natural

subsemigroup of 3S. (That is, a subset of 55 which is, in a natural way, a semigroup.)

2.5 Definition. Let (S, *) be an adequate partial semigroup. Then

08 = (Nyes pla).

Notice that the fact that S is adequate is exactly what is needed to guarantee that
05 # (). Notice also that if S is in fact a semigroup, then 45 = 3S.
Recall from [9, Theorem 4.12] that if (.S, ) is a semigroup, A C S, a € S, and p,q € 35,
then
Aca-qeatdeyg

and
Acp-qe{acS:atAcqlep.

Motivated by these characterizations, we extend the partial operation * to as much of 5.5

as we can reasonably hope to be sensible.

2.6 Definition. Let (S, *) be an adequate partial semigroup.

(i) Forae Sand g€ p(a), axq={ACS:a 1A € q}.
(ii) Forpe fS and g€ S, pxq={AC S:{ac€ S:a"tAcq} € p}.

2.7 Lemma. Let (S,*) be an adequate partial semigroup.

(i) If a € S and q € ¢(a), then a*q € (5S.
(ii) If p € BS and q € §S, then pxq € BS.



(iii) Let p € S, q €05, and a € S. Then p(a) € p * q if and only if p(a) € p.
(iv) If p,q € 6S, then p*q € 6S.

Proof. (i). We need to show that a * ¢ is an ultrafilter on S, that is, a * ¢ has the finite
intersection property and given any set A C S, either A € a* q or S\A € a *q. For the
first assertion, let H € Pg(a *g). Then (), cpya tA € ¢ so pick b € (440 tA. Then
be p(a)and axb e H.

For the second assertion, let A C S and assume that A ¢ a * ¢. Then S\a= 1A € ¢,
p(a) € ¢, and (S\a™tA) N p(a) =a 1(S\A).

(ii). Let H € Pr(p*q), pick a € yenfa € S:a P A € ¢}, and pick b € () 414y a1 A.
Then b € p(a) and a xb € (H.

Now let A C S and assume that A ¢ pxq. Let B=S\{a € S:a 14 € ¢}. Then
B € p. We claim that B C {a € S: a 1(S\A4) € ¢} (so that S\A € px¢q). Let a € B.
Then a™*A ¢ g and so A ¢ a*q. Since p(a) € ¢ we have by part (i) that S\A € a x ¢ and
thus a=1(S\A) € q as required.

(iii). Necessity. Assume that ¢(a) € px ¢ so that {b€ S: b 1p(a) € q} € p. We show
that {b € S : b tp(a) € ¢} C p(a). Solet b= 1p(a) € q. Pick ¢ € b=tp(a). Then c € p(b)
and b* c € p(a) so ax* (bxc) is defined and thus a * (b* ¢) = (a * b) * ¢ and in particular
b e ¢(a).

Sufficiency. Assume that p(a) € p. We claim that ¢(a) C {b € S : b tp(a) € q} so
that p(a) € pxq. Let b € ¢(a). Since g € 65, ¢(a xb) € q. Therefore it suffices to show
that p(a x b) C b~ tp(a). Let ¢ € p(a*b). Then (a*b)*c=ax (bxc)soc € p(b) and
bxc € p(a). That is, c € b~ 1p(a) as required.

(iv). This is an immediate consequence of part (iii). 0

2.8 Lemma. Let (S, *) be an adequate partial semigroup and let g € §S. Then the function
pq - BS — BS defined by py(p) = p * q is continuous.

Proof. Note that by Lemma 2.7, the function p, does take 35S to 3S. Let p € 35S and
let A € p*q (so that A is a basic neighborhood of p,(p) ). Let B={a € S:a 1A € q}.
Then B € p and p,[B] C A. O

2.9 Lemma. Letp € 58S and let q,r € 6S. Thenp* (q*71) = (p*q) *r.

Proof. Notice that by Lemma 2.7, both p x (¢ *r) and (p* q) xr are in 3S. Suppose that
px(qxr) # (pxq)*r and pick A € p*(g*7)\(p*q)*r. Let B={a € S :a"'(S\A) € r}. Then
Bepxgso{beS:b'Beq}ep. Also, {be S:b"1Acgxr} € pso pick b € S such
that 1B € gand b='A € g 7. Then {c € S:c 1 (b71A) € r} € ¢ so pick ¢c € b~ B such
that ¢=1(b=1A) € r. Then c € p(b) and b*c € B so (b*c) 1(S\A) € r. Since ¢ € p(b) we
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have by Lemma 2.3 that ¢~ (b= A4) = (bxc) "' A. Since ((bxc) " tA)N((bxc) 1 (S\4)) =0,

we have a contradiction. O

2.10 Theorem. Let (S, %) be an adequate partial semigroup. Then (6S,x*) is a compact
Hausdorff right topological semigroup.

Proof. Lemmas 2.7(iv), 2.8, and 2.9 and the fact that 65 is a closed subset of 35S. 0

As a compact Hausdorff right topological semigroup, .5 is guaranteed the structure
common to all such objects. In particular, it has a smallest two sided ideal K (4S) which
is the union of all of the minimal left ideals of §.S as well as the union of all of the minimal
right ideals of §S. (A subset L of a semigroup (.5, -) is a left ideal of S if and only if L # ()
and S- L C L. Similarly, a right ideal R satisfies R-S C R. A two sided ideal is both
a right and a left ideal.) Further, given a minimal left ideal L of 65 and a minimal right
ideal R of §S, LN R is a group (so in particular L and R each have idempotents). (See [9,
Theorems 2.7 and 2.8].)

2.11 Definition. Let p=p*p € 65 and let A € p. Then A* ={zx € A: 27 1A € p}.
Given an idempotent p € S and A € p, it is immediate that A* € p.
2.12 Lemma. Letp=px*p €S, let A€ p, and let v € A*. Then x~1(A*) € p.

Proof. Since z € A*, 2714 € p and so (x7'A)* € p. Thus it suffices to show that
(x71A)* C 271(4%). (In fact equality holds.) Let y € (z71A)*. Then y € z7'A and
y1(x7tA) € p. Then y € p(z) and z xy € A and, by Lemma 2.3, (z *y) 14 =
y~Y(z71A) € p. That is y € p(z) and 2 x y € A* as required. O

Some important notions of largeness in a semigroup S can be characterized in terms
of K(3S). It is our intention to utilize K(6S) to obtain appropriate analogues of these
notions for partial semigroups.

Recall that a subset A of a semigroup S is syndetic if and only if there exists some
H € Py(S) such that S = (J,cy t'A. This has an equivalent formulation in terms of
BS, namely 8S = (J,cy t—1A. Given a point p € S, one has that p € K(8S) if and
only if for every A € p, {x € S: x7'A € p} is syndetic [9, Theorem 4.39]. We introduce
now a notion of “syndetic” in a partial semigroup S, and provide evidence that it is an
appropriate notion by verifying the corresponding results for 4.

Notice that one certainly wants an adequate partial semigroup S to be syndetic in
itself (since, after all, we are concerned with notions of largeness). In the simple examples
of partial semigroups already presented (all of which are adequate) one does not have a

finite subset H of S with S C (J,cy ©(t). Consequently one cannot hope to have the



verbatim definition of “syndetic” apply to partial semigroups. The modification needed

turns out to be quite minor.

2.13 Definition. Let (S, *) be a partial semigroup and let A C S. Then A is syndetic if
and only if there is some H € Py(S) such that o(H) C U,y t'A.

Notice that if S is a semigroup, Definition 2.10 agrees with the standard definition of
“syndetic”.

2.14 Lemma. Let (S,*) be an adequate partial semigroup and let A C S. Then A is

syndetic if and only if there exists H € Py(S) such that 08 C U,y t71A.

Proof. Necessity. Pick H € P¢(S) such that o(H) C (J;epy t7'A. Then 6S C o(H) C
Uoy i A=U,., [ 4

Sufficiency. Suppose that for each H € Py(S), o(H)\U,eyy t 1A # 0. Let A =
{e(®)\t7*A : t € S}. Then, given H € P¢(S), 0c(H)\U;ey t 1A C Nen (0()\t71A)
so A has the finite intersection property. Pick ¢ € (S such that A C ¢ and note that
{¢(t) : t € S} C ¢ so that g € 6S. Pick H € Py(S) such that 65 C {J,.;; t 1A and pick
t € H such that ¢ € t—TA. This is a contradiction. O

2.15 Theorem. Let (S, *) be an adequate partial semigroup and let p € §S. The following
statements are equivalent.

(a) p € K(095).

(b) Forall Acp, {vr €S :a7 1A € p} is syndetic.

(c) For all g € 0S, p € 0S5 *qx*p.

Proof. (a) implies (b). Let A€ pandlet B={x € S:27'A € p}. Let L be the minimal
left ideal of 4.5 such that p € L. We claim that L C J,g t—TA. To see this, let g € L.
Then 05 * q is a left ideal contained in L so L = 05 * ¢q. Consequently p € L = 65 % g so
pick r € 85 such that p = 7 xq. Then {t € S :t71A € q} € r so pick t € S such that
t7'A € q. Now L = p,[6S] so L is compact. Pick H € Py(S) such that L C (J, t~'A.
We claim that 05 C |J,cy t—1B so that, by Lemma 2.14, B is syndetic.

Let r € 0S. Then r+p € L C ey t—1A so pick t € H such that t"'A € r*p. Then
{reS:z 7t 1A) € p} € r and p(t) € r. We claim that

et)N{zeS: 27t A epl Ct7 !B

so that t71B € r as required. So let x € (¢) such that z=1(t71A) € p. Then by Lemma
2.3, 271 (t71A) = (t*x)"tAso that t xx € B.

(b) implies (c). Let ¢ € 6S. For A € p, let B(A) = {x € S : 2714 € g*p}. We
claim that {B(A) : A € p} has the finite intersection property. Since, given A; and As,
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B(A; N As) = B(A1) N B(As), it suffices to show that each B(A) # (. To this end, let
Aeplet C={xeS:2tA € p}, and pick H € Ps(S) such that o(H) C J,cp t'C.
For each y € o(H), pick t, € H such that t, xy € C. Now o(H) € ¢ and o(H) =
Uien {y € o(H) : t, =t} so pick t € H such that {y € o(H) : t, =t} € ¢. We show that
t € B(A). For this it suffices to show that {y € o(H) : t, =t} C{y e S:y~1(t71A) € p}.
So let y € o(H) such that ¢, = ¢. Then t*xy € C so (t*xy) 1A € p. Since y € (),
(txy) 1A=y 1t 1A) by Lemma 2.3.

Since {B(A) : A € p} has the finite intersection property, pick » € (S such that
{B(A): Aep} Cr. Thenforall Acp, {xeS:a7 A€ qgxp} €rsop=rx(gxp). Since
p € S, for each a € S, p(a) € p and consequently, by Lemma 2.7(iii), for each a € S,
o(a) € r. That isr € 4S.

(c) implies (a). Pick ¢ € K(dS5). Then 05 x ¢ *xp C K(45). O

Two other important notions of largeness in a semigroup S are the notions of piecewise
syndetic sets and central sets. Both of these notions have simple characterizations in terms
of 8S. A subset A of S is piecewise syndetic if and only if AN K(BS) # 0 [9, Theorem
4.40] and A is central if and only if there is an idempotent p € K(3S) such that A € p [9,
Definition 4.42].

2.16 Definition. Let (5, *) be an adequate partial semigroup and let A C S.

(a) The set A is piecewise syndetic in S if and only if AN K(5S) # 0.

(b) The set A is central in S if and only if there is some idempotent p in K (0.5) such
that A € p.

Notice that (unlike the notion of syndetic), both “piecewise syndetic” and “central”
are partition regular notions. That is, if a finite union of sets has one of these properties,
then some one of them does. (This fact is immediate from the definitions.)

The following result will be needed in the next section.

2.17 Lemma. Let (S,*) be an adequate partial semigroup and let A C S be piecewise
syndetic. There exists H € P¢(S) such that for every finite nonempty set T C o(H), there
exists x € o(T) such that Tz C ;e t7A.

Proof. Pick ¢ € ANK(§S) and let B = {z € S: 27 'A € q}. By Theorem 2.15, B is
syndetic, so pick H € Pf(S) such that o(H) C ey t'B. Let T € Py(c(H)). For each
y € T pick t, € H such that ¢,y € B and thus (¢t,+y) 'A € ¢. Pickz € Nyer (tyxy) LA,
Given any y € T, y € ¢(t,) and = € p(t, *y) so that € ¢(y). That is x € o(T). Further,
giveny €T, tyx(y*x) = (t,*y)xx € Aand thus y xx € t, A C J,cy t714. 0
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3. VIP systems in Partial Semigroups

We shall be concerned with extending the notion of VIP system to an arbitrary (partial)
semigroup. This notion involves equations involving a large number of sums, and we do not
wish to be concerned about the order in which these sums are taken. (An already compli-
cated situation would be made more complicated by such considerations.) Consequently,
we shall restrict our attention from now on to commutative semigroups and commutative
partial semigroups. (When we say that a partial semigroup (S,+) is commutative, we
mean that for all a,b € S, a + b is defined if and only if b + a is defined, and of course, if
defined a +b =10+ a.)

In particular, we shall use additive notation. If we are speaking of an additive semi-
group or partial semigroup S with an identity, we shall denote that identity by 0, in which
case SU{0} = S. If S does not have an identity, then S U {0} denotes S with an identity
adjoined.

We begin by recording an observation, whose simple proof we omit.

3.1 Lemma. Let (S,+) be a commutative partial semigroup, let k € N, and let x1, x4, ...,
xp € 8. If Zle x; is defined, t € {1,2,...,k}, and s1,82,...,8 are distinct members of
(1,2,...,k}, then Si_, x, is defined. Ift =k, then Zle Ty, = Zle x;.

Here now is the definition of VIP system for partial semigroups.

3.2 Definition. Let (S, +) be a commutative partial semigroup. Let (vy)qecr be an F-
sequence in S. (vy)aecr is called a VIP system if there exist some d € N and a function
from F4 to S U {0}, written v — m,, v € Fy, such that
Vo = Z My (3.1)
vCayeFy
for all & € F. (In particular, the sum is always defined.) The sequence (m) e, is said

to generate the VIP system (vq)acr

We shall also refer to a family (va),er1) where FU) is an IP ring and the obvious
analogue of (3.1) is satisfied, as a VIP system.
Notice that, given any finite G C Fq, > o5 m, is defined. To see this, let o = JG.

Then ) g
It is easily shown that for cancellative semigroups, the sequence of generators

m. is a sum of terms included in Y, _cr m,.

(m~y)~yer, of a VIP system (vq)acr is unique. (Assume (n,) ez, also generates (vqy)aczr.
One obtains m,, = n, for a € F4 by induction on ||, using (3.1).) In the non-cancellative

case, however, generators need not be unique. For example, let S = {1,2,3} and define
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x+y=min{x 4+ y,3} for x,y € S. For a € F, put vo = 1 if || =1 and v, = 3 if |a] > 1.
Then one easily shows that (v, )acr is a VIP system of degree 2 in S. If (m.,),cx, generates
(Va)acr then m., =1 for all singletons ~, but for |y| = 2, m, can be anything.

If a semigroup S is commutative and cancellative, then S can be embedded in a group
G, its so called “group of quotients”. In this case it may happen that a VIP system in
G that is entirely contained in S fails to be a VIP system in S. Consider for example
the semigroup (N, +) and define, for a € F, vy = (Enea(—l)”)Q. Then (vy)acr is a
VIP system of degree 2 in (Z,+), but is not a VIP system of any degree in (N, +). The
reason for this, of course, is that the function v : F» — Z for which (3.1) holds is given by
myy = 1 and my; ;1 = 2(—1)"*7 for i,j € N, i # j. In particular, not all the generators
are contained in N even though the system itself is.

This motivates the following definition.

3.3 Definition. Let S be a commutative, cancellative semigroup and let G' be the group
of quotients of S. An F-sequence (v, )qcr in S is called a weak VIP system if it is a VIP

system in G.

In a semigroup S, if (v?}aey: are VIP systems, 1 < i < k, then for every finite
coloring of S there exists a monochromatic configuration of the form {a—i—vg) (1 <i <k},
where a € S and a € F. (This is a consequence of Corollary 1.4; see the proof of Theorem

3.7 below.) In adequate partial semigroups, the situation is somewhat more complicated.

3.4 Theorem. There exists a commutative adequate partial semigroup (S,+), a VIP sys-
tem (Vo)acr C S of degree 2, a VIP system (uq)acr C S of degree 1, and a 2-cell partition

of S such that there exists no monochromatic configuration of the form {a,a+vq,a+uy}-

Proof. Let S consist of all ordered pairs (A, 3), where A is a finite (possibly empty) subset
of N x N, 3 is a finite (possibly empty) subset of N, and A C (N ).

For (A,«) and (B, ) in X, define (A4,a) + (B,5) = (AU B,a U () if and only if
(AU B,aUpf) € S (otherwise the sum is undefined). Then S is a commutative adequate
partial semigroup. For a € F let v, = (a X , () and let u, = (0, ). Then (vy)acr is a
VIP system of degree 2 (with my;y = ({(¢,4)},0) and, for i # j, my; ;3 = ({(4,4), (4,7)},0) )
and (uq)aer is a VIP system of degree 1.

Suppose A € Py (N?). Let a subset E of A be called a maximal subsquare of A if E is
a nonempty perfect square, £ C A, and if for every perfect square F' with E C F C A it is
the case that £ = F. Let m4 be the number of maximal subsquares of A. One may check
that if A C (N\ «)? then my a2 = ma + 1 if a # (). Let Cy (respectively Cy) consist of
all (A, ) € S with m 4 odd (respectively even).
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Any configuration {a,a + v4,a + us} C S. has the form

{(4,0), (AU (a x @), ), (A, BU )}

Moreover A C (N '\ (8 U «a))? (this comes from the fact that the third element in the
configuration is in S). But this means that msyuaxa) = ma + 1, so that the first two

elements of the configuration cannot possibly be contained in the same cell. O

In order to obtain the desired monochromatic configurations in partial semigroups,

we are forced to restrict attention to a special class of finite families of VIP systems.

3.5 Definition. Let (S,+) be a commutative adequate partial semigroup. A finite set

{{(v &)>ae‘}" : 1 <i <k} of VIP systems is said to be adequate if there exist d,t € N, a set

{m)yer, 11 <@ <k}, aset of VIP systems {(ul) = 3 . cr n$)aer 1 1 <i < ¢},

and sets E1, Eo, ..., E, C{1,2 t} such that:

(1) For each i € {1,2,...,k}, < v ) cr, generates (v é)>a€}-.

(2) For every H € Ps(S), there exists m € N such that for every [ € N and pairwise
distinct 1, ...,y € Fq with each v; € {1,2,...,m}, S1_, Zj 1n£fj) € o(H) U {0}.
(In particular the sum is defined.)

(3) my’ =2 ep, 1 ) for all i € {1,2,...,k} and all v € Fy.

Notice that if S is a semigroup then any finite set {(v&i)>ae F:1<i<k}of VIP
systems is adequate (taking t = k and ug) = v&)). Notice also that all subsums of
S, Z 1n% are in o(H) U {0}.

As a consequence of Definition 3.5(3), notice that for all ¢ € {1,2,...,k} and all
aeF, o) = Dovem, U ud).

We shall take certain liberties with the application of Definition 3.5. For example, in
the proof of Theorem 3.10 we shall replace {1,2,...,t} by another finite set and replace
F by {8 € F: 5> a} for some a € F.

3.6 Definition. Let S be a commutative adequate partial semigroup and let A C Pf(S).
A is said to be adequately partition regular if for every finite subset H of S and every
r € N, there exists a finite set F' C o(H) having the property that if F = [J;_, C; then for
some j € {1,2,...,7}, C; contains a member of A. A is said to be shift invariant if for all
AcAandallz € o(A),A+x={a+x:a€ A} € A

3.7 Theorem. Let (S,+) be a commutative adequate partial semigroup and let k € N. If
{<U(()j)>a€]: : 1 <i <k} is an adequate set of VIP systems in S, and B3 € F, then the family

A= {{a,a—l—v&l),a%—v((f),...,a+v&k)} caco({vM, 0@ oY) aeF, and o > B}

18 adequately partition reqular.
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Proof. Since {<'Ug)>ae]-‘ : 1 < i <k} is an adequate set of VIP systems, choose d,t € N,
a set {(m%ﬂhey:d : 1 <i <k}, aset of VIP systems {(ug) = D CancFs nf(yi))aey.- 1<
i < t}, and sets Ey,Eo,...,Er C {1,2,...,t} such that conditions (1), (2), and (3) of
Definition 3.5 are satisfied.

Let H € P¢(S) and let r € N be given. Let m € N be as guaranteed by condition (2) of
Definition 3.5. We may assume that m > max 3. By Corollary 1.4, choose N € N such that
for any (r + 1)-coloring of Py ({1,2,...,¢} x {1,2,...,N}?), there exists a monchromatic
configuration of the form {AU (E x BY): E C {1,2,...,t}}, with A € Py({1,2,...,t} x
{1,2,...,N}¥), Be Ps({1,2,...,N}), and AN ({1,2,...,k} x B¥) = 0.

We now seek to define a function p: Py({1,2,...,t} x{1,2,...,N}¥) — SU{0} with
the property that u(AUB) = u(A)+ u(B) whenever ANB = (). Clearly it suffices to define
1 on singletons, provided any finite sum of the images of these singletons exists. Assume
then that z = (i,a1,a9,...,aq) € {1,2,...,t} x {1,2,..., N}¢. We let pu(x) = 0 if it is not

that case that there exists [ such that a1 < a2 < ... <a; =a;4+1 = ... = aq, otherwise we
let pu(x) = nf{21+a1,m+a2’m’m+al}. By condition (2) of Definition 3.5,  may be extended

additively to all ofPf({l,Q,...,t} x{1,2,... ,N}d). Ifoe S, let I = u[Pf({l,Q,...,t} X
{1,2,...,N}¥)]. If 0 ¢ S, let F = p[Pr({1,2,...,t} x {1,2,...,N}¥*)]\{0}. Then F C
o(H). One easily checks that for all B € P¢({1,2,...,N}), p({i} x B?) = ul? | where
a={b+m:be B}

Assume that F = J;_, C;. Construct a partition Py ({1,2,...,t} x {1,2,...,N}?) =

"' D; by the rule E € D; if y(E) € C;. If w(E) = 0and 0 ¢ S, let E € D,y;. By

the choice of N, pick A € Pr({1,2,...,t} x {1,2,...,N}¥), B € Pr({1,2,...,N}), and
j€{1,2,...,r+1} such that AN({1,2,...,k} x B*) =0 and {AU(E x B%) : E C {1,2,
...,t}} € D;.

Let a = p(A) and let a = {m +b:b € B}. Giveni € {1,2,...,k},

pAU(E; x BY) = p(A) + X,ep, p({n} x BY)

= a + Z’I’LGEi ué‘n)

= a+v&i).
Since v\ € S, p(AU (Ey x B%)) € S and consequently j # r + 1.
Thus {a+vél),a+v&2),...,a+v&k)} = pu[{AU(E; x BY) : 1 <i <k} CCj;. Also
a=pu(AU(0x B%) € C;. Finally a € a({vg),vg),...,v&k)}) and mina > m > max (. U

3.8 Theorem. Let (S,+) be an adequate commutative partial semigroup and let A be a
shift invariant, adequately partition reqular family of finite subsets of S. Let E C S be

piecewise syndetic. Then E contains a member of A.
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Proof. Pick, by Lemma 2.17, H € P#(S) such that for every finite T C o(H ), there exists
x € o(T') such that
T+ x C UfeH—erE.

Let 7 = |H| and let T C o(H) be chosen so that if T = |J;_, C;, then some C; contains
a member of A. Choose x € o(T) such that T +z C ;e —f + E. For f € H let
Cr={teT:t+x€—f+E} ThenT = J; .y Cr so pick A € Aand f € H such that
ACCy. Wehave that A+ C —f+FEso(A+z)+ fCE, while A+z+ f € A O
3.9 Lemma. Let (S,+) be a commutative partial semigroup, let (vo)aecr be a VIP system
in S where, for each a € F, v, = nga,wefd m~. Fixa € F and for B € F, B> a, let
48 = D_,cp. per, b, where for o > a, by, = ngangd_w Meuy- Then (qg)ger g>a S
a VIP system and qg + vo = Vaug for all B € F with 3 > a.

Proof. The first assertion is obvious. (Notice that (1) each n, is a sum of m,’s and

@) ifp#¢, ¥ Ca [ <d-lol, and ¢ C a, [¢'| < d—|¢'], then p Utp # " U
Consequently, we have that all sums of n,’s are defined.) For 8 > «, one has

VaUB = DrCaup,veFs T
- vCa,yeFa M + Zsogﬁ,soeﬂ nga, || <d—]|p| MUy
- ZVEa,vefd m'Y + Z@Qﬁ,apefd b(p = Vq + qﬁ . I:l

We will agree to denote the VIP system (qg)ger g>a constructed in Lemma 3.9 by
(Vaup — Va)perF,p>a- (This does not imply that subtraction makes sense in S.) Note that
(VauB — Va)gerF,p>a depends crucially on a chosen set of generators for (v,)qecr. Different
generators, if they exist, may not give the same thing.

In the following theorem, notice that if F' # (), then (qg’F)>5€f7ﬁ>as = <U,E;L)JUJ~€Faj —
o) >

Ujera;/BeF p>as
3.10 Theorem. Let {(v&i)>a€y: 1< < k:} be an adequate set of VIP systems and pick

d,t €N, a set {<m»(7i)>»7€fd : 1 <i <k}, aset of VIP systems

{(u) =¥ caner, nacr 1 1<i <1},
and sets By, Ea, ..., E, C{1,2,...,t} satisfying conditions (1), (2), and (3) of Definition
3.5. Let ay,...,a5 € Fwithay < ag < ...<as. For FC{1,2,...,s},i€{1,2,...,k}
and ¢ € Fq with ¢ > ag, and 1 < i < k, let

(6,F) _ @
bpt " = ngUjEFajv [pl<d—lp| MUy -

For F C{1,2,...,s},i€{1,2,...,k}, and B € Fq with 5 > «s, let

(4,F) _

(i,F)
45 - Zcpgﬁ, pEFq bﬂ” )
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Then { G, ) Verp>a. 1 <i<k, FC{l,2,... ,s}} is an adequate set of VIP systems.

Proof. Let K = |J;_, ;. For ¢ C K, write supp(¢)) = {i : ¢y N # 0}. For T' C {1, 2,
sk le{l,2,...,t}, and v € Fy with ¢ > as, put

WD) 0

= DLpCK, supp(¥)=T, [9|<d—|¢| MUy -
For B € F with 8 > ay, let rg’T) = chﬁ e Fy wg ) Forie {1,2,...,k} and F C {1, 2,
st let D p={(I,T):l€ E;and F C{1,2,...,s}}.
We claim that (with the finite set {1,2,...,k} xP({1,2,...,s}) replacing {1,2,...,k}
and the finite set {1,2,...,t} x P({1,2,...,s}) replacing {1,2,...,t}) the sets

{(bg’F)>@€fd7¢>as cie{1,2,...,k}and F C{1,2,..., s}} ,
{(rg’T) = 0Ch. pe Ty wg’T)Mef,[bas :le{l,2,...,t}and T C{1,2,...,s}}, and
{Dip:i€{1,2,...,k} and F C {1,2,...,s}}

satisfy conditions (1), (2), and (3) of Definition 3.5.

Condition (1) holds by the definition of q(l ),

To verify condition (2), let H € P;(S) and pick m € N such that for every g € N
and pairwise distinct v1,72,...,7, € Fq with each v; Z {1,2,...,m}, Zz 1 Zg 1 n%)
o(H)U{0}. Let ¢1,p2,...,ps be pairwise distinct members of F with each ¢; Z {1,2,

.,m} and each ¢; > a,. Then

t LT) _
>oi—1 ZTg{l,z s} Z (
t (1)
>oi-1 ZTg{l,z,...,s} ijl ngK, supp(y)=T, || <d—|p;| Vo ;U -
It thus suffices to observe that if T,7" C {1,2,...,s}, 7,7 € {1,2,...,9}, ¥,¢' C K,
Supp(w) = T, Supp(¢/) - Tl? ’¢’ < d — |90j’, |¢/| < d— ‘(pj’|7 and (Ta.jv w) 7£ (Tlaj/7¢/)a
then ¢; U # @ U,
To verify condition (3), let ¢ € {1,2,...,k}, let FF C {1,2,...,s}, and let ¢ € Fy with
¢ > ag. Then

.....

(¢,F) (i)
by ngujemj, 1| <d—|p| MUy "
Z’lﬁQUJeFO&j, [1] <d—|ep] ZZEE-L T ouy
@
ZTQF ngK, (slu:I;I))(w):T, [ <d—|¢p] ZleEi MUy

= Z(Z,T)eDi,F Wy . 0

3.11 Theorem. Let (S,+) be a commutative adequate partial semigroup and let C C S
be a central set. Suppose that { a dacr 11 <i < k} is an adequate set of VIP systems.

Then there exist sequences (an)2> in S and ()02, in F such that o, < an41 for each
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n and for every F € F, if v = J,cp a1, then

(Cepat U{ S cpar+o) i 1<i<k}CC.

Proof. Pick an idempotent p € K(6S) such that C € p. Let C* ={z € C: —x + C € p}.
Then for each x € C*, —x + C* € p by Lemma 2.12.
Let

A= {{a,a—l—v&l),a—kvg),...,a—i—vg“)} o€ Fandae a({v&l),vf),...,v&k)})}.

By Theorem 3.7, A is adequately partition regular and A is trivially shift invariant. Since
C* € pand p € K(05), C* is piecewise syndetic. So pick by Theorem 3.8 some a; € S
and a; € F such that {a;,a; + vc(xll),al + vc(fl), co,a1 + vc(lkl)} C C*.

Inductively, let n € N and assume that we have chosen (a;)7; in S and (oy)}; in F
such that

(1) for t € {1,2,...,n — 1}, if any, oy < ay41, and

(2) for O # F C {1,2,...,n}, if v = Usepu, then >, pa; € C* and for each

ie{1,2,.. .k}, Syepa+ol) € O
For each v € FU({a4)7-1) and each i € {1,2,...,k}, let

() (4)

M per = W5 — o) ser g5an -

<q[3
By Theorem 3.10 the family

{(a5 " perpoa, 1 1< i<k y € FU((an)izy)} U {{vg)per : 1 < i < k}

is an adequate set of VIP systems. Let

B = {{CL} U {(I + Ugb) 11 € {17 2‘7 ) k}} U UWGFU“O&)?:l){a + q((;,’y) NS {17 2,..., k‘}} :

a€eF,a>a,, and a € O'({U((;) 1<i<k}u {qﬁf’”) :1<i<k,veFU{au))})}-
By Theorem 3.7, B is adequately partition regular. Let

D = C"N{-Zegu+C*:0#HC{1,2,...,n}}N
M= egac+o5)+C 0 #HC{1,2,...,n} and v = U,y ur} -
Then D € p and so D is piecewise syndetic.
Pick by Theorem 3.8 some a,,+1 € F such that o411 > «, and some

ansr €o({o), i1 <i<k}u{gl? 11 <i<kandye FU((al))?_)})

such that .
{an+1} U {an+1 + v((;gﬂ 1e{l,2,..., k}}U

U e ruganm oy {antn + a8 1i€ (1,2, B}
CcD.
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Induction hypothesis (1) trivially holds. To verify (2), let @ # F C {1,2,...,n+ 1}
and let v = (J,cpas. If n+1 ¢ F, the conclusion holds by assumption. If F' = {n + 1},
then we have {ay+1} U {ani1 + U,()2+1 cie{l,2,....,k}} CDCC*

So assume that {n + 1} C F, let H = F\{n + 1}, and let p = (J,cp ;. Then
any1 €D C =) cyar+C*so ), pas € C.

Let v = Uy ¢ and let i € {1,2,...,k}. Then

Ap41 -+ q(iﬁ) eD - —(Z a; + U,(YZ)) + C*

An41

and so (3_,cp 0t + v,(yi)) + (ant+1 + qg,’l)l) € C*. That is,

ZteF a +v£f) = (ZtEH a; + an+1) + (U»(YZ) + q&zﬂ)l) cC*. 0

Here is a shorter formulation of Theorem 3.11 that makes use of the IP ring termi-
nology. A special case of the result (for groups, coloristically formulated) appears as [10,
Theorem 2.8].

3.12 Theorem. Let (S,+) be a commutative adequate partial semigroup and let C C S
be a central set. Suppose that {<U<(3;i)>ae}' 1< < l{:} 1s an adequate set of VIP systems.
Then there exists an IP ring F) and an IP system (by)operay in S such that for all
a € FD, {by, by +vg), ooy by +v((xk)} ccC.

Proof. Choose (a,)3%; and (a,,)5%; as in Theorem 3.11. Let M) = FU ({a,)52,). For
FeF, let a=J,cpo and put by =), 5 as. O

The proof of Theorem 3.11 actually gives a stronger conclusion, wherein at each stage
of forming a sum one is allowed to choose a different value of 7. Since it is not as clean to

state, we formulate it separately.

3.13 Theorem. Let (S,+) be a commutative adequate partial semigroup and let C C S
be a central set. Suppose that {(vg)>aef 1< < k} is an adequate set of VIP systems.
Then there exist sequences (an)3>q in S and ()02, in F such that o, < an41 for each
n and such that for every FF € F, > ,.pa; € C and if B1 < B2 < ... < Bs, where each
B; CF, andiq,...,is € {1,2,...,k}, then writing v; = Ute,ﬁj ay, for j € {1,2,...,s}, we
have 3 cpar + 35 v%.j) eC.

Proof. Modify the proof of Theorem 3.11 as follows. First, replace induction hypothesis
(2) by:

18



(2) for 0 # F C{1,2,...,n}, Y ,cp a € C* and, if §; < B2 < ... < f, where each
B; C F, and iy, ...,1, e {1,2,...,k}, and for j € {1,2,...,s}, 7, = Uteﬁj ay,
then > cpar + 35, v%j) e C*.

Second, replace the set D by

D = C"NM{-Ciepu+C :0#HC{1,2,...,n}}N
= (Cremar+ X5 v +C* 0 £ HC{1,2,...,n}, s €N,
ﬁ1<52<...<ﬂs,szlﬁj§H, andforjE{1,2,...,5},%:Uteﬁjat}.

We leave the verification of the details of the proof to the reader. O

3.14 Corollary. Let (S,+) be a commutative cancellative semigroup, let C' be central in
S, and let {(v?)ae? 1< < k:} be a set of weak VIP systems in S. Then there exist
sequences (an)o>q in S and ()5, in F such that o, < anyy1 for each n and for every
FeF and everyi € {1,2,... .k}, if vy = U,cp at, then -, cpay —i—vgi) eC.

Proof. Let G be the group of quotients of S. Then, with subtraction in G, we have
G={a—-b:a,be S}.

We claim that S is piecewise syndetic in G. That is, there exists H € Pf(G) such
that for each F' € Py(G), there exists x € G such that F +x C (J,cy(—t+5). Indeed, let
H = {0} and let F' € P¢(G) be given. Pick | € N and ay,as,...,a;,b1,b2,...,b in S such
that F'={a; —b; : 1 <i <[}. Let :L':Zézlbi. Then FF+2 C S =—-0+S5. (We have in
fact shown that S is “thick” in G.)

Since S is piecewise syndetic, S N K(BG) # 0 by [9, Theorem 4.40] and consequently
K(BS) = SN K(BG) by [9, Theorem 1.65]. Since C' is central in S, by definition there is
some idempotent p € K(S) such that C' € p. But then p € K(8G) and thus C' is central
in G.

Also, for each i € {1,2,...,k}, <Ug;)>a€}‘ is a weak VIP system in S and is therefore
a VIP system in G. Thus, {(v&”}ae r:l1<i< k} is an adequate set of VIP systems in
G so by Theorem 3.11, there exist sequences (a,)5%; in G and (a,,)52 ; in F such that

Qy < iy for each n and for every F' € F, if v = {J,cp o, then

{ZteFat}U{ZteFat—kvﬁf):lgigk} cC.

o0

In particular, each a; is in C' C S so (a,)52, is a sequence in S as required. 0

A stronger version of Corollary 3.14, based on Theorem 3.13, can also be proved in
the same way.
Many variations on the theme of Theorem 3.11 are possible. As a matter of fact, one

can formulate the following “VIP-free” version and prove it in nearly the same way.
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3.15 Theorem. Let (S,+) be a commutative adequate partial semigroup, let U be a set,
and for each s € U, let T, be a set. For each s € U and eacht € Ty, let As; € Ps(S), such
that the family Ay = {Asy : t € Ts} is shift invariant and adequately partition regular.
Let s1 € U and suppose ¢ : |J,cy({s} x Ts) — U is a function. If C C S is a central
set then there exist sequences (sp)5% o in U and (t,)5%, with each t, € Ts, such that
O(Sn—1,tn—1) = Sn for n > 2 and such that if n;y < ... < ny, and for each i € {1,2,
coosm}, T, € Ag g, then (Tp, + Tp, + ...+ Ty,) € C. (In particular, the sum is
defined.)

Proof. The proof of Theorem 3.11 needs to be modified as follows: Having chosen (s;)I" ;
and (t;)"~', replace the adequately partition regular family B constructed in the proof of
Theorem 3.11 by A, and replace the piecewise syndetic set D by
D = C"'n({—(zny +Tpny + ...+ xp,,)+C*:
ny <ng <...<ny, <nand each x,, € Asniatni}'

Then one chooses t,, so that As ; C D’ and lets s,4+1 = ¢(sn, tn). O
4. Applications

In this section we shall give a few applications of Theorem 3.11. The first two are quite
simple and will give some indication of where the result stands in relation to prior results.
First, we show that Theorem 1.2 from the introduction can be obtained as a corollary of
Theorem 3.11.

Proof of Theorem 1.2. We work in the semigroup (N, +). Without loss of generality,
we will assume that one of the polynomials p;(z) is the zero polynomial. For 1 < i < k,
let v&) = pi(ny) for @« € F. Then by Theorem 1.6, each <v&i))a€}- is a VIP system.
Therefore (since we are working in a semigroup, as opposed to a partial semigroup), the
family {(v&z )>ae F:1<i< k} is an adequate set of VIP systems. The result now follows

immediately from the conclusion of Theorem 3.11. U

Next we observe that the central sets theorem for commutative semigroups [9, The-
orem 14.11] is a consequence of Theorem 3.13. (The version stated in [9] is slightly more
general than that given here, because it deals with infinitely many sequences. The corre-

sponding version of Theorem 3.13 is routine to establish.)

4.1 Theorem. Let (S,+) be a commutative semigroup and let C C S be a central set. Sup-
o0

pose that {(U&i)>ae]—" :1 < i <k} is aset of IP systems. Then there exist sequences (an)5>,
in S and (ay,)52 in F such that oy, < auyq1 for each n and such that for every F € F,
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Yierpar € Cand if By < B2 < ... < [, where each 3; C F, and iy, ...,is € {1,2,...,k},
then writing ~; = Utegj ag, for j €{1,2,...,s}, we have ), pa; + Z;Zl v%j) eC.
Proof. In a commutative semigroup, any set of IP systems is an adequate set of VIP

systems, so Theorem 3.13 applies directly. O

Our next application is a proof of a version of a theorem of Carlson and Simpson [5,
Theorem 6.3] which provides an infinitary extension of the Hales-Jewett Theorem [7]. Let
I be the free semigroup with identity on the alphabet {1,2,... k}. That is, T is the set of
finite words w = wyws - - - wy,, with each w; € {1,2,...,k}, together with the empty word.
A wariable word is a word over the alphabet {1,2,...,k} U{v} in which v actually occurs,
where v is a “variable” not in {1,2,...,k}. Given a variable word w(v) and some i € {1, 2,
..., k}, of course w(i) is the member of T resulting from replacing each occurrence of v
with i. The Hales-Jewett Theorem is then the assertion that whenever I is finitely colored,
there must exist some variable word w(v) such that {w(1),w(2),...,w(k)} is monochrome.
(The Hales-Jewett Theorem is a generalization of van der Waerden’s Theorem. This can

be seen by mapping a word w = wyws -+ wy, t0 Y., w;.)

4.2 Theorem. For any finite coloring of T, there exists a sequence {(wy,(v))2; of variable
words such that the set of all finite products wy,, (i1)wn, (i2) - - - Wnp,, (im), where ny < ng <

coo < Ny oand {iy,dg, ..., im} € {1,2,...,k}, is monochromatic.

Proof. Let W = P;({0,1,2,...,k — 1} x N), and for A,B € W, define A+ B =AUB
if AN B = () (otherwise A + B is undefined). Then (W, +) is a commutative adequate
partial semigroup. Define a map ¢ : W — I as follows. Given A € W, pick | € N
such that A C ({1,2,...,k} x {1,2,...,1}). For every n € {1,2,...,1} put A4, = {z €
{0,1,2,...,k — 1} : (i,n) € A}. Next let d, = i if A, = {i}, i € {0,1,2,...,k — 1}.
Otherwise, let d,, = 0. Finally let ¢(A) be the word dydads - - d;. Letting I' = |J;_, C; be
any finite partition, we have W = |J;_, D;, where D; = ¢~ *[C;]. For some j, D, is central.

For i € {0,1,2,...,k — 1} and a € F put o8 = {i} x a. Then each <v&i))a€}- is a
VIP system (of degree 1) in W. Moreover one easily sees that these VIP systems form
an adequate set (taking ul = v and m?j)} = nf{zj)} = {i,j}). Therefore, Theorem 3.13
provides sequences (a,)5° ; in W and ()52, in F such that «,, < a,4+1 for each n and
such that for every F' € F, >, . a; € Dj and, if 4, € {1,2,...,k} for each ¢t € F, then
Y eplar +08) € Dy,

For A, B € W write A < B if there exists N € N such that A C {0,1,2,...,k—1} X
{1,2,...,N}and B C{0,1,2,...,k =1} x {N +1,N +2,...}. Since ), p a; is always

defined, we have that the a,’s are pairwise disjoint, and consequently we may pass to a
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subsequence of indices n and assume that a,, < a,41 and a,, < v((;T)L 4, for all n € N. This

condition implies that for every F' € F and elements i; € {0,1,2,...,k—1}, t € F,
[Licr c(a + Ugtt)) - C<ZteF (@ + Ug‘ltt))) € Cj.

Foreacht € Nand eachi € {1,2,...,k} we have that at+vg3 is defined. Consequently,
each a; N ({1,2,...,k} x o) = 0.

Given t € N, define w;(v) as follows. Pick [ € N such that o C {1,2,...,l} and a; C
({1,2,...,k}x{1,2,...,1}). Foreveryn € {1,2,..., 0} put 4, = {i € {0,1,2,...,k—1}:
(i,n) € at}. Next let d¢ ,, = i if Ay, = {i}, and let d;,, = vif n € ay. Otherwise, let d,, = 0.
Then let wy(v) = di1di2---dyy. Then, for each i € {1,2,...,k}, wi (i) = c(as + U&it)), SO

we are done. O

We shall prove in Theorem 4.4 an infinitary version of Theorem 1.3. For A, B €
Ps(NY), write A+ B = AUB if AN B = ) (otherwise A + B is undefined). Then

(P(N'), +) is a commutative adequate partial semigroup.

4.3 Lemma. Let | € N and let P be a finite family of set-polynomials over (Py(N'), +)
whose constant terms are empty. Then there exist ¢ € N and an IP ring FV) = {ae F:
mina > q} such that {{P(a))ocra) : P(X) € P} is an adequate set of VIP systems.

Proof. We first establish some notation. For P(X) € P, let Epx) = {Q(X) : Q(X) is a
monomial summand of P(X)} and let R = Upx)ep Er(x)- Given Q(X) € R, write

Q(X) = §PX) % g9 5 x 59

Let Doxy =1{j € {1,2,...,1}: SJQ(X) = X}. (Then |Dg(x)| is the degree of Q(X).)

Let ¢ = max{i : there exists Q(X) € R such that {i} is a coordinate coefficient of
Q(X)}. (If the specified set is empty, that is if P = {X x X x ... x X}, let ¢ = 1.) Let
FU) = {a € F:mina > ¢}. Let d be the largest degree of members of P (which is the
same as the largest degree of members of R). For v € .7-";1) ={ac FW :]a| < d} and
Q(X) eR, let

nd) = {(z1,22,...,m) € Q) : {z; 1 j € Do)} =}

(Notice that if || is greater than the degree of Q(X), then ng(X) =10.)
Next observe that if ng %) # (), then both v and Q(X) are uniquely determined by

any member of ng(x). Indeed, if (x1,x2,..., 1) € ng(X), then
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and for j € {1,2,...,1}\Dg(x), if any, S;’?(X) = {z;}. Consequently, if Q1(X), Q2(X) € R,

1,72 € FiV,and n@ ) nn2) £ 0 then Q1 (X) = Q2(X) and v; = 2. This fact tells

us that all sums of distinct terms of the form ng %) are defined.

Now for v € fc(ll) and P(X) € P, let mf(X) = ZQ(X)GE,:(X) ng(X). Then condition
(3) of Definition 3.5 is satisfied directly.

We show next that for a € fc(ll) and Q(X) € R, Q(a) = >, ng(x). Given

veF® yCa
v E ]-"C(ll) with v C a, ng(X) C Q(v) € Q(«). For the reverse inclusion, let (z1,x2,...,2;) €
Q(a) and let v = {xz; :i € {1,2,...,1} and z; > q}. Then (x1,23,...,2;) € ng(x).
It thus remains to establish conditions (1) and (2) of Definition 3.5. For condition (1),

let P(X) e P and let o € FM). Then

Pla) = ZQ(X)GEP(X) Q)
_ Q(X)
- ZQ(X)EEP(X) Z’yefél),'yga Ny
= 3 D nQ(X)
’yefél)/yga Q(X)eEpxy '
_ P(X)
2inerPaca ™Y

Finally, to establish condition (2), let H € Py (Py (Nl)). Pick m > q such that for all
A€ H, AC{1,2,...,m}". Let p € N and let 1,72, ...,7, be pairwise distinct elements
of FM) with each v; € {1,2,...,m}. We need to show that 20(X)eR P n%(x) €
o(H) U {0}. (We have already observed that the sum is defined.) That is, we need to
see that for each A € H, AN} 5 x)er > n%(X) = (). Suppose instead that we have
QX)eR,je{1,2,...,p}, and (z1,29,...,27) € Aﬂn%(x). Since A C {1,2,...,m}!

and v; C {z1,22,...,2;} one has v; C {1,2,...,m}, a contradiction. O

4.4 Theorem. Let | € N and let P be a finite family of set-polynomials over (Py (Nl), +)
whose constant terms are empty. If D C Pf(Nl) 15 a central set then there exist sequences
(A,)e 1 in Pr(NY) and (0,)52 in F such that a, < anyy for eachn and for every F € F
we have {A} U{A, +P(y): PP} CC, where y = J,cpar and Ay =3, As.

Proof. By Lemma 4.3 there is an IP ring F() such that {(P(a)),cr : P(X) € P} is
an adequate set of VIP systems. Thus Theorem 3.11 applies. O

Let us consider now the “finite unions” formulation of the finite sums theorem: for
any finite partition of an IP ring F(1), there exists a monochromatic IP ring F). (See [9,
Corollary 5.17].) Thus IP rings have a sort of “chromatic indestructability” property, and
indeed this property embodies completely the finite sums (or finite unions) theorem.

Several natural multidimensional analogs of IP rings fail to have the chromatic in-

destructability property. For example, (F(M)2, where F(!) is an IP ring, and the finite
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unions of a 2-dimensional lattice of sets FU((A; X Aj); jen), where the A; are pairwise
disjoint subsets of N, are objects which can be finitely partitioned in such a way that no
cell of the partition contains an object of the same kind. The Milliken-Taylor theorem
states that for any IP ring F(!) and any finite partition of the object {(ay, s, ..., o) :
a; € FU oy < ag < ... < ayp}, there exists an IP ring F®) such that {(a1,aq,...,a,) :
a; € F@ ap < az < ... < ay,} is monochromatic. ([12, Theorem 2.2] and [13, Lemma
2.2], or see [9, Corollary 18.9].) In restricting to such a special class of n-tuples, it can be
argued that this theorem is merely “almost multidimensional”.

Part of the difficulty seems to be that the finite sums theorem is projective rather
than affine; in particular the configurations it guarantees are not shift invariant. Results
such as the central sets theorem have both a projective and affine component. It seems
unlikely that the projective portion of the central sets theorem can be meaningfully “poly-
nomialized”. The affine portion however can be, as Theorem 4.4 attests. In our final
application, we offer a different “almost multidimensional” version of the finite sums the-
orem by defining a partition regular class of structures vaguely similar to 2-dimensional
lattices of sets.

Suppose we are given pairwise disjoint sequences (A,)°%, in P;(N?) and (B,), in
F with the additional property that A, N (B; x Bj) = 0 for all i,j,n € N. Next, for
E € P;(N?), let supp(E) = {z € N : there exists y € N such that (x,y) € E or (y,z) € E}.
Then supp(FE) is the smallest set B such that E C B2. The family of sets

{Unesupp(E) Ap U U(z’,j)eE B; x Bj IS Pf(NZ)}

will be called an affine 2-ring. Notice the similarity between affine 2-rings and the finite
unions of a lattice of sets mentioned earlier. However, affine 2-rings have the advantage of

partition regularity.

4.5 Theorem. For any finite partition of an affine 2-ring A1, there exists a monochro-

matic affine 2-ring As.

Proof. Let S = P;(N?) and denote disjoint union on S by +. Then (S, +) is an adequate

partial semigroup. Let

A ={U,esuppmy An YU jyer Bi X Bj 1 E € 5} = Ui—, Ci.
For £ € S let
I(E) = Unesupp(E) An U U(i,j)eE (Bi x Bj),
and put E € D; if and only if I'(E)) € C;. Then S = |J;_, D;, so one of the cells, say Dy,

is central.
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We claim there exist sequences (a, )22 ; in S and (a,,)52 ¢ in F such that

A = {ZHESUPP(E) (079 ‘I’ Z(’L,j)GE(aZ X Ck]) . E c S} g Dl.

(In particular, so that all such sums exist. That is, the sequences (a,)>° ; and {(a,, )52 are
pairwise disjoint and a, N (o x a;) =0 for all 4, j,n € N.)

Having established the claim, I'(A) = A will be contained in Cj. It is routine,
though admittedly somewhat tedious, to verify that A5 is the affine 2-ring generated by
the sequences (A’ )% | in P;(N?) and (B/,)%, in F, where

n=1
Al = UkeSupp(an)Uan A U U(i,j)ean(Bi x Bj) and B;, = Uycqa. Bk -
The claim may be obtained from Theorem 3.15 as follows. Let
U={0tu{(a1,az2,...,a5) k€N, a; € Fforie{1,2,...,k}, and a;Ne; =0 if i # j}.
Let Rg = {0, X x X} and for k € N and s = (a1, qs,...,ar) € U, let
Rs=FU((X x X,a1 X X,...,0p X X, X X a1,..., X x ag)) U{0}

so that R is a family of 22**1 set polynomials.

For each s € U, pick by Lemma 4.3 some ¢; € N and an IP ring F®) = {a € F:
min o > ¢, } such that {(P(a)),ecre : P € Ry} is an adequate set of VIP systems. If k € N
and s = (a1, Qa,...,q,), we may presume that ¢; > max «; for each i € {1,2,... k}. For
each s € U, let Ty = {(A,a) :a € F) A€ S, and for each P € Ry, AN P(a) = (}.

ForsceUandt= (A a) €T, let A;y ={A+ P(a): P €Rs} and let A, = {Ag; -
t € Ty }. By Theorem 3.7, we have that

A;={{A+P(a): PER,,0 € F,mina > ¢5, and AN P(a) =0 for each P € R}

is adequately partition regular.

Define ¢ : U,ep({s} x ) — U by 6(1,8) = 6(0, (A4,0)) = (a) and (s,t) =
¢((041, Q... ,Oék), (A7 Oé)) = (ala Q2,...,q, Oé).
Let sy = (). By Theorem 3.15, pick sequences (s,)%2, in U and (t,,)2° ,

tn = (an,ap) € T, , such that ¢(s,—1,tn—1) = s, for n > 2 and such that if ny < ... < n,,
and for each i € {1,2,...,m}, zn, € As, 4, , then zp, +Tp, +... +zp,, € Dy.

with each

One may establish inductively that s, 1 = (a1,...,a,) for n € N, so that
Ag v, ={an + P(ay): P € R, }

={an}tUa, + FS({a, X ap,ap X 1,y Qp X Q1,00 X Qpy ooy Q1 X Qi)
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Now to establish the claim, let E € S be given and let supp(E) = {n1,no,...,nm}
where ny < ng < ... <mn,. Foreachi € {1,2,...,m}, let

Tp; = Qn; + Zkgm,(k,m)eE (e X an,) + 2 pcny,(nikyer (On X k)

and note that z,, € 4s, +, .
Then

7

ZnEsupp(E) (07 + Z(ZJ)GE(O(Z X Oéj) = :Cnl + an + e + xnm c Dl . I:l
Theorem 4.5 is related to some results in spaces of matrices obtained in [11].
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