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Recent Results on the

Algebraic Structure of g5

Neil Hindman'!

Abstract. We survey recent results on the algebraic structure of the Stone-Cech
compactification of a discrete semigroup. We include a complete proof of the result of

Dona Strauss that SN\N does not contain a topological and algebraic copy of SN.

1. Introduction. The “recent” in the title refers to results established since my
last survey of this area [13] was written in 1989. Because of space limitations we limit
our attention to results which are primarily algebraic in their statements, leaving results
of a topological dynamical nature as well as applications to combinatorics for a later
time.

With one exception we will follow the usual practice in survey articles, citing pub-
lished results without proof and proving only those results which are appearing here
for the first time. The one exception is the remarkable proof by D. Strauss [20] that
N* = SN\N does not contain a topological and algebraic copy of SN. This problem had
remained open since it was first posed by van Douwen in 1978. We present this proof in
its entirety in Section 2 because we feel it is sufficiently important to merit such special
treatment and because we believe some people will find it helpful to view the proof from
a different angle.

In Section 3 we present information about certain subsemigroups of SN, both those
known to exist there and those whose existence or nonexistence is conjectured.

In Section 4 we present results about cancellation in (8N, +) as well as results about
(BS for arbitrary semigroups S.

Section 5 deals with the effects of the choice of left or right continuity for 3S where

S itself is not commutative.
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Until Section 5 we take the operation - on the Stone-Cech compactification 58S of
S to be the extension of - on S which makes 35 a left topological semigroup (i.e. A,
is continuous for each p € 35, where A\,(¢) = p - ¢) with S contained in its topological
center (i.e. p, is continuous for each x € S, where p,(p) = p-x). We take the points
of 3S to be the ultrafilters on S, the principal ultrafilters being identified with the
points of S. The set {¢/A : A C S} is a basis for the open sets and a basis for the
closed sets of 3S. Observe that if p,q € 65 and A C S, then A € p- ¢ if and only if
{reS:A/rep}eqwhere AJx={yeS:y -xe A}l

We take N = {1,2,3,...} and w = {0, 1,2,...}.

2. N*does not contain an algebraic and topological copy of (SN, +). We
present here the proof from [20] that in fact if ¢ : BN — N* is a continuous homomor-
phism then ¢[AN] is a finite group. All of the ideas are due to Strauss. The proofs will
appear different for two reasons. The first, a trivial difference, is that she takes (5N, +)
to be right topological. Secondly, I am deliberately taking a different tack on some of
the proofs in order to provide an additional point of view.

We begin with a fundamental result about the structure of SN which Strauss utilizes
in most of her beautiful results about SN. The proof which I present is based on the
proof of [7, Lemma 8.2].

2.1 Lemma. Let X and Y be countable subsets of SN. If (ctX) N (clY) # 0,
then either X N (clY) # 0 or (4X)NY # 0. In fact, if p € (cfX) N (elY), then
peclXN(LY))Ucl((cfX)NY).

Proof. Let p € (¢/X) N (cfY). Let C = X\cfY and let D = Y\clX, and let
Z = CUD. Then Z is a countable subspace of SN which is an F-space, and hence Z is
C*-embedded in SN [11, Section 14N(5)]. The function f : Z — [0,1] with f(z) =0
for x € C and f(z) =1 for € D is continuous since C' is open and closed in Z. Then
[ extends continuously to SN so ¢fC' N elD = (. Since cfX = clC U cl(X NelY) and
clY = clDUcl(Y NelX) one must have p € cl(X NelY)Ucl(Y NelX) as claimed. [2.2

2.2 Lemma. Let X be a topological space, let f : PN — X be continuous, and let
p € BN. If U is a neighborhood of f(p) then NN f=1[U] € p.

Proof. Pick B € p with f[c/B] CU. Then BC NN f~1[U]. |

2.3 Lemma. Let k € N and let p be an additive idempotent in SN. For each ¢ € N*
there exists r € cl(Nk) such thatp+q+r #p+r+q.
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Proof. We may presume k£ > 1 since N2k C Nk. Define the function f : N —
{0,1,...,k —1}¥ so that f(m); is the ith term of the base k expansion of m. That is
m =Y 2y f(m); - k*. Let p(m) = min{i € w: f(m); # 0}. Define functions g and
c from N to N by g(m) = f(m)u(m) - E*m) and e(m) = |{i € w: f(m); # 0}|. Let
fP:BN —{0,1,...,k—1}*  ¢%: BN — BN, and ¢ : SN — BN be the continuous
extensions of f, g, and ¢, respectively. We first show that for any ¢ € SN and any ¢ € N,
if m = Zf:o fP(q); - k', then NE‘*! 4 m € ¢. Indeed pick n € {0,1,2,... kTt — 1}
such that Nk‘*! 4 n € ¢. Then for i € {0,1,...,¢} one has 7; o f is constantly equal to
f(n); on NE“*1 + n and hence f?(q); = f(n);. That is m = n.

We now claim that given any r € AN and any s € ()—, ¢/(Nk") one has g°(s+7r) =
g°?(r) and (s +r) = cP(s) + c?(r). For the first equality it suffices to show that
g% o \s and ¢P agree on the dense subspace N of 8N, so let m € N be given. Now
for x € NE#™+L g(x +m) = g(m). That is g o p,, is constantly equal to g(m) on
NE#m+L - Since s € cf(NE#™H1) this says g(s +m) = g(m) as required. To see that
P(s+r)=c’(s)+ 7 (r) we show that ¢’ o A, and A.s(,) o ¢? agree on N. So let m € N
be given and pick £ such that m < k* (so that f(m); = 0 for i > £). We want to show
that ¢?(s+m) = ¢?(s)+c(m). Now ¢ o p,, and pe(m) o’ agree on Nk‘ and s € cl(Nk*)
so ¢?(s +m) = cP(s) + c(m) as required.

Now let ¢ € N* be given and suppose that for each r € ¢c/(Nk) one has p+q+1r =
p+r+q We claim first that f%(g) is not eventually 0. Suppose instead that it is
and pick ¢ € N such that f°(q) = 0 for i > £. Let m = Zf:() f%(q);k*. Then as
we have seen, for n > ¢, Nk" +m € q. Thusif s = ¢—m(= {A—m : A € ¢})
we have s € (0, cl(Nk") = (,_, ct(Nk™). Now given any r € c¢/(Nk) we have
p+s+m+r=p+q+r=p+r+q=p+r+s+m. Since the center of (OGN, +)
is N [8, Theorem 7.5] one has p+s+1r+m = p+r + s+ m each r € c/(Nk). Since
cancellation holds at each point of N, we have p+ s+1r = p+r + s for each r € ¢/(Nk).
Now p is an idempotent so for each n € N, Nn € p. (The homomorphism sending each
element of N to its congruence class in Z,, extends to a homomorphism on SN which
thus takes p to 0.) Then p € () —, ¢/(Nk™) and hence also p+ s € (), ¢/(Nk™). Now
pick r € (cl{k" : n € N})\(NU {¢’(s)}). Now observe that g is equal to the identity
on {k™ : n € N} and hence we have g°(r) = r. Thus r = ¢°(r) = ¢°(p +s+71) =
g?(p+r+s)=g°(s), a contradiction.

We have thus established that f°(q) is not eventually equal to 0. We next show
that it is not eventually k¥ — 1. Suppose instead we have £ € N such that f%(q); = k—1
for all ¢ > ¢. Let m = k! — Zf:o fB(q); - k' and let s = ¢ + m. Now given any
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n > ¢ we have already seen that Nk"*1 + 3" fP(q); - k' € ¢, and hence Nk ! +
i (@) K +m € g+m = s Since X1 fq)i - K +m = 3o [Pa)i - K+
Soipia(k—1) - K B — S0 FP(q)i - k= k™ we have NA™ 1 4 k"1 € s so that
Nk e 5. Thus s € (2, cl(NE") = (", cl(NE™). Now given any r € c/(Nk) one
hasp+s+r=p4+q+m+r=p+q+r+m=p+r—+qg+m=p+r-+ s and hence
we get the same contradiction as before.

Now let L = {n € N: 0 < f%(¢), < k—1}. We claim that L is finite. Suppose
instead that L is infinite and pick r € (¢/{k™ : n € L})\N. Then r € (), c/(Nk™) so
Ap+r+q) =)+ +q) =P )+ P(r)+P(q) = P(p) + 1+ (q) (since
¢ is constantly equal to 1 on {k™ : n € L}). On the other hand we will show that
P (q+r) = cP(q) from which it follows that c®(p+q+71) = c?(p) + P (¢ +7) = L (p) +
P(q) # P(p)+cP(q) +1 = cP(p+7r+q), a contradiction. To see that c?(¢+7) = c?(q)
suppose instead they are distinct and pick disjoint neighborhoods U and V' of ¢?(q+r)
and c?(q) respectively. Pick A € ¢+ r and B € ¢ such that ¢?[A] C U and ¢’[B] C V.
Let C = {x € N: A—x € ¢} so that C € r. Since {k" : n € L} € r, pick n € L
with k" € C. Then A — k" € ¢, B € ¢, and NE"*2 4 71 £8(q); - kP € ¢ so pick
y € (A—Kk")Nn BN (NE"2 + Znﬂ fP(q); - k*). (The exponents are chosen in order
to be able to repeat the argument below.) Then f(y), = f?(¢)» € {1,2,...,k — 2} so
fy+k"), = f(@Q)n+1€{2,3,...,k—1}, and for all i # n f(y +k"); = f(y);. Thus
c(y + k™) = c(y) while c(y + k™) € ¢[A] C U and c(y) € ¢[B] C V, a contradiction.

We have thus established that M = {n € N : f%(q),, = k — 1 and f%(q)n41 = 0}
is infinite so let r € (cf{k™ : n € M})\N. Then as above we have c®(p +r + q) =
P (p) + 1+ ¢?(q) and it will suffice as above to show that ¢?(¢ + ) = ¢®(¢q). Suppose
otherwise and proceed verbatim as in the paragraph above obtaining n € M and y €
(A— k") N BN (Nk"™2 + Znﬂ fB(q); - k). Now one has f(y), = fP(q)p = k —1
and f()ns1 = fP(q)ns1 = 0 so that f(y + k™), = 0 and f(y + k"),s1 = 1 while for
all i ¢ {n, n+ 1} f(y +k™); = f(n);. Consequently c(y + k™) = c(y), completing the
contradiction and the proof. |

2.4 Lemma. Let ¢ : BN — N* be a continuous homomorphism and let p be an
idempotent in fN. There exists m € N such that for allx > m in N, p(z) = ¢(p)+p(z).

Proof. Observe first that ¢(1)+¢(p) = @(1+p) = p(p+1) = ©(p)+¢(1) (recalling
that the center of SN is N ). Since ¢(p) + (1) € ¢(p) + N = cl{p(p) + k : k € N} and
() +p(p) = p(1+p) € p[OBN] = clp|N] we have that cl{p(p)+k : k € N} Neclp[N] # 0.
Thus by Lemma 2.1 we have either {p(p)+k : & € N}Nclp[N] # 0 or p[NJNcl{p(p)+k :
k € N} 0.



Assume first we have some k € N with ¢(p) + k € clp[N] = ¢[SN]. We show
by induction on m that for all m € N, ¢(p) + mk € ¢[GN]. Indeed, let m be given
and assume ¢(p) + mk € @[ON]. Then p(p) + (m + 1)k = p(p +p) + mk + k =

o(p) + o(p) + mk +k = ¢(p) + mk + p(p) + k € ¢[BN] + ¢[BN] C ¢[GN]. Thus one has
o(p) + Nk C ¢[N] so p(p) + cl(Nk) C ¢[ON]. By Lemma 2.3 pick r € c/(Nk) such that
o(p) + (1) + 7 # p(p) +r + ¢(1). We have ¢(p) +r = p(t) for some ¢t € SN. Thus
e(p) +r+e(l) =p)+ (1) =pt+1) =l +1) = o(1) + o) = (1) +o(p) + 1 =
e(1+p)+r=ppP+1)+r=pp) + ¢l)+r, acontradiction.

Thus we must have some m € N such that p(m) € cl{p(p)+k: k € N} = p(p)+SN.
Then given z > m, p(x) = p(m+(z—m)) = (m)+p(x—m) € p(p)+BN+p(x—m) C
o(p) + BN. So given x > m we have some t € BN such that p(z) = ¢(p) +t. So
e(p) + () = o) + 0(p) +t = p(p+p) +t = ¢(p) +t = () as required. |

In the proof of Theorem 2.6 we will make use of the minimal ideal structure of
compact left topological semigroups. We state next the portions of that structure theory

which we will utilize.

2.5 Theorem. Let (S,-) be a compact left topological semigroup. Then S has
idempotents. Further S has a smallest two sided ideal which is the union of all minimal
left ideals of S and is also the union of all minimal right ideals of S. FEach minimal
right ideal is compact. Given a minimal left ideal L of S and a minimal right ideal R
of S, LN R is a group.

Proof. See [4, Theorem 3.11]. |

2.6 Theorem (Strauss). Let ¢ : SN — N* be a continuous homomorphism. Then
¢[N*] is a finite group and {x € N : p(x) ¢ ¢[N*|} is finite. (In particular ¢ is not

one-to-one so N* does not contain a topological and algebraic copy of GN.)

Proof. Let S = ¢[N*]. We show first that S is right simple, that is, S is a
minimal right ideal of itself. Now S is a compact left topological semigroup so it has
a minimal right ideal R. As R is itself a compact left topological semigroup it has
an idempotent t. Now ¢ 1[{t}] is a compact left topological semigroup so we may
pick an idempotent p € ¢~ 1[{t]}. Pick by Lemma 2.4 some m € N such that for all
x> min N, p(z) = ¢(p) + ¢(x). Then for all ¢ € N*, p(q) = ¢(p) + ¢(q). Thus
S =pN|=¢(p)+¢[N]CR+SCRCS. That is S = R as claimed.

Next we claim that S is also left simple. Since S is right simple, it is its own smallest
ideal so the only alternative is that there are two distinct minimal left ideals L; and Lo
of S, which are then disjoint. Let t; be the identity of L; = L; N R and let t5 be the
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identity of Ly = Ly N R. Choose as above idempotents p; and ps in SN with ¢(p;) = t;
and p(p2) = ta. Pick by Lemma 2.4 some m and ms in N such that p(x) = ¢(p1)+¢(x)
for all z > my and ¢(x) = ¢(p2) + ¢(x) for all x > mo. Let x = max{m,ma}. Then
p(z) = o(p1) + v(@) = ep1 +2) = p(z +p1) = ¢(z) + ¢(p1) € L1 and similarly
o(z) € Ly so Ly N Ly # B, a contradiction.

Thus S is both a minimal left ideal of S and a minimal right ideal of S so S is a
group. Next observe that S is homogeneous. (Given ¢ and r in S, if s is the inverse
of r then A\j415(r) = ¢ and A\yys : S — S, being continuous, one-to-one, and onto, is
a homeomorphism of S.) As no infinite compact F-space is homogeneous [7, Corollary
8.7], one must then have that ¢[N*] is finite.

Finally, pick any idempotent p of N and pick by Lemma 2.4 some m € N such
that p(z) = p(p) + ¢(x) for all x > m. Then given x > m, p(x) = ¢(p + x) € [N*].
Therefore ¢[ON] = p[N*]U{¢(x) : z € N and x < m}. |

We conclude this section by stating a generalization of the fact from Theorem 2.6
that ¢[ON] must be finite. Recall that the topological center A(S) of a left topological

semigroup S is {z € S : p, is continuous}.

2.7 Theorem (Budak, Isik, and Pym). Let S be a discrete countable semigroup
which is isomorphic with a subsemigroup of a countable direct sum of copies of Q, Z(p>)
(for various primes p), and finite groups. Let T be a compact subsemigroup of 3S such
that some countable subsemigroup Ty of A(T) is dense in T and assume A(T)\S # 0.
Then

(i) Ty contains an idempotent which lies in the smallest ideal of T.

(ii) Each minimal left ideal of T is finite.

(iii) If Ty is a group, then T is a finite group.

(i) If Ty is commutative, the smallest ideal of T is a finite commutative group.

(v) If Ty is singly generated, T is finite.
Proof. [6, Theorem 8.3]. |

3. Subsemigroups of SN. One of the most significant and stubborn problems
about the algebraic structure of (SN, +) is determining whether it contains any nontriv-
ial finite groups. The only remaining problem about continuous homomorphisms from
ON to N* is to determine whether there are any nontrivial ones. (By a trivial continuous
homomorphism we mean a map which sends all of SN to a given idempotent.) We began
this section by recording the easy observation that these problems are in fact almost

the same problem.



3.1 Theorem. There is a nontrivial continuous homomorphism from BN to N* if

and only if either there is a nontrivial finite group in N* or there ewist p # q in N* with

pP+tp=q=q+q=q+p=p+gq.

Proof. Necessity. Let ¢ be a nontrivial homomorphism from SN to N*. By
Theorem 2.6 ¢[N*] is a finite group and there is some m € N with p(z) € p[N*] for all
x > m. If [p[N*]| > 1 we are done, so assume p[N*] = {¢}. Since ¢ is nontrivial, there
is a largest z in N such that ¢(z) # q. Let p = p(x). Then p+p = ¢(z + x) = ¢ and
gtp=ptq=p@t+ztl)=q

Sufficiency. If there is a nontrivial finite group in N*, then for some n € N\{1} there
is a one-to-one homomorphism 7 : Z,, — N*. Define ¢ : N — N* by (k) = 7(i) where
i € Zp and k =i mod n. Then the continuous extension ¢” : SN — N* is a nontrivial
continuous homomorphism. If one has p # ¢ with p+p=qgq=q+q=q+p=p+q
define ¢ : BN — N* by (1) = p and ¢(r) = ¢ for all r € GN\{1}. |

One way to distinguish between points of SN is to produce a homomorphism which
takes on different values. For example if one were trying to find a copy of Z, in SN one
could take a homomorphism from N to the circle group T and look for a generator of

Zs in the inverse image of ™, the element of order 2 in T. This approach cannot work.

3.2 Theorem (Baker, Hindman, Pym). Let G be a compact topological group and
let f: N — G be a homomorphism. If H is a finite subgroup of N* then fB[H] consists
only of the identity of G.

Proof. [2, Corollary 2.3]. |

A particular semigroup of SN which has arisen in several contexts is the semigroup
H = (N2, cl(N2"). See for example [18]. It should be emphasized that by contrast
with the entirety of BN, topological and algebraic copies of H are plentiful in N*. In
fact we have the following theorem which is well known among aficianados but I believe
is unpublished. (See however [17, Theorem 2.3].) Given a sequence (x,)>>; in N
write as usual FS({(zn)5Z,,) = {> ,cpTn : F is a finite nonempty subset of N and
min F' > m}. We say ()52, “satisfies uniqueness of finite sums” provided ) _px, =
> neq Tn implies F = G. (For instance, any sequence with each z,411 > > 2y

satisfies uniqueness of finite sums.)

3.3 Theorem. Let (x,)5%, be a sequence in N which satisfies uniqueness of finite

sums. Then (\°_; lFS((xn)22,,) is homeomorphic and isomorphic to H via the same

function.



Proof. Define f : N — FS((z,)52,) by f(3,cr2"™) = > ,cp Tn. Let f7:
BN — BN be the continuous extension of f and let ¢ = f%|5. Since f is one-to-one
so is . For each n, f[N2""1] = FS((2,,)°_,,) so fP[ctN2""1] = clFS((2,,)_,,) and
hence [H) = (), lFS({xp)55_,,). To see that ¢ is a homomorphism, let p,q € H.
We show that o(p + q) = ¢(p) + ¢(q) by showing that ¢ o A\, and A, () o ¢ agree on
N. Let z € N be given, write z = > 4 2m=1 and let n = maxH. To see that
o(p+ 2) = ¢(p) + ©(2) we show that ¢ o p, and py(.) o ¢ agree on N2". Indeed let

y € N2" and write y = >_, . 2™~ ! where minG > n. Then z+y =) 2m—1 g0
(2 +Y) =X emue Tm = Zmen Tm T Xmec Tm = ¢(2) + 0(y). [

meHUG

It is an old result [15] that H contains copies of the free group on 2¢ generators.
Additional light is shed by the following. By the free product of a set of pairwise
disjoint semigroups is meant the set of all words ajas ...a, with letters from the semi-
groups in question and with no a;, a;4+1 coming from the same semigroup. The product
of aias...a, and b1by...b,, is aias...a,b1bs...b,, if a, and b; come from different
semigroups and is ajas ...a,_1¢bs ... by, if a, and b; are from the same semigroup and

a,b; = c.

3.4. Theorem (El-Mabhouh, Pym, and Strauss). The semigroup H contains the

free product of 2¢ copies of the semigroup (N, max).
Proof. [10, Theorem 4]. |

As we noted earlier all minimal right ideals in a compact left topological semigroup
S are compact. In fact given p € S, p- S = A, [S] is compact. Compact left ideals are
not so easy to come by. In fact it is a consequence of Corollary 5.6 below that (SN, +)
does not have two disjoint compact left ideals. We see however that compact left ideals
are plentiful in H. (But note we are not claiming that the left ideals produced below

are minimal.)

3.5 Theorem. The semigroup H is the union of ¢ pairwise disjoint compact left
ideals of H.

Proof. Pick by [22, Theorem 10] a collection {E, : 0 < 0 < ¢} of almost disjoint
subsets of w and for each o with 0 < o < ¢, let B, = {}_, . 2" : F is a finite nonempty
subset of w and min F' € E,} and let L, = HNclB,. Let Lo = H\|U{L, : 0 < 0 < c}.
Then each L, is clopen in H for 0{(c < ¢ so Lg is compact. Also {N\B, : 0 < 0 <
¢} U{N2" : n € N} has the finite intersection property so Lo # (). Given 0 < 0 < 7 < ¢
and n € N such that E, NE, C {0,1,...,n—1}, B,N B, NN2" = so L, N L, = {.
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Now let 0 < ¢ be given, let p € H, and let ¢ € L,. We show p+q € L,. Assume first
o > 0. We need to show that B, € p+¢q so we show that B, C {x € N: B, —x € p}. So
let z € B, and write z = ) 2" where min F' € E,. Let m = max F' + 1. (Actually
m = min F' 4+ 1 would be large enough.) Then N2™ € p and N2 C B, — .

Next assume o = 0 and suppose p+ q ¢ Lg. Pick 7 < ¢ such that p+ ¢ € L. Now
B; € p+qand B; ¢ qso that N\B, € ¢q. Choose z € N\ B, such that B, —xz € p. Write
r=7) cp2"sothat minF ¢ E.. Let m = min F' + 1 and pick y € N2™ N (B; — ).
Then y +2 =), .y 2" where min H = min I so y + = ¢ B, a contradiction. |

By contrast with the highly structured semigroups known to exist in portions of
BN, we have the following result showing that the elements of N* which are not sums

of other elements of N* almost generate a free semigroup.

3.6 Theorem (Strauss). Define an equivalence relation = on N* by agreeing that
p=qifandonlyifp=qorpeq+Norqep+N. Let p1,p2,...,0pn and q1,q42, .-, qm
be elements of N\(N* +N*). If pr+po+...+pp=q1+ ¢+ ...+ gm, thenn =m

and for each i, p; = q;.
Proof 21, Theorem 3]. |

Of course, N* + N* is an ideal of SN so the smallest ideal of SN is contained in
N* + N*. On the other hand, not only is the closure of the smallest ideal not contained

in N* + N*, we in fact have the following.

3.7 Theorem. Let M = {p € BN : p is in the smallest ideal of SN and p = p + p}.
Then (cM)\(N* + N*) # 0.

Proof. By [3, Theorem 5.4], ¢/M is a right ideal of (SN, ). Using Theorem 2.5
pick ¢ € ¢/M such that ¢ = ¢-g. Since M C () —_, ¢/(Nn) one has ¢/M C (__, c/(Nn).
Thus for each n, Nn € ¢q. Then by [12, Theorem 5.3] ¢ =¢q-q ¢ N* + N*. |

4. Cancellation. Numerous characterizations are known of points at which left
cancellation holds in (SN, +).

4.1 Theorem (Blass, Hindman, Strauss). Let p € N*. The following statements
are equivalent.

(a) Ap is one-to-one on BN (i.e. left cancellation holds at p);

(b) A\p is one-to-one on N*;

(¢c) \p is one-to-one on (,—; cl(Nn);

(d) there exist a first countable topological group (G,+) and a continuous homo-

morphism h : BN — G such that A, is one-to-one on ker(h);
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(e) for each A C N, there exists B C N such that A= {x € N: B—z € p};

(f) for each A C N, there exists B C N such that AA{x € N: B — x € p} is finite;

(9) {p +n:n e N} is discrete.

(h) for each q € N*, p strictly precedes p + q in the Rudin-Keisler order;

(i) for each q € N, p is not type equivalent to p + q;

(G) p & v+ BN;

(k)p&p+N;

(1) there exists A € p such that for allt e N, A —1t ¢ p;

(m) p+ N* is not separable;

(n) there is an increasing sequence (x,)°% ¢ in N such that for each k € N, {x,, :
Tpt1 > T + k} € p;

(o) there is a one-to-one function f : N — (N such that {f(n) : n € N} is discrete
and for all ¢ € BN, fP(q) =p+q;

(p) there is a function g : N — N such that for all ¢ € BN, ¢°(p +q) = ¢;

(q) there is a function h : N — N such that for all ¢ € BN, h?(p + q) = p.

Proof. [5, Theorem 2.1], [20, Theorem 2|, and [16, Theorem 5.5]. ||
Some of these characterizations hold in a more general setting.

4.2 Theorem (Hindman and Strauss). Let (S,-) be a discrete semigroup and let
p € BS. Statement (a) implies statements (b), (c), and (d) which are equivalent. These
statements imply statements (e) and (f) which are equivalent. If S is countable, all of
these statements are equivalent.

(a) \p is one-to-one on S and {p-x :x € S} is strongly discrete;

(b) for each subset A of S there exists B C S such that A={x € S: B/x € p};

(c) A\p is one-to-one on (3S (i.e. left cancellation holds at p);

(d) \p is one-to-one on BS and {p-x:x € S is discrete};

(e) Ap is one-to-one on S and {p-x :x € S is discrete};

(f) for each x € S and each q € BS\{x}, p-xz #p-q.

Proof. [16, Theorem 2.22]. |

No similar characterizations of right cancellation are known, but see [16, Section 4]
for several sufficient conditions for right cancellation to hold at points of (OGN, +).

In [14] it was shown by Pym and this writer that if (z,,)52  satisfies uniqueness of
finite sums in N and p € (¢l{z, : n € N})\N, then c¢/{p,p+p,p+p+p,...} is not a

semigroup. This result was generalized by Strauss.

10



4.3 Theorem (Strauss). Let p € N* such that left cancellation holds at p. Then
cl{p,p+p,p+p+p,...} is not a semigroup.

Proof. [20, Theorem 3|. |

Musing about this I wondered if c/{p,p+p,p+p—+p, ...} could ever be a semigroup
when p € N* and {p,p+p,p+p+0p,...}is infinite. Amir Maleki answered this question

in a private communication.

4.4 Theorem (Maleki). Let ¢ = g+ q in fN, let k € N, and let p = g+ k. Then
cl{p,p+p,p+p+p,...} is a semigroup.

Proof. {p,p+p,p+p+p,...} =q+Nksocl{p,p+p,p+p+p,...} =cl(q+Nk) =
q + c¢£(NEk). Since g € ¢/(Nk), one has q + ¢/(Nk) is a semigroup. |

5. Commutativity. The observant reader will have noted that commutativity
played an important role in Strauss’ proof that N* does not contain a topological and
algebraic copy of SN. That is the center of AN is N while points p and ¢ of N* which
commute with each other are rare.

We look in this section at a different aspect of commutativity. We have chosen to
take the operation on S which makes it a left topological semigroup with p, continuous
for each z € S. Alternately one could choose (and many writers do) the operation on

(S which makes it a right topological semigroup with A, continuous for each = € S.

5.1 Definition. Let (S,-) be a semigroup. Denote also by - the operation on (35
making 35 a left topological semigroup with p, continuous for x € S and denote by *
the operation on 3S making 8S a right topological semigroup with A, continuous for
each z € S. Let K, be the smallest ideal of (395,-) and let K, be the smallest ideal of

(6, *).

Until recently it was tacitly assumed that it didn’t make any substantive difference
which operation was chosen. If S is commutative, this is true for then p-q¢ = ¢ * p for
all p,q € 8S. Thus in particular a minimal left ideal of (35S, ) is a minimal right ideal
of (85, %) so that K, = K,.. By contrast we have:

5.2 Theorem (Anthony). Let S be either the free semigroup on two generators

or the group of permutations of N which move only finitely many elements. Then
K \cAlKy # 0 and K\clK, # 0.

Proof. [1, Corollaries 2.6 and 3.4]. |

On the other hand, the smallest ideals must remain close to each other.
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5.3 Theorem (Anthony). Let S be any semigroup. Then K, N /K, # () and
K, NcK, 75 0.

Proof. [1, Theorem 4.1]. |

It remains an open question whether it is possible to have K, N K, = (.
In a similar vein we see that the structures of (35S, -) and (85, *) can differ signifi-

cantly at places far removed from the smallest ideals.

5.4 Theorem (El-Mabhouh, Pym, and Strauss). Let S be the free semigroup on
countably many generators. There is a subsemigroup H of (S, %) such that

(1) HN(BS - 5S) =0 and

(2) for all p,q € S, p*xq € H if and only if p € H and q € H.

Proof. [9]. |

We close with another simple contrast between commutative and noncommutative
S provided by Theorems 5.5 and 5.7.

5.5 Theorem (Ruppert). Let S be a discrete commutative semigroup, let K be the
smallest ideal of 8S, and let L be a minimal left ideal of BS. Then clL = c/K.

Proof. By the Proposition of [19], ¢/L is an ideal so K C ¢/L so c/K C /L C /K.

5.6 Corollary. Let S be a commutative discrete semigroup. Then 3S does not

have disjoint closed left ideals.
Proof. If Lis a closed left ideal of 35 then by Theorem 5.5 ¢/K C L. |

5.7 Theorem. Let S be the free semigroup on two generators. Then S does have
two disjoint compact left ideals. In fact there is a sequence (L,)22 , of pairwise disjoint
clopen left ideals such that S« \J, | Ly is also a left ideal.

Proof. Let the generators of S be the letters a and b. For each n € N let B,, =
{wab™ : w € S} and let L,, = ¢/B,,. To see that L,, is a left ideal of 55, let p € L,, and let
g € BS. Then given any w € S, S C B,,/(wab™) so B,, € q-p. To see that S*\J,—_, L,
is a left ideal of 35, let p € S*\ U, —, Ly, and let ¢ € 3S. Then immediately ¢ -p € S*.
Suppose we have q-p € L, for some n € N. Also D = S\(B,U{b" : k <n}uU{ab"}) € p
so pickwe DN{v e S: B,/veq}. Pickue B,/w. Then uw € B,, so for some v € S,
uw = vab™. Since w & {b* : k < n} U {ab"} one has that w € B,,, a contradiction. [
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