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Abstract: We show that there exist relatively small subsemigroups M
of AN with the property that if p + ¢ and ¢ + p are in M then both p and ¢
are in M + Z. We also show that it is consistent with the usual axioms of set
theory that there is some idempotent e in GN such that if p + ¢ = e, then both
p and q are in e + Z.

1. Introduction

In [11] it was shown that it is consistent with the usual axioms of set
theory that AN, the Stone-Cech compactification of the positive integers, has
maximal groups that are as small as possible. That is they are just copies of the
group Z of integers. It was shown in fact that if e is the identity of such a group
and p+q=q+p=e, then p and ¢q are in e+ Z.

Two natural questions are thus raised. The first is whether one can
prove the existence of such small groups without making any special set theoretic
assumptions. The second is whether these identities can be written in any
nontrivial way as a sum.

In Section 2 we address the first of these questions, producing without
special assumptions semigroups M that are in some senses “small” (though not
in cardinality) with the property that if p+q € M and ¢+ p € M, then p and
q arein M + 7.

In Sections 4 and 5 we answer the second of these questions. That is, we
show that the continuum hypothesis (or even only Martin’s Axiom) implies the
existence of an idempotent e such that if ¢+ p = e one has both ¢ and p are in
e + Z. Additional consistency results are derived in these sections.

We take the points of AN to be the ultrafilters on N, the principal
ultrafilters being identified with the points of N. As is well known (see for
example [14]), there is an operation 4+ on AN making (N, +) a right topological
semigroup with N contained in, in fact equal to, its topological center. (By “right
topological” we mean p,, is continuous for each p € N, where p,(¢) = ¢ + p.
By “topological center” we mean the set of points = for which A, is continuous,
where A\;(p) =z + p.) Given p and ¢ in (N, the sum p + ¢ is characterized as
follows. For A C N, A€ p+q if and only if {x € N: A — 2z € q} € p where
A—z={ye N:y+xec A}. Alternatively if (x;)ic; and (y;);cs are nets in
N converging to p and ¢ respectively, then p + ¢ = lim;¢y limje s (z; + y;).

The first author acknowledges support received from the National Science
Foundation (USA) via grant DMS90-25025.
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The special idempotents that we utilize are called “strongly summable
ultrafilters” and “divisibly strongly summable ultrafilters”. (The names come
from the fact that they are generated by special sets of sums, obviously not from
the fact that they are hard to write as sums.) The existence of these ultrafilters
follows from the continuum hypothesis, or even Martin’s Axiom. (See [12] and
Section 5 of this paper.) On the other hand their existence cannot be proved in
ZFC. (See [19] or [5].)

Following [16] we define pre-orders (i.e. reflexive and transitive relations)
on the elements of ON by p <g ¢ if and only if either p = ¢ or p = ¢+ p and
p <, q if and only if either p=¢q or p=p+q.

It was shown by Ruppert [20, Theorem 1.2.7] that any compact right
topological semigroup has <pg-maximal elements. As we shall see in Section 4,
all strongly summable ultrafilters are <g-maximal. In fact if p is a strongly
summable ultrafilter, then {q € ON : p <p ¢} is finite.

The reader should be cautioned when looking at references [11], [12],
[14], and [15] that there (AN, +) is taken to be left topological rather than right
topological. To make matters worse, in referring to [20], the semigroup (N, +)
is called right topological but has the continuity making it what we call left
topological.

We write N* = AN\N. Recall that the ordinal w = {0,1,2,...} =
N U {0}. We shall occasionally refer to $Z. We will brush over the distinction
between ultrafilters on N and ultrafilters on Z with N as a member and thereby
pretend that SN C GZ (just as we are pretending that N C gN).

We shall have need of the following lemma, apparently due originally to
Frolik.

Lemma 1.1. Let A and B be countable subsets of ON. If cl(A)Ncl(B) # O,
then either ANcl(B) # @ or BNcl(A) # .

Proof. See [22, Lemma 1]. u

2. Divisible Sequences and Nearly Prime Subsemigroups

We will be concerned here with ultrafilters living on the tails of finite
sums of sequences, especially of divisible sequences.

Definition 2.1.  Let (x,)>2, be a sequence in N.

(a) Foreach m € N, FS((x,)22,.) = {Zner xn : F is a finite nonempty
subset of N and min F' > m}.

(b) The sequence (x,)5%, is divisible if and only if for each n € N,
Tnt+1 > Tp > 1 and z,, divides 41 .

(€) M({zn)3ir) = Mooy ES((@n)70m) -

It is especially convenient to work with divisible sequences for the fol-
lowing well known reason. If (z,)>°, is a divisible sequence and zy = 1, then
each y € N has a unique representation of the form X,cr b,z, where each
b, € {1,2,..., 72 — 1} and F is a finite nonempty subset of w = NU {0}.
Further, given such an expression, x; divides y if and only if min F' > ¢t. (Thus
most of one’s intuition gained from years of dealing with the special sequence
xn, = 10™ remains valid.)

It is well known and easy to see that if for each n, z,41 > X7, =4,
then expressions in F'S({x,)5% ;) are unique. That is, if ¥,cp ©, = Xpea Tn,
then F' = G. We shall have need of the following stronger result. (We take
Ete@ Ty = 0)
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Lemma 2.2. Let (x,)2, be a sequence in N such that for each n, x,11 >
Y, x. Let ye N andlet r € N with x, > y. If F and G are finite subsets
of N and y + Yieq 11 = Xicr x¢ and either G =0 or minG > r, then G C F
and y = Yier\G Tt -

Proof. = We proceed by induction on |G|, the case |G| = 0 being immediate.
So assume |G| > 0 and the result holds for smaller sets. Trivially F # . Let
m = max G and n = max F'. If we had m < n, then we would have

-1
Yicr Tt > Tp > N[ Tt > Ty + Xieq Tt > Y+ Dieq Tt = LicF Lt
a contradiction. If we had m > n then we would have
1
Y+ Yieq T > T > N1l Ty > Yier Tp = Y + Liea,

a contradiction. Thus m = n. Let F* = F\{m} and G* = G\{m}. Then
Y+ Yiegr ¢ = Xiep+ ¢ so by our induction hypothesis G* C F* and y =
EtEF*\G* Ty = EtEF\G Tt . |

We need no divisibility assumptions for our first theorem.

Theorem 2.3.  Let (x,)2°, be a sequence in N and let M = M({x,)22 ).
Then M is a compact subsemigroup of ON. Assume xpy1 > X7, x4 for each n

and let p,q € BN. If g€ M and p+q € M, then p € M.
Proof.  For each m € N, let B,, = FS({(x,)2,,). To see that M is a

n=m
subsemigroup, let r,s € M and let m € N be given. We show that B,, C {y €
N: B,, —y € s} so that B,, € r+s. Let y € B,,, and pick F' with min ' > m
such that y = X;cp 2. Let Kk =max F +1. Then B, C B,, —y so B,, —y € s.

Now assume ¢q € M and p+qg € M. Let m € M be given. We show
B,, € p. Weknow B,, € p+¢qsoif C ={y e N:B,, —y € q}, then C € p.
We show C' C B,, solet y € C'. Pick k € N such that x;y > y. Now Bry1 € ¢
and B, —y € q so pick z € Bgy1 N (B, —y). Since z € Byy1, pick G with
min G > k+1 such that z = ¥;cq 2. Since z+y € B,,, pick F with min F' > m
such that z+y = Yiecp 2¢. Then by Lemma 2.2 we have y = X;cp\g 2+ so that
y € B,, as required. [ ]

Observe that any divisible sequence satisfies the hypothesis of Theorem
2.3. Observe also that if (x,)22 ; is any divisible sequence then M ((x,)>2 ;) C

N~ ¢/(Nz,,). Equality is possible, for example if x,, = 2" for each n or more
generally if x;ﬁis eventually equal to 2. If on the other hand infinitely often

ol > 3 the inclusion will be proper.

We are grateful to the referee for pointing out the following algebraic
characterizations of M ((z,)22,) and [\, _; ¢/(Nz,). The algebraic proofs of
several of the remaining results of this section are also due to the referee.

Given a divisible sequence (z,)>°,, let ag = z7 and for each n €
N, let a, = %, and let @ = (an)pZg. Then the product space Az =
I, {0,1,...,a, — 1} is the familiar ring of @-adic integers. (See [9, §10, pp.
107-114].) We will only be concerned with the additive group thereof, where
addition is defined as in ordinary arithmetic. That is, given Z and ¢ in Az,
one adds coordinate by coordinate, starting at the lower order coordinates, and
reduces the sum by a,, and carries 1 to the next coordinate, whenever the nth
coordinate sum is at least a,. Then the non-negative integers are naturally
identified with the members of Az with finitely many non-zero coordinates.
Thus, given n € N if n is identified with a(n) one has n = ¥£° ay(n)-z; where
o = 1.
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In the following definition we suppress the dependence of «, u, @, and
supp on the particular divisible sequence because we never work with more than
one at a time.

Definition 2.4.  Let (x,)52;be a divisible sequence and let ay = z; and
an, = m;—:l for each n € N. Then o : N — Az is the continuous extension
of the natural inclusion of N in Az. For p € AN, supp(p) = {t € w: as(p) #
0}. Let N° denote the one point compactification N U {oo} of N and define
1N — N by u(n) = max{as(n) : t € w}. Denote also by p its continuous
extension from AN to N°°.

It should be observed that for p € N* | u(p) need not equal sup{a;(p) :
t € w}. To see this, let p be a cluster point of the sequence (x,)52 ;. Given
t,k € N one has ag(x¢) is 1 if k£ = ¢t and 0 otherwise. So u(p) = 1. But
a(p) =0 for all ¢.

Lemma 2.5. The function u is a homomorphism from a~1[{0}] to the semi-
group (N°° max).

Proof. If m,n € N and supp(m)Nsupp(n) = @, then for each t, a;(m+n) =
max{a;(m), az(n)}. n

Lemma 2.6. Let (z,)52 be a divisible sequence.

(¢) Mozy ct(Nzy) = a1 [{0}] .

(b)) M({zn)pzy) = a {0} N pt[{1}].

(c) If p,q € BN and any two of p,q, and p+ q are in o 1[{0}] so is
the third.

(d) If p,q € AN and any two of p,q, and p+ q are in M({(x,)32 ) so
1s the third.

(e) If p+q € M({x,)52,) and either p € a *[{0}] or q € a™1[{0}]
then both p and q are in M({x,)5 ).

n=1
Proof. Both (a) and (b) are routine computations and (c) is easy since « is
a homomorphism to a group. To prove (d) and (e), use (c) and the fact that u
is a homomorphism from a~![{0}] to (N*°, max). u

Definition 2.7.  Let (x,)22, be a divisible sequence.
(a) For ACN, S4 ={n e N:supp(n) C A}.
(b) For s € N*, My = (4, (M({(zn)p=y) NclSy).

Lemma 2.8. Let (x,)52 be a divisible sequence and let s € N* .
(a) My is a compact subsemigroup of SN.
(b) If p€ BN,q € a t[{0}], and p+q € M,, then p and q are in M,.

Proof. (a). Given m,n € S, with supp(m) Nsupp(n) = @, one has that
m+n € Sa. Thus a~1[{0}] NS4 is a subsemigroup of BN. Further if B C A,
then Sp C S4 so My # (), and is thus a compact semigroup.

(b) By Lemma 2.6(e) we have that p,q € M ((z,)5%). Take nets (u;)ier
and (vj)jecs in N such that lim;e; u; = p and limje; v; = q. Take A € s.
We can find ig € I such that for ¢ > ig,u; + q € c€S4 (for ¢S, is a clopen
set containing p + ¢q). For each i, we can then find j(i) € J such that for
J > j(i) both u; +v; € ¢S4 and max(supp(v;)) > max(supp(u;)) (the latter
since a;(q) = 0 for all ¢ and limjcy; a/(v;) = ou(q) for each t). Fixing i
for the moment, we see that for j > j(i), since supp(u;) N supp(v;) = @ and
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u; +v; € NNclSy = Sa we have supp(u;) € A and supp(v;) € A. As ¢
is the limit of the subnet (v;);>;q), we have ¢ € c¢fS4. In a similar way, for
i > 1o, using supp(u;) € A, we get p € cfS4. So for each a € S, we have
D,q € M({xn)02,)NclSa, and our conclusion follows. n

Lemma 2.9. Let (z,)02, be a divisible sequence and assume a,, > 3 for all n.
Assume p,q € BN and p+q € p~t[{1}]. Then there is some r € N such that
either an,(q) =a, —1 for alln>r or a,(q) <1 foralln>r.
Proof. For g € 0N, we write £(q) = sup{t € w : ay(q) # 0} (where we allow
¢(q) = oo and put ¢(q) = —1 if ay(q) =0 for every t).

Now p~![{1}] is a neighborhood of p + g = p,(p) so pick u € N such
that u(u+q) = 1. Since a,(u) =0 when r > ¢(u), for such values of r we have:

th place, av(u +q) = a, (q)
(b) If there is carrying into the rth place, a.(u+q) =1+ a,(¢) (mod a,).
Consequently, if there is any 7 > ¢(u) for which there is no carrying into

(a) If there is no carrying into the r

the rth place we have from (a) and the fact that u(u + ¢) = 1, that eventually
ai(q) < 1.

Alternately, for all » > ¢(u) one has carrying into and out of the pth
place which means a,(¢) = a, — 1. n

The assumption that a, > 4 is not necessary for the following result. In
fact necessary and sufficient is the assertion that a,, is either eventually greater
than 2 or frequently greater than 3. The proof under these assumptions is more
complicated however.

Theorem 2.10.  Let (z,)52, be a divisible sequence and assume that a, > 4
for all n € N. Let p,q € N and let M = M({(x,)2%1). If p+q € M and
q+p€ M, then pge M+ 7Z

Proof.  The hypotheses say that a(q+p) = a(p+q) = 0 and p(q+p) =
w(p+ q) = 1. Pick by Lemma 2.9 some r € N such that either

(i) an(q) =a, —1 forall n >r or
(ii) an(q) <1 for all n > r.

We may assume also that p satisfies either statement (i) or (ii) for the same value
of r.

We show first that we can’t have both p and ¢ satisfying (ii). Suppose
they do. Then given n > r there is no carrying out of position n since 1+a,(p)+
an(q) <3 < ap. Thus for n > 7, a,(p+ q) = an(p) + an(q) so a,(p) = an(q).
But then we pick k,m € N with a(k) = a(p) and a(m) = a(q) so

a(k+m) = a(k) + a(m) = a(p) + alq) = alp+4¢) =0
so k+m =0, a contradiction.

Thus we can assume without loss of generality that ¢ satisfies (i). We
claim that a,,(p) = 0 for all but finitely many values of n. This will suffice since
that implies a(p) = a(m) for some m € N and hence a(—m + p) = 0. Since
(—m+p)+ (m+q) =p+q € M we then have that —m + p and m + ¢ are in
M by Lemma 2.6(e). To establish the claim, assume that we have some n > r
with «a;,(p) > 0. Then there is carrying out of position n. Further

0=oant1(p+q) =1+ ant1(p) + apg1 — 1 (mod anq1)

s0 an11(p) = 0 and there is carrying out of position n + 1. By induction
ak(p) = 0 and there is carrying out of position k for all £ > n. The claim is
established. n
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Corollary 2.11.  Let (x,)°2  be a divisible sequence such that a, >4 for all
n, let M = M({x,)22 ), let e be an idempotent in M, and let H be the largest
group with e as identity. Then H =7Z+ (HNM).

Proof. That Z+ (HN M) C H is immediate. For the reverse inclusion let
p € H and pick ¢ such that p+q = ¢+ p = e. Then by 2.10, pick n € Z
such that p—n € M. Then also e—m € H sop—n=p+(e—n) € H so
p—neHNM. [ ]

The conclusion of Corollary 2.11 need not hold if m"“ is eventually equal

to 2. For then M((x,)22,) = (N, —, ¢/(Nx,) so mtersects the smallest ideal
and hence contains a minimal idempotent e. Then H = e + (N + e (from
the standard structure theorem-see [2, Theorem 1.2.12]) and e + ON + e #
Z+ (HNM({(x,)22)), by the following result.

Theorem 2.12.  Let (x,)22  be a divisible sequence and let e be any idempo-
tent. Then e+ ON+e L Z+ (., c/(Nz,,).

Proof. Let A = {Nwzgp41 + X7 zor : n € N}. Then A has the finite
intersection property since it is nested. Pick p € AN with A C p. Now given
any n € N,

Tont1 — V=1 T2k > Tant1 — T2n — T2p—1-
Consequently p ¢ Z+(,—, ¢/(Nz,,). By considering the natural homomorphisms
from AN to the integers mod z;,, one sees that e +p+e ¢ Z+ () —, ¢/(Nz,,).m

The following lemma is stated in greater generality than needed here
because we will use it again in Section 5.

Lemma 2.13. Let (x,)32, be a divisible sequence in N such that a, is fre-
quently greater than 2 and let S be a compact subsemigroup of BN satisfying the
following three statements:

(1) § € M({2a)).

(2) If pg € PN, g+ p € S, and either p € (., cl(Nz,) or q €
Mo, ¢/(Nzy,), then pe S and g€ S.

(3) Given any p € S and any infinite L C N there is a sequence
(zn)pzysuch that FS({zn)nzy) S FS((zn)iZ1), FS((zn)5Z1) € p, and

L\U{supp(y) : y € F'S((zn)nz1)} is infinite.
Thengivenanyp,qEN* ifq+peS,thenpe S+7Z and qge S+7Z.

Proof. Let p,g € N* be given with ¢ +p € S. It suffices to show that p €
Z+,~, cl(Nzy,). (Indeed assume we have n € Z with p—n € (), ¢/(Nz,,).
Then (¢ +n)+ (p—n) = g+ p € S so by assumption (2), p —n € S and
g+ne€S.) So we suppose instead that p ¢ Z + (), —, ¢l(Nzy,).

By Lemma 2.9 and assumption (1) an(p) is eventually a, — 1 or is
eventually in {0,1}. Since p ¢ Z + (), —, ¢/(Nz,), we must have «,(p) is
eventually in {0,1} and is not eventually equal to 0. Since a, is frequently
greater than 2 and (g + p) = 0 a simple consideration of carrying possibilities
shows that ., (p) is not eventually equal to 1. Thus we have that L = {t € N :
ar(p) =1 and a4—1(p) = 0} is infinite. Pick a sequence (z,)52 ; as guaranteed
for L and ¢ + p by assumption (3). Now FS((2,)02,) € ¢+ p so pick k € N
such that FS((z,)22,) —k € p. Pick m and ¢ in L such that z,, > k and
t > m and t ¢ U{supp(y) : y € FS((zn)021)}. Let V = {y € N : for all
ne{l,2,....;t} an(y) = a,(p )} Then V €p SOple y e VO(FS((zn)02)—k).
Since y € V and t € L, ay(y) =1 and ay—1(y) = 0. Since k < x,,, and m < t
there will be no carrying out of position ¢t — 1 when k and y are added, so
ar(y+k)=1. But y+k € FS({(z,)22,) so t ¢ supp(y + k), a contradiction. m

n=1
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Theorem 2.14.  Let (x,)52 be a divisible sequence such that a,, is frequently
greater than 2 and let s € N*. Given any p,q € N*, if ¢ +p € M, then
peEMy+7Z and ge Mg+ 7.

Proof.  Assumption (1) of Lemma 2.13 holds trivially and assumption (2)
holds by Lemma 2.8(b). (If ¢ € a~'[{0}], then since My C a~'[{0}], one has
also that p € a~1[{0}].) It thus suffices to show that assumption (3) also holds.

To this end let p € M and let an infinite L C N be given. Pick an
infinite subset B of L such that B ¢ s and let A = N\B. Let (z,)72 ; enumerate
{zn : n € A} in increasing order. Then B C L\ |J{supp(y) : y € FS({zn)721)}
SO (2,,)22 ,1s as required. u

In view of our results about elements of M ((x,)>2 ), it is useful to

know when we can guarantee p € M ((x,)22 ;) from some weaker assumptions.
Recall that if p = p+p, then any A € p contains F'S((y,)5> ) for some sequence
(Yn)$2 1 . In particular, p will satisfy the final hypothesis of the following lemma.

Lemma 2.15. Let (x,)52 1 be a sequence in N such that for each n, x,4+1 >
2.3, x and let p € ON. If FS((x,)22,) € p and for each A € p there exist
y,z€ A with y+2z¢€ A, then pe M((xn)p2,)-

Proof. Let m € N be given and suppose FS((z,)>2 ., ) ¢ p. Now

FS((zn)nty) = FS({xe)ity) U U (Bter ze + FS({@n)nin))
FC{1,2,...m—1}

(where ¥icg ¢ = 0) and FS((x¢){~,) is finite. So pick a nonempty F C
{1,2,...,m—1} such that A = FS({x,)22,,)+Zter z+ € p. Pick y,z € A such
that y+z € A. Pick G, H, and K contained in {m,m+1,m+2,...} such that
Y =tecq Tt +Xter Ty, 2 = Ny Tp+Yter Ty, and y+2 = Yieg T+ XieF T4
By [5, Lemma 1C], linear combinations of x;’s with coefficients 0, 1, or 2 are
unique. In particular F C K while F N K = @, a contradiction. [ ]

We close this section with an additional contrast between minimal idem-
potents and those living on FS((z,)52 ) for a thin sequence (x,)>° ;. From
[1, Theorem 5.15] we have that if p is any minimal idempotent in SN, there is
another minimal idempotent ¢ of ON such that p = —¢ + p. (From [11, Theo-
rem 4.2] we know p # —p + p.) By —¢ we mean of course {—A : A € ¢q}. Be
cautioned that —q + ¢ # 0 unless ¢ € Z.

Theorem 2.16. Let (x,,)0% 1 be a sequence in N such that lim,, oo (Tp41 —
Yity @) =00. If pe M({zn)3Z,) and g € N*, then p # —q+p.

Proof.  Suppose we have such q. Then {y € N: FS((x,)22,)+vy € p} € ¢
so pick y € N such that FS((z,)22,) +y € p. Pick m such that for all
0>m, 2o — Xy 2 >y. Then FS({x,)% )N (FS({(2,)2%,) +y) €p. So
we may pick z = ¥,cp x, in this intersection such that min F' > m and |F|
is a minimum among all members of this intersection. Pick G C N such that
z2=2%nca Tn +y. Let k =maxF. If £ > maxG, then

k—1
YneF Tp = Tl > 2y Tt = Yipe@ Tn +Y = XpeF Tn,
a contradiction. If £k < maxG = ¢, then
—1
YneG Tn +Y >3 > ST 2 > Yher T = Sneg Tn + Y,

again a contradiction. Thus k = maxG. Let F* = F\{k} and let G* = G\{k}.
Then ¥,cp+ T, = Ynegr Tn + y. By the minimality of |F| we must have
F*=0 o G*=0. Since y > 0,F* # 0 so G* =0 so y = Xpecp+ T,. But
YineF* Ty > Tmi1 > Y, a contradiction. ]
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Corollary 2.17.  Let (x,)22 be a sequence in N such that x,41 > 237 x4
foralln. If pe AN, FS({(x,)22,) € p and for all A € p there exist y,z € A
with y + z € A (in particular if p+p = p), then there does not exist ¢ € N*
with p=—q+p.

Proof. By Lemma 2.15, p € M ((z,)52 ;) so Theorem 2.16 applies. n

3. Points with Few <p Successors

Recall that for elements p and ¢ of ON we write p<rq when p=q+p
or p = q. We establish in this section additional contrasts between idempotents
in the smallest ideal and some far away from it.

If p is an element in the smallest ideal of OGN, then for each idempotent ¢
of p+ N, one has p<rq so {q € AN : p<rq} has 2° elements. As we shall see in
Section 4, if p is a strongly summable ultrafilter, then {q € N : p<grq} = {p}.
We show in Theorem 3.5 below that we can get (in ZFC) idempotents p with
{q € PN : p<prq} finite.

As we remarked earlier, Ruppert [20] established the existence of <p-
maximal elements of ON. We shall see in Theorem 3.2 that they are plentiful.

Note that if p,q € AN, p # q, and p<grq, then p € SN+ p so that p is
not right cancellable [4, Theorem 2.1]. We see now that any element of SN which
is not right cancellable lies below an idempotent which is <pg-maximal (among
idempotents) and more.

Lemma 3.1. Let p € ON such that p € BN+ p. Then there is an idempotent
e of BN such that p<ge and whenever f € PN with f € N+ f and e<pf
one has f<gre.

Proof. Let N ={f¢e ON: fe N+ f}. Foreach f € N, let By = {q €
AN : f<grq}. Then By # @ and By = p}l[{f}] U {f} so By is a compact
subsemigroup of AN. Let G = {T' : T is a <g-chain in Nand p € T'}. Then
G # O since {p} € G so pick a maximal member I' of G. Given f<pg in T
one has By C By so L=\, By # 0.

Pick by [7, Corollary 2.10] an idempotent e in L. Then e € B, so

p<gre. Given f € N with e<gif one has for all ¢ € T, ¢<grf so f €T so
f<re. u

Theorem 3.2.  There are 2° <pg-mazimal idempotents in PN.

Proof. Define ¢ : N — N by ¢(Z,cr 2") = 2™ Denote also by ¢ its
continuous extension from (N to SN. We claim that given any p € ON and any
q € 2, ¢/N2" one has ¢(p+ q) = ¢(p). For this it suffices to show that
for any z € N and any q € (),—, /N2, ¢(z + q) = ¢(x), for then ¢ o p,
and ¢ agree on N. To see this, given z = ¥X,,cp 2" let £ = min F'. Then for
all y € N2+ ¢(x +y) = ¢(x). We also observe that for p € cf{2" : n € N},
¢(p) = p-

Now we show that for each p € N* N el{2" : n € N}, there is a <p-
maximal idempotent f with ¢(f) = p. Since |N* Nnet{2" : n € N}| = 2¢ [,
9.12] this will complete the proof. Given p € N* N cel{2™ : n € N}, p+ N
is a right ideal of OGN which therefore contains a minimal right ideal and hence
contains an idempotent e [2, Corollary 1.3.12 and Theorem 1.3.11]. Pick r € N
with e = p+r and note that both e and p are in () _; ¢/N2" and consequently
r € (o— ¢/N2™. Pick by Lemma 3.1 an idempotent f € AN such that e<p f
and f is <g-maximal. Then

o(f) = o(f +e) = gle) = p(p+7) = o(p) = p. u
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Let H = (),_,c¢/N2". Then H contains all of the idempotents of
ON (since any idempotent is in the kernel of the natural homomorphism from
ON to Zgn ). We use this fact to show that <p-maximal idempotents are plentiful
very close to any idempotent in ON.

Corollary 3.3.  Let p be any idempotent in N and let (A,)0%, be a sequence
of members of p. There exist ¢ <g-mazimal idempotents in (. _, clA,, .

Proof. Let By = Ay andlet Cy = {r € N: By —x € p}. Then Cy € p
so pick 1 € BN Cy. Let By = As N (By — z1) N N4zy. Inductively, given
B,=A,N(Bp-1 —xp—1)NNdz, 1, let C;, ={z € N: B,, —z € p} and pick
z, € B,NC,.

Then an easy induction (see for example [14, Theorem 8.6]) establishes
that whenever F' is a finite nonempty subset of N and m < min F' one has
Yner Tn € Bp,. Consequently M = M({(xn)02,) C ()~ clA,. Trivially
(x5,)22 1 1s a divisible sequence. The map 7: N — N defined by 7(X,cp 27) =
Yner Tp extends to a map from AN to SNwhose restriction to H = (1), —, ¢/N2"
is an isomorphism onto M. Thus by Theorem 3.2 M contains 2¢ idempotents
which are <p-maximal in M. Given any one such, say ¢ and given any
idempotent r with ¢<grr one has by Lemma 2.6(d) that » € M and hence
r<Rq. ]

Even though the operation in AN that we are using is “+” we use the
multiplicative terminology “right zero” semigroup to describe a semigroup in
which each element is a left identity.

Lemma 3.4. Let C be a compact right zero subsemigroup of BN. Then C is
finite.

Proof.  This follows from [6, Theorem 8.4] but it has a simple self contained
proof, so we present it. Suppose C' is infinite and pick an infinite discrete
sequence (p,)>2 in C'. Pick an accumulation point ¢ of the sequence (p,,)5 ;.
Then g =q+q € BN+ q=cl(N+q) so c/(N+q)Ncl{p,:n €N} £O so by
Lemma 1.1, either (N+¢)Ncl{p, :n € N} # O or {p, :n e N}Ncl(N+q) = 0.

Assume first we have some m € N with m + ¢ € ¢/{p,, : n € N}. Now
each p, = pn+pn and ¢ =q+q so {q}U{p, : n € N} C c¢/N(m+1). (Consider
the natural homomorphism from ON to Z,,4+1.) But then m =0 mod(m+1), a
contradiction.

Thus we have some n € N and some r € N such that p, =r + ¢q. But
then g=p,+qg=r+q+qg=r+q=p,, a contradiction. [ ]

Lemma 3.1 guarantees a plentiful supply of elements satisfying the hy-
pothesis of the following theorem.

Theorem 3.5. Let e = e+ e in QN and assume that whenever f € ON with
fe€ PN+ f and e<pf one has f<re. Let C ={f € fN:e<pf}. Then C is

a finite right zero semigroup.

Proof. We have that C' is a compact subsemigroup of ON. As a compact right
topological semigroup, C' has a smallest ideal K. (See [2, Theorem 1.3.11].) We
first observe that e € K. Indeed, pick any g € K. Then e =g+ec K+(C C K.
Also {e} = C' + e so one, and hence all, of the minimal ideals are singletons.
We now claim that ¢ = K. Suppose instead that we have some ¢ €
C\K. Then g ¢ QN+ q. (For if we had ¢ € ON + ¢, by hypothesis we would
have g<pre so g =e+q € K+ C C K.) But then by [18, Theorem 3.3| there
exist idempotents f and g in the smallest compact semigroup containing ¢, and
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hence in C, with f =g+ f = f+9g # g. Since g = g + g we have (as in the
parenthetical line above) that g € K. But then C + ¢ is a minimal left ideal so
C+g={g} while f € C+ g and f # g, a contradiction.

Since K = C' we have for each g € C' that C + g = {g} and hence C is
a right zero semigroup. By Lemma 3.4, C is finite. ]

If e and C are as in Theorem 3.5 we have for each g € C that {f € C':
f+e=g} is empty if g # e and equals C if g = e. We shall see in Theorem
3.7 that a similar behavior applies throughout AN.

Lemma 3.6. Lete=e+e in fN, let C ={f € fN:e= f+e} and assume
C is finite. Let p,q € ON. If p+e =q+e and p # q, then p € ¢+ C or
gep+C.

Proof. Let C = {c1,c2,...,¢,}. Suppose p ¢ ¢+ C and ¢q ¢ p+ C. Pick
Xo € p and Yy € ¢ such that XgNYy = and for each i € {1,2,...,n}, X ¢
g+c and Yy ¢ p+c¢;. (Sogiven i € {y € N: (N\Yy) —y € ¢;} € ¢ and
{yeN:(N\Yy) —yec¢}ep.) Let X =XoNn(_,{y € N: (N\Yp) —y € ¢;}
andlet Y =Yy N {y e N: (N\Xy) —y € ¢;}.

Now p+e € (cfX)+e=cl(X +e€) and g+ e € cl(Y + €) so by Lemma
1.1 we have either (X +e)Ncl(Y +e) # D or (Y +e)Ncl(X +e) #OD. We
assume without loss of generality that we have some r € ¢/X and some m € Y
such that m+e=r+e.

One cannot have r € N since then one would have r = m. (Consider
congruence classes mod max{r,m}.). But r € ¢/X and m € Y. Thus r €
(c/X)\N. But now e = (r —m) + e, so r —m € C by definition. Pick
i€{1,2,...,n} such that » = m+¢;. Since m € Y, we have (N\Xy) —m € ¢;.
Since r € /X we have X —m € ¢;. But (X —m)nN (N\Xy) —m) = O, a
contradiction. |

Again we remark that Lemma 3.1 and Theorem 3.5 provide a plentiful
source of idempotents e satisfying the hypothesis of the following theorem.

Theorem 3.7. Lete=e+e in N, let C = {f € fN:e = f+ e} and
assume C' is a finite right zero semigroup. Let n = |C|. Then for each p € PN,
{fe ON: f+e=p} is O,n, or n+1.

Proof. Let p € N and assume {f € fN: f 4+ e =p} # . By Lemma 3.6
there is at most one f € SN\(ON + C) such that f+e=p. Alsoif ¢; # ¢z in
C we claim (ON+c¢;)N(ON+c3) = . Indeed if (AN+c¢1)N(ON+c3) # D, a
routine application of Lemma 1.1 yields that ¢; € ON+ ¢ or ¢o € SN+ c¢;. But
if, say, ¢ € ON + ¢y then ¢; = ¢1 4+ ¢ while, since C' is a right zero semigroup,
c1 + co = co. Thus it suffices to show that for each ¢ € C there is a unique
q € PN+ c with p=¢q+e, solet ¢ € C be given. Now p+ ¢ € ON + ¢ and
p+c+e=p+e=p (since pe BN+e). Now assume g € fN+c and p = g+e.
Then g = q + ¢ since ¢ is an idempotent. So ¢ =g+c=q+e+c=p+c. n

4. Properties of Strongly Summable Ultrafilters

We begin by formally defining the special kinds of ultrafilters with which
we are concerned.

Definition 4.1. Let p € ON.
(a) p is a strongly summable ultrafilter if and only if for every A € p
there is a sequence (x,,)°° ;such that F\S({(z,)>2 ;) C A and FS({z,)2,) € p.
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(b) p is a divisibly strongly summable ultrafilter if and only if for every
A € p there is a divisible sequence (z,)>° ;such that FS((z,)>2,) € A and
FS((zn)721) €.

(¢) p is a special divisibly stronly summable ultrafilter if and only if,
letting =, = (n+ 1)!, p € M({x,)22,) and p is divisibly strongly summable
and for each infinite L C N there is a sequence (z,)o>; such that F'S((z,)52;) C

FS((xn)pz1) and FS((zn)52,) € p and L\U{supp(y) : y € FS({zn)5Z1)} is
infinite (where supp is defined with respect to (x,,)5° ;).

We discuss in this section properties of these ultrafilters in the order of
their definitions, postponing to Section 5 discussions of their existence.

Recall from [12, Theorem 2.3] that strongly summable ultrafilters are
idempotents. We show now that they are <p-maximal in a strong sense.

Theorem 4.2. Let p be a strongly summable ultrafilter. Then {q € PN :
g+p=p}={p}. Givenany r € ON, {qg € IN:q+p=r} has 0,1, or 2
members.

Proof.  The first assertion is [4, Theorem 3.3]. The second assertion then
follows from Theorem 3.7. |

When we say (x,)22 ; has “distinct finite sums” we mean that ¥, cp z, =
Yneg T, implies F' = G. This holds in particular if x,4; > X} x; for each
n € N.

Lemma 4.3. Let (z,)52 and (yn)52, be sequences in N with distinct finite
sums. Define T : N — N as follows. If F is a finite nonempty subset of N,
then T(Xner Yn) = Zner Tn. If 2 € N\FS((yn)52,), then 7(z) = 1. Denote
also by T its continuous extension from PN to ON. The restriction of T to
M ({yn)$2) is an isomorphism onto M ({(x,)5% ).

Proof. Define analogously 6(X,cr *n) = Yner Yn- Then 6 o 7 is the
identity on FS((yn)o2,) so 7 is one-to-one on ¢/ FS((y,)s2,). That 7 is
a homomorphism on M ({(y,)>2 ;) follows from [15, Lemma 2.2]. Given p €
M ((yn)s2,) one immediately concludes that 7(p) € M((z,)5%,). Given ¢ €
M ({x,)22 ), one has that §(q) € M((y,)52,) and 7(6(q)) = q. u

n=1

Our next result is a consequence of the existence of strongly summable
ultrafilters.

Theorem 4.4. Let E = {p € ON : p is strongly summable and for all q #
P, ¢+p #p and p+ q # p} and assume there exists some strongly summable
ultrafilter. Then E is dense in the set of idempotents. In particular, the set of
tdempotents which are both <p -mazximal and <g-maximal is dense in the set of
all idempotents.

Proof. Using [11, Lemma 2.5] one sees that
(*) if for each n € N, x,11 > 437, 2, and (2z,)22,is a sequence with
FS({(zn)221) € FS({x,)22,), there exists a sequence (Fy,)5°_; of pairwise
disjoint finite sets such that z,, = ¥;cp x4 for each m € N.

Let r be an idempotent of ON and let V' € r. Pick (by [13, Theorem
3.3]) a sequence ()52 with F.S((z,)>2 ;) C V. By thinning we may presume
Tpy1 > 427, zy for all n € N. Pick a strongly summable ultrafilter s and
pick by [11,Lemma 2.4] a sequence (y,)>2 ;with y,4+1 > 4 X7, y; for each n
and with F.S({(y,)52,) € s. Let 7 be as in Lemma 4.3 and let p = 7(s). Using
(*) one easily sees that p is strongly summable.
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Since p is strongly summable we have by Theorem 4.2 that for all
a#p, ¢+p#Dp.

Now let q # p be given and suppose that p4+q = p. Since p is idempotent
we have that for all n, Nn € p and consequently for all n, Nn € ¢q. Pick A € p\gq.
Since p is strongly summable, pick by [12, Lemma 2.2] a sequence (z,)5 ; with
p € M({zn)7Z1) and FS((zn)52,) C ANFS((zn)5Z1) - Let B = FS((zn)7%).
Then Be€p=p+qgso{yeN:B—ye€q} € psopick y € B such that b—y € q.
Now y = ¥, cF 2z, for some F'. Note that if n # m then supp(z,)Nsupp(z,,) =
. (For if we had t € supp(z,) N supp(z,,) we would have ai(z, + zm) = 2.)
Let H = U,cr supp(zn). Then H = supp(y) and in fact y = Xyep 2. Let
k = maxH + 1. Then Nzxy € ¢ so pick w € Nzp N (B —y) N (N\A). Since
xy, divides w we have min supp(w) > k so supp(w + y) = supp(w) U supp(y).
Since w+y € B we have for each t € supp(w +y) that a,(w+y) =1. We also
have for some L C N, w4y = Xyer 2,. Then supp(w +y) = U, supp(z,).
Consequently we have F' C L and w = ¥,ecr\r 2, € A, a contradiction. [ ]

We now turn our attention to divisibly strongly summable ultrafilters.

Lemma 4.5. Let p be a divisibly strongly summable ultrafilter and let A €
p. There is a divisible sequence (x,)°° , such that FS((z,)$2,) C A, p €
M({x,)22 ), and for each n, T,y >4-57 ; x4.

n=1

Proof. This may be taken nearly verbatim from the proof of [11, Lemma
2.4]. n

Theorem 4.6. Let p be a divisibly strongly summable ultrafilter and let
g,r € ON. If r € (._,¢/Nn and p = g+, then g=r=p. In particular, if
q#p,then p+q#p.

Proof. It suffices by Theorem 4.2 to show r = p. Suppose instead that r # p
and pick A € p\r. Pick a divisible sequence (z,)5° ;as guaranteed by Lemma
4.5. By Lemma 2.6(e), 7 € M((x,)52,) so A € r, a contradiction. n

Finally we see that special divisibly strongly summable ultrafilters can
only be written as sums in a trivial fashion.

Theorem 4.7.  Let p be a special divisibly strongly summable ultrafilter and
let ¢ and r be in ON. If p = q+ r, then for some n € Z, ¢ = p+ n and
r=p-—n.

Proof. For each n let =, = (n+1)! . Let S = {p}. Then hypotheses (1)
and (3) of Lemma 2.13 hold immediately. Now () —, ¢/Nn = (", ¢/Nz,, so
hypothesis (2) of Lemma 2.13 holds by Theorem 4.6 (because if ¢ € [, ¢/Nn
and p = g+, then r € (),_, ¢/Nn). The hypotheses being satisfied, Lemma
2.13 yields the desired result. [ ]

Corollary 4.8.  Let p be a special divisibly strongly summable ultrafilter. Then
p+ N* is mazimal among right ideals of the form g+ N* and N* +p is mazimal
among left ideals of the form N* +¢.

Proof. We prove only the assertion about right ideals since the other proof is
nearly identical. Assume p+N* C ¢+ N*. Then p € g+ N* so p = ¢+r for some
r € N*. By Theorem 4.7, ¢ =p+n for some n € Z. Thus ¢+ N* Cp+ N* .=
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5. Existence of Divisibly Strongly Summable Ultrafilters

We show in this section that Martin’s Axiom implies the existence of
divisibly strongly summable ultrafilters very close (i.e. sharing any fewer than ¢
prespecified members) to any idempotent. Similarly Martin’s Axiom also implies
the existence of special divisibly strongly summable ultrafilters very close to any
idempotent in M ((n!)>° ;). (As was shown in [19] and [5] the existence of strongly
summable ultrafilters cannot be proved in ZFC.)

Since the continuum hypothesis (CH) implies Martin’s Axiom (MA)
these results also follow from CH. However, because CH constructions are more
familiar to many people, we present in Theorem 5.2 a CH construction of a
special divisibly strongly summable ultrafilter.

The following lemma is well known among aficianados.

Lemma 5.1. Let (x,)5%,be an increasing sequence in N, let r € N, and
assume FS({z,)52,) C U.,_, Ci. There exist i € {1,2,...,r} and a sequence
(Yn)$2 1 such that

(1) FS({yn)nz1) € CiN FS((2n)p2i)

(2) for each m, yp, >2 -3 1 yp,

(3) for each n, FS((y:);2,) € FS((x4)72,),

(4) for cach n, yulyns1, and

5) if for some m, FS({(x,)5,,) C FS({(n+ 1)), then
FS((yn)nz1) € FS{(n+1)H7Z1).

Proof. If there is some integer m such that F.S({(z,)>2,,) C

FS({(n+ 1)1)o2 ), pick the first such and replace each z,, by z,4m-1 . For
each ¢ € {1,2,...,r}, let E; = {F : F is a finite nonempty subset of N and
Yner xn € C;}. By [10, Corollary 3.2], pick an infinite sequence (H, )52, of
pairwise disjoint finite nonempty subsets of N and i € {1,2,...,r} such that
Uner Hn € E; whenever F' is a finite nonempty subset of N. By discarding
some of the H,,’s we may presume that for each n, max H,, < min H,, ;. Now let
Y1 = YieH, T¢. Given y, = Xieq, XteH, Tt, pick € such that xy >2-37_, yi.
Choose a subset Gp4+1 of {¢+ 1,¢+2,...} such that |G,4+1| = y +n and so
that for k,s € Gpi1, Zten, vt = Xten, o (mod y,). Then letting y,41 =
S heGni1 SteH, Tt, we have Yulyns1 and yny1 > 250 yq. =

Theorem 5.2. Assume the continuum hypothesis. There exists a special
divisibly strongly summable ultrafilter.

Proof. Let z, = (n+ 1)! for each n and let « and supp be as given in
Definition 2.4 for (z,)52 ;. Well order P(N) as (A,)s<w, with Ag = N. Let
Zy = Ap and let Iy = {FS(((2t)1)2,,,) : m € N}JU{N}. Let 6 < w; be given and
assume we have chosen Z, and I, for ¢ < § satisfying the following induction
hypotheses.

(1) Zo = Ay or Zy; =N\A4,;

(2) Z, € Ha,

(3) [TT,| =

(4) 11, is Closed under finite intersections;

(5) if o < 7, then II, C II,;
(6) for each B € II, there is a divisible sequence (y,)>2 ;such that
FS({yn)$21) C B and for each m € N, FS((yn)22,,) € Il

(7) if A, is infinite, then there is a sequence (z,)5° ; such that
FS((zn)is) € My and FS((z)32,) € FS((20)32,) and A\ Ufsupp(y) 1y €
FS({z,)22,)} is infinite.
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We observe that all hypotheses are satisfied at o = 0.

Now let T, = |, <s 1, and note that Il; satisfies hypotheses (3),
(4), and (6). Let (V,)%%, enumerate II; with Vi, = FS({(2t))2,). Let
Uy = Vi. Pick (y1.,)72, as guaranteed by (6) for U;, let w; = y11, and
let Uy = Uy NVa N FS({y1£)72,). Note that Us € Tl .

Inductively, given U,, € II 5/ , pick (yn k)72, as guaranteed by (6) for U, .
Let wy, = yn,1, and let Uyq1 = Up N Vg1 N EFS((Ynk) 72 5) -

Now we observe that for each n, U, 1 C U, — w,. Indeed, given
z € Upg1 we have z € FS((Ynk)72y) 80 24+ wy € FS{(Ynk)5ey) € U,. Thus
one routinely proves by induction on |F'| that if F' is a finite subset of N and
¢ =min F, then Yicr w; € Uy (and hence FS((wy)22,) C Uy).

Let Cyp = As and C; = N\As. By Lemma 5.1, pick an increasing
sequence (u,)o2; and i € {0,1} such that F.S((u,)52 ;) C FS((wn)o2,) NC;
and for each n, wu,|u,41 and for each n, FS((us)s2,,) € FS((w)2,,).

If i =0,1et Zs = As. If i =1, let Zs = N\As. If As is finite, let
zZn — U, for each n.

If As is infinite, proceed as follows. Observe that FS((un)o>,) C
FS((wn)521) C UL C FS((2n)nZy) - Let 21 = uy. Inductively given z, = (),
let ¢ = max supp(z,), pick j € As with j > ¢ and pick ¢(n + 1) such that
min supp(ug(n+1)) > - Let zni1 = Ugini) -

Let ITf = Ty U{Zs} U{FS({z1n)3%,,) : m € N} and let II; = {F : F
is a finite nonempty subset of 1I5}. Then hypotheses (1), (2), (3), (4), (5), and
(7) follow immediately.

To verify hypothesis (6), let B € II; be given. Then pick W € Hél
and m € N such that W N FS((2x)%,,) € B. Further W = V,, for some n

so let ¢ = max{n,m} and let yp = zp4x for all &k € N. Then given r € N,
FS((yr)zr) = FS((zk)7Ze4r) € Ha- Also FS((yr)iZ,) € FS((2k)7Z,,) and

FS((yr)ez1) € FS((zr)iZn) € FS(ur)pZ,) € FS(wr)iZ,) € Un € Va.

Thus F'S((yx)5>,) € B so (6) holds.
Let p = Us <w; Hs. Then p is a special divisibly strongly summable
ultrafilter. m

We now turn our attention to an MA construction of divisibly strongly
summable ultrafilters and special divisibly strongly summable ultrafilters. The
reader unfamiliar with MA is referred to [17, pp. 53-61] for an elementary
introduction (with the caution that an inequality is reversed in the definition

of “filter”).

Definition 5.3.  (a) P¢(A) is the set of finite nonempty subsets of A and
[A]“ is the set of countably infinite subsets of A.
(b) (A, f) is a divisibly strongly summable pair if and only if
(1) @ # A CNJ¥,
(2) £ PpA) — N,
(3)if F € Ps(A) and (yy,)5e, enumerates f(F) in increasing order
then

() FS((yn)nz1) SN F
(i) {FS((yn)nzm) :m e N} © A
(iii) for all n, Yn|Yn+1-
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(c) (A, f) is a weakly summable pair if and only if
(1) @ # AC [N,
(2) f: Pr(A) — [NJ?,
(3) for all F € Pr(A),
(i) fF(F)SNF,and
(ii) for all = € f(F) there exists B € A such that B C
MNF)N (N F = ).
(d) Given A C[N]*, Q(A) ={(s,F) :s€ Ps(N) and F € Ps(A)}.
(e) Given A C [N]¥ and (s, F)and (s’, F'Vin Q(A), (s', F') < (s, F)
if and only if
sC s,

(1)
(2) F € F',
(3) for all y € s'\s and all z € 5, z <y,
(4) there exists g : s'\s — F' such that for z and y in s'\s
(i) xeNF and g(z) C(NF)N(NF —x), and
(ii) if = <y, then y € g(z) and g(y) < g(z) N (9(x) —y).
(f) Given A C|N]¥, V€ A, and n €N,
(1) D(V) ={{s, F) € Q(A): V € F},
(2) E(n)={(s, F) € Q(A) : s\{1,2,...,n} # O}.

Observe that a divisibly strongly summable pair is also a weakly summa-
ble pair. (To verify (c) (3) (ii), given f(F) = {yn : n € N} one has for each m
that F'S({yn)nZmi1) € (N F)N(F = ym).)

Lemma 5.4. Let w < k < ¢ and assume MA(rk). Let (A, f) be a weakly
summable pair with |A| = k and let C C N. There exists a divisibly strongly
summable pair (B,g) such that

(1) AC B,

(2) |B] =k,

(8) C € B or N\C € B,

(4) there is a sequence (Y, )32 such that
(1) FS({yn)nz1) € B
(i) for each n, yny1 > 2 Eiy yr,
(1) for each H € Py(B) there exists m € N such that F'S((yn)sZ,,)
CNH, and
(iv) if FS(((n+1)H52 ) € A and |C| = w, then FS({yn)3>,) C
FS({(n+ 1)1)22,) and |C\U,~, supp(yn)| = w, where supp is as given in
Definition 2.4 for x, = (n+ 1)!.
(5) if (A, f) is a divisibly strongly summable pair, then f C g.

Proof. By [12, Lemma 3.7], Q(.A) is a c.c.c partial order. By [12, Lemmas 3.5
and 3.6] {D(V):V € A}U{FE(n):n € N} is a set of k dense subsets of Q(.A).
Pick by MA(k), a filter G in Q(.A) such that G N D(V) # @ for each V € A
and G N E(n) # O for each n € N. Let A =|J{s: for some F, (s, F) € G}.
Since GNE(n) # O for each n we have that A is infinite. Let (z,,)5% ; enumerate
A in increasing order

We now show that if F'S({((n+ 1)!)22,) € A, then there is some ¢ such
that F.S((2,)°%,) C FS({(n+1)1) ). To this end, let W = FS({(n+1)1)° )
and assume W € A. Pick (sy, Fw) € GND(W). Let £ = max(sw)+1. To see
that F'S((z,)02,) € W, let L € P¢(N) with minL > ¢. For each n € L, pick
(Sn, Fn) € G with z, € s,. Pick (s, F) € G such that (s, F) < (sw, Fw)



16 HINDMAN AND STRAUSS

and (s, F) < (sp, Fp) for each n € L. Then {z, : n € L} C s\syw. Now by
[12, Lemma 3.7(b)], e 20 €[V Fw CW.

Let Cp = C and C; = N\C. Pick by Lemma 5.1 some ¢ € {0,1}
and a sequence (wy)5%; such that FS((w,)52;) € C; N FS({(z,)0%, ), for each
n Wpe1 > 2- X0 wy, FS((wy)g2,) € FS((z1)2,,), and wy,|w,4+1 and so
that if for some 7, FS((2)2,) © FS((n+1))5). then FS({(wn)32,)
FS(((n+1)Hazy).

If FS({((n+1)22,) ¢ A or C is finite let y, = w, for each n.
Otherwise proceed as follows. We have shown that for some ¢, FS((z,)22,) C
FS{(n+ 1122 ,) so we have that FS((wy)2,) € FS({(t + 1)H2,). Let
y1 = wy and inductively assume we have y, = wy(,). Let ¢t = max supp(yn),
pick j € C' with j > ¢, pick /(n + 1) with min supp(wgn41)) > j. (Since
FS{w)§2q) CFS{(t+1)1H)2,), we know supp(w,) Nsupp(ws) = O for r # s.)
Let Yni1 = We(nt1). Observe that conclusion (4) (iv) holds for (y,)n; .

Let B = AU{C;} U{FS({(yn)s>,,) : m € N}. Then conclusions (1),
(2), (3), (4) (i), (4) (ii), and (4) (iv) hold immediately. We claim it suffices to
establish (4) (iii). Indeed, assume we have done this. Given H € P¢(B), pick
m € N such that FS({(yn)22,,) C\H. If H C A and (A, f) is a divisibly
strongly summable pair, let g(H) = f(H) (so that (5) will hold). Otherwise
g(H) = {yn : n > m}. We claim that (B,g) is a divisibly strongly summable
pair. Certainly requirements (1) and (2) of the definition are immediate. Let
H e PsB). If HC A and (A, f) is a divisibly strongly summable pair, then
(3) holds for (B,g) because it holds for (A, f). Otherwise, g(H) = {yn : n >
m} and conclusions (3) (i), (ii), and (iii) hold for ¥} = Ym+tr—1-

It thus remains to establish statement (4) (iii) of this lemma. If HNA =
@, then H is nested so we easily pick m with FS((y,)52,,) € (VH. So we
assume HNA # O. If H\ A # O, pick m such that F'S((y,)22,,) CN(H\A).
IfHCA, let m=1.

For each V€ HNA, pick (sy, Fy) € GND(V). Pick (s, F) € G such
that (s, F) < (sy,Fy) foreach V€ HN A. Let { = max(sU{m})+1. We
claim that F'S((yn)>>,) C [ H . Since FS((yn)o>,) € FS((yn)se,,) and since
HNAC F, it suffices to show FS((yn)52,) € (VF. Since FS((yn)>2,) C
FS((wn)>2,) € FS((2zn)22,), it suffices to show FS((z,)5,) C (1 F. So let
T € Py(N) with minT > ¢. For each n € T pick (s,, Fp) € G with z, € s,,.
Pick (s, F') € G with (s, F') < (s,F) and for each n € T, (s, F') <
(Sny Fn). Now given n € T', z, >n > { >maxs so {z, :n €T} Cs'\s. Thus
by [12, Lemma 3.7(b)], X,er 2z, € [ F as required. u

Recall that MA is the assertion that for all £ < ¢, MA(x) holds.

Theorem 5.5.  Assume MA. Let p € BN with p+p = p and let A C p
with | A| < c. There exists a divisibly strongly summable ultrafilter q such that
ACq. If FS{(n+ 1)1)o2,) € p, then q can be chosen to be a divisibly strongly
summoable ultrafilter.

Proof. If FS(((n+1)1)s%,) € p, then we may presume that
FS{(n+ 1No2,) € A. We may also presume |A| > w. By [12, Lemma 3.10],
pick a weakly summable pair (C, f) such that A C C and |C| = |A|. Well
order P(N) as (Cy)y<.. Pick a divisibly strongly summable pair (B, go) as
guaranteed by Lemma 5.4 for (A, f) and Cj.

Inductively, let ¢ < ¢ be given and assume for § < ¢ we have chosen
(Bs,gs)such that:

(1) (Bys,gs) is a divisibly strongly summable pair,

(2)if 7 <, then B, C B and g, C g5,
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(3) Cs € Bs or N\C5 € B(;,

(4) |Bs| < max{[C|,|d]}, and

(5) if FS(((n+1)>2;) € A and |Cs| = w, then there is a sequence
(Yn)pzqsuch that FS((yn)o2;) € Bs and FS((y > 1) € FS{(n+1)Ho2y)
and |C5\ U2y supp(yn)| = w.

Let B:, = Us<o Bs and let g, = Us., 95 and note that (B:,,gf,)
is a divisbly strongly summable pair. Choose a divisibly strongly summable

pair (B,,g,) as guaranteed by Lemma 5.4 for (B,,g.) and C,. All induction
hypotheses are satisfied.

Let ¢ = J,.. Bo. By hypothesis (3), ¢ is an ultrafilter. To see that
q is divisibly strongly summable, let A € ¢ and pick ¢ < ¢ such that A € B,.
Let (yn)o2,enumerate g,({A}) in increasing order. Then FS({yn)o2,) C A,
FS((yn)s2y) € By C ¢, and for each n, yn|ynt+1. (The reason for starting the
sequence at yo rather than y; is to handle the minor technical requirement that
the first term of a divisible sequence is bigger than 1.)

Finally, assume that FS(((n + 1)) € A. We need to show that
g € M({(n+ 1)22,) and that given any L € [N]¥, there is a divisible se-
quence (y,)n2 with FS((yn)o21) € q, FS((yn)pZy) © FS(((n+1)52y),
and L\ |J{supp(z) : z € FS({yn)s2,)} is infinite. The second assertion fol-
lows from hypothesis (5) at stage § where L = Cs. (Since FS({yn)o2,) C
FS{(n+1)N)o2,) we have for n # m that supp(y,) N supp(ym) = O so
U{supp(2) : 2 € FS((yn)p21)} = UnZy supp(yn).) To see that q €
M(((n—I— N2 ,), let m € N be given and suppose that F'S({((n+1))22 ) ¢ gq.
Now g is d1v151b1y strongly summable so ¢ = ¢+¢q. Since FS({((n+ 1)) € ¢
and

FS({(n+1)1)72) = FS{(n+ N5 ) UFS({(n+1)H52,,) U

LHFS{(n+ D)05%,,) + Sner (n+ D10 #F C{1,2,...,m—1}}.

The first of these sets is finite and the second is not in ¢ by assumption so pick a
nonempty F' C {1,2,...,m—1} such that FS({(n+1)!)>% m)+2nep (n+1)! €

Since ¢ + q¢ = q, pick y and z such that {y,z,y+ 2z} C FS({(n+ 1)! )n_m) —|—
Yner (n+ 1), Then pick ¢t € F'. One has a;(y) = au(2) =1 so au(y + 2) = 2,
a contradiction. (Here « is as defined for the sequence z,, = (n+ 1)!.) n

It is easy (assuming MA) to produce divisibly strongly summable ultrafil-
ters which are not special divisibly strongly summable; just pick any idempotent
p with FS(((n+1)H52y) ¢ p, let A = {N\FS(((n+1))7%,)}, and apply
Theorem 5.5. However it is conceivable that all strongly summable ultrafilters
are in fact divisibly strongly summable. We conclude by showing that this is not
the case (again assuming MA). We first introduce some notions from [3].

Definition 5.6.  (a) Given a sequence (F,)0%; in Ps(N), FU((F,)>,) =
Uneg Fn: G € Pr(N)}.

(b) U is a union ultrafilter if an only if I/ is an ultrafilter on P;(N)and
for all A € U, there exists a sequence (F, )72 ; of pairwise disjoint members of
P¢(N)such that FU((F,)p2q) € U and FU((F,)o2;) C A.

(c) U is an ordered union ultrafilter if and only if ¢/ is an ultrafilter on
Ps(N)and for all A € U, there exists a sequence (F,)>2; in Ps(N)such that for
each n € N, max F,, < min F,, 41 and FU((F,),) € U and FU((F,)>2 ;) C

A.
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Lemma 5.7. Define a sequence inductively by x1 =2, xo = 8, and for n > 2,
Ty ={Siep x : O #F C{1,2,....n—1}}. If FFGe P;(N), FNG =0,
and Yieq x¢|Xiep o, then max G < min F'.

Proof. Let r = max G and suppose that min F' < r. Let F} = FN{1,2,...,r}
and Fy = F\F;. Let b = Xcp, oy and let a = Yy . If Fo = O we have
directly that alb. If Fy # O, let ¢ = ¥cp, 7 and note that by the construction
of the sequence alc so again we conlude that a|b. But 0 < b < z, < a, a
contradiction. [ ]

Theorem 5.8.  Assume MA. There is a strongly summable ultrafilter which is
not divisibly strongly summable.

Proof.  Let (z,)5%be the sequence which is defined in Lemma 5.7. Define
v: Py(N) — N by v(F) = X,er . Pick by [5, Theorem 4] a union ultrafilter
U which is not an ordered union ultrafilter. Let p = {A C N : 4 1[A] € U}.
Then p is an ultrafilter on N. To see thatt p is strongly summable, let A € p
be given. Pick a sequence (F),)52; of pairwise disjoint members of P¢(N)such
that FU((F,):,) € U and FU((F,)2 ;) C v ![A4]. For each n, let y, =
Yier, vi- Then FS((yn)nii) = Y[FU((Fn)3Z1)] so FS((yn)nZ1) € p and
FS((yn)nz1) € A,

To see that p is not divisibly strongly summable, pick A € U such that
there is no sequence (F),)>2; in Py(N)with max F,, < min F;,; for each n and
FU((Fn)o21) € A and FU((F,)52,) € U. Let A= {¥cp x4 : F € A}. Then
A € p. Suppose we have a divisible sequence (y,)5%; with FS({(y,)22,) C A
and FS({y,)>2,) € p. For each n, let F,, = supp(yn), i.e. yn = Sicr, Tt
Observe that F,, N F,, = O for n # m. (If we had t € F,, N F,,, we would have
¢ (Yn + ym) = 2, while y, + ym € A) Then FU((Fp)oZy) =7 [FS((Yn)pzy)]

so FU((F,)22,) € U and FU((F,)52 ;) € A. Also given n € N we have by
Lemma 5.7 that max F;, < min F},; 1. This contradiction completes the proof. m
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