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Separating Milliken-Taylor systems in Q@

NEIL HINDMAN* AND DONA STRAUSS

A finite sequence @ = (a;)¥_; in Q\ {0} is compressed provided

a; # a;4+1 for i < k. Given a compressed sequence @ = <ai>f:1
in Z \ {0} and given a sequence (z,,)22; in a commutative group
(G,+), the Milliken-Taylor system generated by @ and (z,)5
is MT(@, (2n)321) = {01 ai - Snep Tn t Fi, Fa,..., Fy, are fi
nite nonempty subsets of N with max F; < min F;; for i < k}.
It is an easy consequence of the Milliken-Taylor Theorem that
Milliken-Taylor systems are partition regular in the strong sense
that if (y,)52; is any sequence in G, and MT(d, (y,)5>,) is par-
titioned into finitely many cells, there is a sequence (z,)$° ; such
that MT'(d, (x,)52 1) is contained in one of those cells.

It is known that if @ and b are compressed sequences in Z \
{0} which are not rational multiples of each other, then there is
a partition of Z \ {0} into two cells, neither of which contains
MT(@, (2,)2%,) UMT(b, (y,)2,) for any sequences (z,,)%° , and
(yn)22 ;. In this paper we establish the corresponding statement
for Milliken-Taylor systems in Q. (In fact, the entries of @ and b

are allowed to come from Q\ {0}.)

1. Introduction

Given a set X, we write Pr(X) for the set of finite nonempty subsets of X.
If k is a cardinal, then [X]* is the set of subsets of X with x elements. And
given F', H € P;(N), where N is the set of positive integers, we write F* < H
to indicate that max F' < min H.

*This author acknowledges support received from the National Science Founda-
tion via Grant DMS-1160566.
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Theorem 1.1 (Milliken-Taylor Theorem). Let k,r € N and let
[Pr(N)]F = Uiy A;

There exist i € {1,2,...,7} and a sequence (F,)72, in Pr(N) such that
F,, < Fuq1 for eachn and whenever Hy, Ha, ..., H, € P¢(N) with Hy < Hy 4
fort <k, one has {Uncn, Fn,Unen, Frny- -+ s Unen, Fn} € Ai.

Proof. [6, Theorem 2.2] or [7, Lemma 2.2]. O

Definition 1.2. Let (S,+) be a commutative semigroup and let (x,)o°

n=1
and (y, )52, be sequences in S. Then (x,)52  is a sum subsystem of (y,)o;
if and only if there is a sequence (F,)5; in P;(N) such that F,, < F,1; for

each n and x, = >, y; for each n.

As we remarked in the abstract, it is an immediate consequence of the
Milliken-Taylor Theorem that Milliken-Taylor systems are partition regular.

Theorem 1.3. Let k,r € N, let @ = (ay,...,ar) be a compressed sequence
in Z\ {0}, let (G,+) be a commutative group, and let (y,)o>; be a sequence
in G. If MT(@, (yn)s>1) = Ui_; Ai, then there exist i € {1,2,...,7} and a
sum subsystem (xn)o>; of (yn)o>; such that MT(@, (xn,)52 ;) C A;.

Proof. For i € {1,2,...,r}, let

A = {{K1,Ks,...,K;} € [Pr(N)*: K < Ky <...< Ky and
?:1 aj - Ypek, Yn € Ai}

and let Ag = [P;(N)]*\ Ul A;. By Theorem 1.1, pick i € {0,1,...,7} and

a sequence (F;,)r>° | in Py(N) such that F,, < F,41 for each n and whenever
Hi,H,,...,H, € Pf(N) with H; < Hy11 for t < k, one has

{UnGHl Fna Un€H2 Fn7 ceey LJnEH;C Fn} € AZ .

Notice that i > 0. For each n € N, let x, = > ,cp ys. O
Given a compressed sequence @ in Z \ {0}, there is a matrix M such

T
that MT(d, (x,)52 ;) is the set of entries of MZ, where Z = [ 22 |. These

matrices are examples of image partition regular matrices and were some of
the first known examples of infinite image partition regular matrices. Finite
image partition regular matrices with rational entries have the property that
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given any finite partition of N, there is one cell which contains an image of
all of these matrices. (See [5, Theorem 15.24].) By way of contrast, there is
the following theorem.

Theorem 1.4. Let @ and b be compressed sequences in Z \ {0} such that b
is not a rational multiple of @. There exist a partition {A1, A2} of Z \ {0}
such that there do not exist i € {1,2} and sequences (x,)5>; and (yn)5,

—

with MT(@, (2a)321) U MT(, (gn)2r) C As.
Proof. [3, Corollary 3.9]. O

Theorem 1.4 extended a similar result in [2] in which the entries of @ and
b were assumed to be positive. The proof of Theorem1.4 was constructed by
defining a partition of Z\ {0} into a very large number of cells, none of which
contained MT(a, (zn)o>;) U MT(b, (Yn)o21). The number of cells was then
reduced to two by invoking Theorem 1.3.

Notice that, if b is a rational multiple of @, then given any sequence
(2,)°°, in Z there is a sequence (y,)°% in Z such that MT(b, (y,)2 ;) C
MT(d, (zn)o2;). To see this, say b = ™ - d. Choose a sum subsystem
(2n)5 1 of (x,)52 such that every term of (z,)72, is divisible by m, and
let (yn)nz1 = 7+ (Zn)nz1-

In Section 4 we establish the analogue of Theorem 1.4 for Q. That is,
we show that Milliken-Taylor systems can be separated in Q.

We utilize the algebraic structure of 3, the Stone-Cech compactification
of S, where (S, +) is a discrete semigroup. (The reader should be cautioned
that whenever we use 55, we are taking S to have the discrete topology. In
particular, SQ refers to the Stone-Cech compactification of Qg, the set Q
with the discrete topology.) We take the points of 3S to be the ultrafilters
on S, with the points of S being identified with the principal ultrafilters.
Given A C S, A= {p € 3S: A € p}. The operation + on S extends to an
operation on (35, also denoted by +, so that (4S5,+) is a right topological
semigroup (meaning that for each p € S5, the function p, : S — 35 is
continuous, where p,(¢q) = ¢ + p) with S contained in its topological center
(meaning that for each x € S, the function A, : 3S — (S is continuous,
where A\;(¢) = x + ¢q). Given p and ¢ in 8S and A C S, A € p+ q if and
onlyif{reS:—ax+Acq}ecp (Here v+ A={yeS:a+yec A}. If S
is a group, then this agrees with the usual definition as {—x + z : z € A}.)
As does any compact right topological semigroup, 55 has idempotents. See
[5, Part I] for an elementary introduction to the algebraic structure of 35.

The reader should be cautioned that, even though we denote the op-
eration on 3S by +, it is not commutative by [5, Theorem 6.54] if S is
cancellative.
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Given a € N, a commutative semigroup (S,+), and = € S, we let ax
have its usual meaning — that is the sum of = with itself a times. If a € N
and p € S* = 35\ S, we define ap = l,(p) where [, : S — S is defined as
lo(z) = ax and I, : BS — (S is its continuous extension. Thus, for example,
2p does not mean p + p. (In GZ, by [5, Theorem 13.18], there is no p € Z*
such that 2p = p + p.)

Given a group G, a € N, and x € G we also let —ax have its usual
meaning and define —ap for p € G* as above. In either case, if p € 55 and
a € Norae€Z)\ {0} as appropriate, then for each A C S, A € ap if and
only if a='A € p, where a™'A = {x € S : ax € A}.

We will use coloring terminology throughout. By a finite coloring of a
set X we mean a function from X to a finite set. It is said to be a k-coloring
if its range has cardinality k. A set A C X is said to be monochromatic with
respect to a coloring 1 provided v is constant on A. In this terminology,
Theorem 1.4 says that if @ and b are compressed sequences in Z \ {0} such
that b is not a rational multiple of @, then there is a 2-coloring of Z\ {0} such
that there do not exist sequences (x,,)5% ; and ()5 ; with MT'(a, (x,)52 1)U
MT (b, (,)52,) monochromatic. If 1 is a coloring of X, then D is a color
class of ¢ if and only if there is some ¢ in the range of ¢ such that D =
o).

Our coloring of Q\ {0} is based on the negative factorial representation
of rational numbers introduced by Budak, Isic, and Pym in [1]. Section
2 consists of several results about the arithmetic of this representation and
construction of two colorings, one of initial segments of the negative factorial
representation and the other of terminal segments. In Section 3 we use those
two colorings to obtain a coloring of @Q which separates expressions of the
form a1p 4+ asp + ... + amp and big + bag + ... bxg where (a1, a9, ..., an)
and (by,be,...,br) are compressed sequences in Z\ {0} that are not rational
multiples of each other and p and ¢ are idempotents in .- clgg((—€,€) N
Q) \ {0}. Section 4 then consists of the proof of our main results.

A connection between Milliken-Taylor systems and linear expressions
in G is provided by the following theorem. This result is well known by
aficionados, but we cannot find an explicit statement in the literature.

Theorem 1.5. Let G be a commutative group, let @ = (a1, as,...,an) be a
compressed sequence in Z\{0}, and let A C G. There is a sequence (x,)0>

in G such that MT(a@, (zn)22,) € A if and only if there is an idempotent
p € BG such that A € a1p+ asp + ... + amp.

Proof. Necessity. Pick an idempotent p € (oo_; F'S({(x)3,,, by [5, Lemma
5.11]. The proof that A € a1p+asp+ ...+ am,p may then be taken verbatim
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from the proof of [5, Theorem 17.32] except that the one occurrence of
“xr € N” should be replaced by “x € G”.

Sufficiency. Let S = T = G, let h : Ui, GF — p be the function
constantly equal to G, and define f : G™ — G by f(x1,22,...,Zm) =
a1r1 + axe + . .. + am&y,. Then apply [4, Theorem 3.3]. O

2. Arithmetic in the negative factorial representation

The following is the negative factorial representation of rationals due to
Budak, Isic, and Pym.

Theorem 2.1. Fach x € Q has a unique representation of the form

Soe0, B (1)t 4 00 b, t) - H - (—1)FH]

where each a(x,t) € {0,1,...,t — 1}, each b(x,t) € {0,1,...,t}, and all but
finitely many of each are zero.

Proof. This is [1, Theorem 4.2] except the expression given there represents
—x as we have written it. O

The reason we take the negative of the Budak-Igic-Pym representation
is that we will be concerned only with numbers close to zero, and these
all have representations in the form » 72, @(—1)? (We prefer to type an
exponent of ¢ rather than ¢t + 1.)

The proof of the following lemma is a rather tedious computation which
we omit.

Lemma 2.2. Let k,m € N with 2 < k <m and let
A={Xr, D)t (v e {kk+1,...,m})(a(t) € {0,1,...,t —1})}.

Then A= {1t :t € {a,a+1,...,b}} where
(a) if m = 2s and either k = 2r ork = 2r+1, then a = —m!- 5=} (2%'51)!;
(b) if m = 2s + 1 and either k = 2r or k = 2r + 1, then a = —m! -

ZS 2t .
t=r (2t+1)!”

(c) if k = 2r and either m = 2s or m = 2s+ 1, then b =m!->j_ %;
and

(d) if k = 2r + 1 and either m = 2s or m = 2s + 1, then b = m! -
Si—ri1 o1
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If o = 300, U t, 2. (_1)t with each a(z,t) € {0,1,...,¢ — 1} and all but
finitely many equal to 0, we write supp(z) = {t : a(z,t) # 0}, and if
supp(z) # 0, we let a(x) = min supp(z) and §(x) = max supp(z). We
then say simply “z has a small negative factorial representation” and let

T = {z € Q : = has a small negative factorial representation}.

Lemma 2.3. Let x € Q and let k = 2r € N. Then x € T\ {0} with o(z) > k
if and only if

2t
Zt T (2t+1)| <z < Z;f)or

In particular x € T'\ {0} if and only if —> 72 17 2t+1)' <r<ye 2 )1

Proof. We will use the fact that for each m e N, Yt tll = mi (Prove
by induction on s that Y35 . t 11 _ 1)

m! s'
The necessity is immediate. So assume that

2t—1
Ztr2t11<x<zoo t!
+1) 21)

If z = 0, the conclusion is trivial so assume first that > 0. Pick the first
= 25 in N such that = — for some t € Z. By Lemma 2.2, it suffices to
show that t <ml!- Y7, (gt 1 So suppose instead that ¢ > m!->>7_ 2§t } +1.

Then
w2 Xiey Topr o

_ 2t 1 00 t—1

- Zt =r (2t)! + Et:m+1 T
2t 1 00 2t—1

> Zt r I + Zt:s-i,-l (2,5)! 9

a contradiction.
The proof that if x < 0, then = > — 372 ﬁ is very similar. O

We think of our numbers being written using X;2,{0,1,...,¢t — 1} in
a fashion directly analogous to ordinary arithmetic. Thus, for example, if
y=(1,2,0,3,0,0,...) and . = 372, %(—1)!, then = § — 2 — 335 = 5.
We think of x as being written as .1203 and refer to 1 as the entry in column
2, 2 as the entry in column 3, 0 as the entry in column 4, and 3 as the entry in
column 5. The next lemma describes how to do addition using the negative
factorial representation.

Lemma 2.4. Let v,w € X;2,{0,1,...,¢t — 1} \ {0} with vo = v3 = we =
wz =0, let @ = Y02 %(=1)', and let y = 7% 4(—1)". Then x +y =
Yooy & (=1), where z € X25{0,1,...,t — 1} is obtained as follows. Let
m = max{t : vy # 0 or wy # 0}. For each t € {2,3,...,m — 1} we will have
a “carry” ¢, € {—1,0,1}. Starting in column m add vy, and wy,.
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(1) If vy + Wy < My let 2y, = Uy + Wiy, and set ¢—1 = 0.
(2) If vy + Wy > M, let 2y, = Uy + Wy, — M and set ¢ = —1.

Assume we have added columns t + 1 through m and have defined c;.

(1) If vg+wi+c € {0,1,...,t—1}, let 2y = v +w + ¢ and let ¢z = 0.
(2) Ifvp+we+c >t let zp =ve +we + ¢ —t and let ¢i—1 = —1.
(3) If vi+wr + ¢ = —1, let zz =t —1 and let ¢;—1 = 1.

Proof. This analysis is carried out on pages 106 and 107 of [1]. O

Notice, as was remarked in [1], getting a carry of 1 is relatively rare. For
this to happen one has to have vy = w; =0 and ¢ = —1.

Lemma 2.5. Assume that x € T \ {0} and let k = o(z).

(1) If k is even, then (k+2)' <z < (k+1)

(2) If k is odd, then — (k+1)' <z < — AL

(k)1

Proof. Assume k = 2r. We will show that x < (k%)' The other three
conclusions are proved in a very similar fashion.

8
I

< a(tx|7t) (71)15 ) )
2t
zgr)i + 22 a(gtf!
G T a2
2r—1
2
@)t I:g
F+ 1)

—~

VANVAN

1
+ @

—~

O]

Note that, in particular, if a(z) is even, then x > 0, while if () is odd,
then z < 0.

Lemma 2.6. Assume that x € T'\ {0}, let k = a(z), and let b € Z.

(1) If 0 < 2b < k, then a(bz) =k or a(bx) =k — 2.
(2) If —k <2b <0, then a(bx) =k+1 or a(bx) =k — 1.

Proof. (1) Assume first that x > 0. Then k = 2r and a(bx) = 2m for some
m,r € N. If m > r, then b > 1 so, using Lemma 2.5,

4(r+1)® 4m? 2k+2 _ _4r+42
@) = @maty > 0T > 22 > G5 = o

so 4(r +1)% > (4r + 2)(2r + 3), a contradiction.
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Now assume that m < r — 1. Then

4br
(2r+1)

2m+1 2r—3
2m+2)! = (2r—2)!

,>bx>(

0 4r3 > 4br? > (2r — 3)(2r — 1)(27)(2r + 1), a contradiction.

Now assume that © < 0. Then k£ = 2r + 1 and «(bz) = 2m + 1 for some
m,r € N. As above, we derive contradictions from the assumptions that
m > r or that m < r — 1, the latter using the fact that » > b.

(2) Assume first that > 0. Then k = 2r and a(bz) = 2m + 1 for some
m,r € N. We claim that m = r or m = r — 1. If m > r, then using Lemma
2.5,

G < — Gy <br < o < -y

o (2r +3)2 > (2r +1)(2r + 3)(2r + 4), a contradiction.

Now assume that m < r — 1. Then z < (2T+21), SO
2m+-2 2r—2
(2r+1)‘ <br < —@GniEn < ey

so, since —b <7 — 1, 4(r — 1)r? > 4(=b)r? > (2r — 2)(2r)(2r + 1), a contra-
diction.

Now assume that x < 0. Then & = 2r + 1 and a(bx) = 2m for some
m,r € N. As above, we derive contradictions from the assumptions that
m > r + 1 or that m < r, the latter using the fact that » > —b. We thus
conclude that m =7 or m =r + 1. O

Lemma 2.7. Assume that x € T \ {0}, let k = a(z), and let b € Z such
that |2b] < k and |b| +2 < k.

(1) If b > 0, then
(a(by,k —2),a(by, k —1)) € {(0,0),(1,k—2),(1,k—3),...,(1,k—b)}.

(2) If b <0, then

(a(by, k —2),a(by, k — 1)) € {(0,0),(0,1),(0,2),...,(0,-b)}.

Proof. We use the analysis of Lemma 2.4.

(1) We add z to itself b — 1 times. Since a(z, k) > 0, each such addition
results in a carry of 0 or —1 into column k — 1. The first instance of a carry
of —1 results in entries in columns k& — 2 and k — 1 of (1, k — 2). The second
results in (1, %k — 3), and so on.
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(2) We will add —=z to itself —b—1 times. By Lemma 2.6, a(—z) = k+1
or a(—z) =k — 1. If a(—x) = k + 1, then the resulting entries in columns
k —1 and k are in {(0,0),(1,k—2),(1,k—3),...,(1,k+b)} by (1) and so
the entries in columns k — 2 and k — 1 are (0,0) or (0,1).

So assume that a(—z) = k — 1. In this case, a(—z,k — 1) = 1 and
a(—z, k) > 0 since all other possibilities lead to the conclusion that |z| =
| — x| > (k 1),, contradicting Lemma 2.5. Consequently, each addition of —x
results in a carry of 0 or —1 to column k£ — 1. Assume that

de{l1,2,...,-b—2}, a(—dx,k—2) =0, and a(—dz,k—1) € {1,2,...,d}.
Let u = a(—dz,k—1). Then a(—(d+1)z,k—2) = 0, and a(—(d+1)z,k—1) €
{u,u + 1} and thus a(bz,k —2) =0 and a(bx,k — 1) € {1,2,...,-b}. O

The next lemma will be used to produce a relevant coloring of initial
segments of negative factorial representations.

Lemma 2.8. Assume that v € T\{0}. Let b,c € Z, let m € N, let r = a(x)

such that ;=5 < (%)1/8 and — < (%)_2. Pick i € Z such that
(

(1) If x > 0, then (%)(i_l)/s-% << (%)(' ) L
cy\ (+2)/8 ey (i—1)/8
(2) If z <0, then—(g)( )/ -%<a:<—(5)( ) L
Proof. Note that

/8 1 a(z,r) a(z,r+1 a(z,r+2) a(z,r+3) ¢\ (i+1)/8
) T < ('r! B Er—&—l)!) + (r+2r ET+3)! < (B) 3

[Syle}
3

__r#5 1 r4d 1
(r+3)(r+4)(r+6) ! ﬁlr+2)(r+3)(r+5) 7l
T r+2

< T Dl T )
a(z,r) a(z,r+1) + a(z,r+2)  a(z,r+3)
rl (r+1)! (r+2)! (r+3)!
(i+1)/8 l
()

IN
[

r r c\(i+1)/8
O rIrinETe < TroriaeTs < (5) - Consequently
¢\ (i+1)/8 r+4 ey (i+1)/8 .
(5) Tl' " ((T+5))' (g)(‘+1)/8 E %)/%);(7%5) ‘17»/415;1 . %
c\ ? c
< BT+ @) ((5) —1) -5
= (5"} and
(g)i/S 1 (r+5)? (g)i/8 1 r+5 RS S S
b rl (r+6)! b 8 r! (r+i(’>)_(~_r1+;1§( 6) 1T/§1 r+2 7! L
> (55— (5) (=14
— (¢ (i-1)/8 s
- (b) r!
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If x >0, then z = a(f!’r) - agfﬂs.l) + agf_:;r)?) - agfl;f)?) + z where a(z) >
r 4+ 4. By Lemma 2.5, — ((:fé); <z < ((:fé); and so
c\(i—=1)/8 c\i/8 r45)2
(5) < (B E%iﬁ%
< x
oy (i+1)/8 r+4)°
< U
NG
< (3) i
If x < 0, then x = —a(f!’r) + agflzr),l) - agff;;).?) + agflgr)?) + z where
a(z) > r + 4. By Lemma 2.5, —((;f;))z, <z< ((::56))2, and so
oy (i+2)/8 c\ (i+1)/8 r+4)?
—(%) o< = (3) i ((TiS))!
< T
c\i/8 r+5
< =B A ((r+6))
< =R

O

Definition 2.9. Let F' € P¢(Z\ {0}) and let { = max({3} U {[b| : b € F}).
T={<7’,t0,t1,t2,t3>: reN, % (5)1/8—1,%<(%>2,

t06{12 ..,7—1}, and for j € {1,2,3},

t; €{0,1,...,r+j—1}}

If z € T\ {0}, then a(x) = (a(x),a(z,a(x)),a(z,a(z) + 1), a(z, a(z) +
2),a(z, a(z) + 3)).

: 1/8
Note that if ﬁ < (gf—l) /8 _1 and a(z) ( ) then a(x) € 7.

Theorem 2.10. Let F' € Py(Z\ {0}) and let £ = max({3} U {|b] : b € F'}).
There is a finite coloring 1 of T such that, if x and y have small negative

factorz’al reprentations, a(l) 5 < (
1/8

1/8 2
561) / - 17 ﬁ < (%) ’ 25 < CM(J?),

(y) 7 < (g 1) -1, a(y)—2 ) 7 < ( ) 2{ < a(y), Y(a(z)) = (aly)), and b
and c are distinct members of F, then Y (a(bx)) # Y(a(ey)).

Proof. Given (r,tg,t1,t2,t3) and (n, so, 1, S2,s3) in 7, agree that

p((r,to, t1,t2, t3)) = ¥((n, so, 51, 52, 53))
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if and only if
(1) » =n (mod 4) and
(2) if b,c € F and either 0 < b < cor ¢ <b <0, then
() if irj € w, (57" <r < (5 and (5 < < (U,
then i = 5 (mod 16);
b) if i,j € w, (£ /8 <r—-1< (% (Hl)/s, and
b b
(%)(JH)/B, then 4 = j (mod 16);
(c) if 4,j € w, (%)i/8 <r+1< (%)(Hl)/s, and (%)j/8 <n+1<
(%)UH)/S, then ¢ = j (mod 16); and
e ori/8
(d) ifi,j € Z, (%)
and (%)J/S-l<s—° o

ol S N e o < (3) Tl
i =j (mod 16).

[Salle)

1 t t t t
T I Rl oyl o) Bl o

—

Now suppose we have x, y, b, and ¢ as in the statement of the theorem
except that ¢ (a(bx)) = ¥ (a(cy)). Let r = a(x) and n = a(y). Since r =
n (mod 2), we have that = and y have the same sign. Also, since a/(bz)
a(cy) (mod 2) we have that b and ¢ have the same sign. We assume without
loss of generality that either 0 < b < ¢ or ¢ < b < 0. And since a(bzr) =
a(cy) (mod 4) we have by Lemma 2.6 that

(1) if 0 < b < ¢, then
(a) a(bxr) =r and a(cy) =n or
(b) a(bx) =7 —2 and a(cy) =n — 2; and
(2) if c<b <0, then
(a) a(bx) =r+1and a(cy) =n+1 or
(b) a(bx) =r—1and a(cy) =n — 1.

Pick 7 and j in Z such that

c\t/8 a(x,r a(z,r+1 a(z,r+2 a(z,r+3 c\ (i+1)/8
(5) ’ % < ('r! ) - Er—&—i’;!) + Er—i-;)!) - Er—l—?—j—)!) < (5) ’ %
and
c\J/8 a(y,n a(y,n+1 a(y,n+2 a(y,n+3 ey (G+1)/8
(E)J ’ % < (Z! ) — EZJ;)!) + E%Jr;)!) o E’fyl+;—)!) < (5) ’ %

By Lemma 2.8,

o\ (i—1)/8 ey (i+2)/8 e\ (G—1)/8 ey (i+2)/8
(5)( )/ '%<’$‘<(g)(+)/ .1 oand (E)(J )/ _%<’y‘<(g)(ﬁr )/8

rl

AL
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SO
c\(=5=3)/8 nl _ x c\(i=j+3)/8 nl

(%) (5)" '?!'<§<(5)( ! Er

We consider four cases.

Case la. 0 < b < ¢, a(bx) =, and a(cy) = n.

Pick p and ¢ in Z such that

e\P/8 1 a(bz,r a(bz,r+1 a(bz,r+2 a(bz,r+3 c\(p+1)/8 1

()77 < 5 - ((r+1)! Lt ((r+2)! = ((r+3)!) < (%) i

and

(%)q/B . % < a(cy,n) a(cy,n+1) + a(cy,n+2) a(cy,n+3) < (%)(qul)/S L1

n! (n+1)! (n+2)! (n+3)! nl
By Lemma 2.8,

(%)(pfl)/S % < |bz| < (%)(p+2)/8.% and

(%)(qfl)/8 % < ey < (%>(q+2)/8.%
SO

(%)(pquS)/S ) %' < %ayc < (%)(pfq+3)/8 . %'
and thus

(p—q+11)/8 p

(g)(p*(1+5)/8 . %' < % < (§) .o

b
Combining the last inequalities with (x) we get that i —j —3 <p—q+ 11
and p—q¢+5<i—j7+3s0o—-14 < (p—¢q)— (i —j) < —2, which is a
contradiction since (p —¢) — (i — j) =0 (mod 16).
Case 1b. 0 < b < ¢, a(br) =r —2, and a(cy) =n — 2.
Pick p and ¢ in Z such that

a(bx,r—2 a(bx,r—1 a(bx,r a(bx,r+1 c
: (TEQ)! < ((r72)!) - ((1"71)!) + er) ((r+1)!) < (3

(&)

C
b

n—
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SO
—q—3)/8 (n—2)! —q+3)/8 (n—2)!
(%)(p 3 ’ ((r—g))! < %; < (%)(p w3 ((r—g))!
and thus
ey (p—q+5)/8  (n—2)! z cy (p—q+11)/8  (n—2)!
<**) (E)(p q+5)/ . ((r—Q))! < : < (5)(17 q )/ . ﬁ )

Pick u, v, w, and z in w such that (b)u/s <n<(f )(u+1)/8 (b)u/s <r<

)

< (5)"
u—v—1)/8 u— v+1 8 c w—z—l 8 c\ (w— z+1 8
(B < 1 < ()0 ang (5 et (e

SO SO

Combining ( ) and (xx) we have

(5)F-rrty/ e e
c\(i=3=3)/8 (n=2)! n—-1 =n
g (5)< - Er?))!'r_fl/.r (u=v=1)/
e (i— 3 w—z—1)/8 c\ (u—v—1)/8 n—2)!
> ()5 - (5) A=
and
(B)(p o)/ ((r—g))! < ¥ ( y
\(i=§+3)/8 (n=2)! n-1 =n
) (5)( ] )/ '(<r(2))1'r_)11/'r (u=v-1)/
e\ (1—=3+3)/8 e\ (w—2+4+1)/8 /oy (u—v+1)/8 (n—2)!
< (TP (%) =

So we deduce that 0 < (i — j) + (w — 2) + (u —v) — (p — q) < 16, while
(t—j7)+(w—2)+(u—v)—(p—q) =0 (mod 16), a contradiction.

The proofs of Case 2a (namely ¢ < b < 0, a(bx) = r + 1, and a(cy) =
n+1) and Case 2b (namely ¢ < b < 0, a(bz) =r—1, and a(cy) = n—1) are
very similar to the proof of Case 1b. We leave the details to the reader. [

We now turn our attention to coloring based on the least significant
digits using the small negative factorial expansions.

Lemma 2.11. Let x € T'\ {0}. Then §(z) is the smallest positive integer
m such that mlx € 7.

Proof. Trivially 6(x)!z € Z. Also, (§(z)—1)lz = k—l—% for some integer
k. O

Lemma 2.12. Let x # 0 and let b € Z \ {0}. If © and bx both have small
negative factorial representations, then 6(x) > 0(bx) > 6(x) — |b].
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Proof. Let m = 6(bz). By Lemma 2.11, m!bz € Z. Now
(m+1)(m+2)...(m~+|b]) =0br

for some r € Z so (m + |b])!lx = mlbra € Z and thus by Lemma 2.11,
d(z) <m+|b|. O

Definition 2.13. Let F' € P;(Z\ {0}) and let £ = max({3} U{|b| : b € F'}).

S={(l,s0,81,...,8¢): leN,1>2¢ forie{0,1,...,£ -1},
sie{0,1,....,01—&+i—1},
and s¢ € {1,2,...,1—1}}.

If x € T\ {0} and 6(x) > 2¢, then

0(z) = (§(x),a(z,0(z) — €),a(x,6(x) — &+ 1),...,a(x,8())) .
Note that §(z) € S.

Lemma 2.14. Let F' € Pf(Z\ {0}) and let £ = max({3} U {|b| : b € F}).
Assume that b and ¢ are in F with b < ¢ (not necessarily |b| < |c|). There
is a coloring T of S in |b| + |c| + 3 colors such that, if x, bz, and cx have
small negative factorial representations, §(bx) > &, and §(cx) > &, then

7(0(bz)) # 7(d(cx)).
Proof. We define a directed graph on S such that, given 5= (I, so, 51, . .., S¢)
and 7’ = (n,7r0,71,...,7¢) in S, there is an edge from 5'to 7"if and only if n =1
and there is some x such that x, bx, and cx have small negative factorial
representations with 6(bz) > 2¢ and §(cx) > 2¢, 6(bx) = 5, and §(cx) = 7
We will show that this graph has no loops and given a vertex §, the out
degree is at most |b| + 1 and the in degree is at most |¢| + 1. One can then
color the vertices one at a time giving each vertex a color which no adjacent
vertex has.
So suppose first we have an edge from § = (I,s0,51,...,5¢) to itself.
Pick = such that §(bx) = d(cx) =l and for t € {l — &1 — &+ 1,...,1},
Si—i4e = a(bz,t) = a(cz,t). Let w = Zi:l{ 2=+ (—1)%. Then

br = Yh257 1 2 (1) o and cx = YIS AR (1)t 4 gy

so bx = ﬁ—i—w and cx = ﬁ—i—wfor some u and v in Z. Then

(c—b)x = (l_”g_ul)! and thus

(v uw)( U=+ (I =6+ ec—b—1)
N (c=b)(l—&+c—b—1)! '
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So, since ¢ — b divides | — &+ for some i € {0,1,...,¢—b—1}, we have =
T—&re—p—1) for some z € Z. Therefore by Lemma 2.11, d(z) <l—&+c—b—1.
Also, l =0(bx) <d(x) <l—E&+c—b—1s0& <c—b—1, acontradiction.

The proofs that the out degree of §'is at most |b|+ 1 and the in degree of
§'is at most |c|+ 1 are identical, so we will do only the first. Suppose instead
we have @1, 2, ..., %42, each with small negative factorial representations
such that

(1) for each j € {1,2,...,|b] + 2}, §(bz;) = § and
(2) if j and n are distinct members of {1,2,...,|b| + 2}, then d(cz;) #
S(cxy).

Let s = E?:o %(—1)1*5”. Then for each j € {1,2,...,]b] + 2},
b = Zf;gfl 7a(bf!j’t) (=) +s.

For j € {1,2,.. bl + 2}, let y; = a; — Y005 1&7’”(—1)‘5. Then
by = by — b g ety e alatand) gy ey
z = Zl ¢t w( 1)t. Since (I — & — 1)!z € Z we have by Lemma
2.11 that 8(z) < I — & — 1. Therefore 6(by;) = § = §(bx;). Similarly
d(cyj) = 6(cx;) for each j € {1,2,...,|b] +2}.

Let j € {1,2,...,]b|+2}. By Lemma 2.6, a(byj) > a(yj) —2>1-E-2.
If b> 0 and a(y;) =1 —¢&, then

(a(bijl_é_Q)aa(byj’l_g_ 1)) €
{(0,0), (1,1 —€&£-2), (1,1 —€¢—3),..., (1,1 =& —b)}

by Lemma 2.7. If a(y;) =1 — &£ + 1, then by the same lemma,

(a(byj’l - f - 2)7a(byj7l - 5 - 1)) € {(O’O)v (07 1)}7

while if a(y;) > 1 — & + 2, then (a(byj,l — & — 2),a(by;,l — & —1)) = (0,0).
There are thus a total of |b] + 1 possibilities for (a(by;,l — & — 2),
If b < 0, then by Lemma 2.7,

(a(by;,l — & —2),a(by;,l =& —1)) € {(0,0),(0,1),...,(0,—b)}

so there are again a total of |b| + 1 possibilities.
Therefore there exist j and n, distinct members of {1,2, ..., |b|+2}, such
that (a(by;,l —&—2),a(by;,l —&—1)) = (a(byn, | — & —2),a(by,, | — € —1)).
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Now

l—¢—1 l—¢—1
a(by;,t a(byn, t
b= > (tf JCys= B (t')(—l)tJrs:byn
t=l¢-2 U t=l¢-2 U

so yj = yn and thus
d(cxj) = d(ey;) = 0(cyn) = 0(cwn),
a contradiction. O

Theorem 2.15. Let F' € P¢(Z\ {0}) and let £ = max({3} U {|b| : b € F}).
There is a finite coloring T of S such that, for any distinct b and ¢ in F' and
any x such that x, bx, and cx have small negative factorial representations,

§(bz) > &, and &(cz) > &, one has 7(8(bx)) # 7(8(cz)).

Proof. For each pair of distinct elements b and ¢ of F' with b < ¢, pick a
finite coloring 7. of S as guaranteed by Lemma 2.14. Define a coloring 7
of S by for §and #'in S, 7(5) = 7(t) if and only if for each pair of distinct
elements b and ¢ of F' with b < ¢, 7, .(5) = Tb’c(t_’). d

3. Separating linear expressions in SQ

This section is devoted to a proof of Theorem 3.3 below. We will assume
throughout that we have m and k£ in N and compressed sequences @ =
(ai,ag, ..., am) and b= (by, by, ... by) in Z\ {0}. We let A= {a1,...,am},
B ={by,...,b}, and £ = max({3} U{|b| : b € AU B}). Recall that

T = {z € Q : z has a small negative factorial representation} .

For z,y € T \ {0}, we write x < y if and only if §(z) + £ < a(y). (Note
that if x < y, then z > y. We write x < y because in the constructions y is
chosen after x.)

Definition 3.1. Sy = >0 lpo((—€,€) NQ) \ {0}. For z € T\ {0}, Cp =
{y e T\{0}: 2 <y}
Lemma 3.2. Sy is a compact subsemigroup of (8Q,+). If c € Z\ {0} and

r € Sp, then cr € Sy and cr is an idempotent if r is an idempotent. If
x €T\ {0} and r € Sy, then Cy € r.
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Proof. Given p,q € Sp and 0 < e < %,

(-5,5)NQC{zeT:—z+ ((—6,e)NQ) € ¢}
so (—€,€)NQ € p+gq. Given c € Z\ {0}, 7 € Sp, and 0 < € < 1, (—ﬁ, ) €
c 1(—¢€,€) s0 (—€,€)NQ € cr. It is routine to verify that cr is an idempotent
when r is an idempotent.

For the final conclusion let z € T\ {0}, pick n € N such that 2n >
d(z)+¢&, and let e = > 752 ﬁ Then by Lemma 2.3, (—¢,e)NQ C C,. O

Recall that we have defined (with F' = AU B) &,

T = {<7",t0,t1,t2,t3>: TEN, % < (6%)1/8—1, % < (%)2,
to € {1,2,...,r — 1}, and for j € {1,2,3},
tjG{O,l,...,r—i—j—l}},

and

S={{,s0,51,.-..,8): leN,l>2¢ forie{0,1,...,§ -1},
si€{0,1,...,l—€E+i—1},
and s¢ € {1,2,...,1—1}}.

The proof of the following theorem uses a gap counting technique based
on that in [3].

Theorem 3.3. Assume that b is not a rational multiple of d. There is a finite
coloring T' of T\ {0} such that there do not exist idempotents p,q € Sy and a
color class D such that D € aip+aop+...+amp and D € big+bag+. .. +birq.

Proof. Assume without loss of generality that m < k. Note also that if m =
k =1, then b is a rational multiple of @, so we may assume that k& > 1. Let ¢
and 7 be the colorings guaranteed by Theorems 2.10 and 2.15 respectively.
We may assume that we have w € N such that ¢ : 7 — {1,2,...,w} and
7:8—{1,2,...,w}

Given r € Sp and ¢ € AU B, pick i(r,c¢) and j(r,c) in {1,2,...,w} such
that

{x e T\ {0} : ¢(a(cz)) =i(r,c) and 7(d(cx)) = j(r,c)} €7
and note that

{z € T\ {0} : ¥(a(x)) =i(r,c) and 7(0(x)) = j(r,c)} € cr.
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Note also that if ¢,d € AU B and ¢ # d, then i(r,c) # i(r,d) and j(r,c) #
j(r;d).
Definition 3.4. For z € T'\ {0}, let G(x) =

{(t,u,v) : t e€supp(z)\{0(z)} and if s = min{n € supp(x) : n > t},
then 7((t,a(z,t — §),a(z,t —§+1),...,a(z,t))) = u, and
v((s,a(z,s),a(z, s+ 1),a(x,s +2),a(x,s + 3))) = v}.

For x € T\ {0} and (u,v) € {1,2,...,w}? let Guuo(x) = {t € N :
(t,u,v) € G(x)} and let o, € {—k, —k+1,...,k—1,k} such that ¢, ,(z) =
|Guo(2)| (mod 2k 4+ 1). Let @y = B(T\{0}) — {—k,—k+1,...,k—1,k}

be the continuous extension of ¢, .

We embark on a sequence of lemmas that will allow us to compute @, ,
at certain points.

Lemma 3.5. Let z,y € T \ {0}, let u,v € {1,2,...,w}, and assume that
x L y. Then @uu(x +Y) = @up(T) + @up(y) + b (mod 2k + 1), where

h = {1 ifu=7(8(x)) and v =Y(@(y));

0 otherwise.

Proof. Gyv(x+vy) = Guu(x) UGyu(y) U H where

- { {6(2)} ifu=r7(0(x)) and v =¥ (a(y));

0 otherwise.

O]

Lemma 3.6. Let r be an idempotent in Sy, let u,v € {1,2,... ,w}, and let
c€ AUB. Ifu=j(r,c) and v =i(r,c), then @y (cr) = —1 and @y »(cr) =0
otherwise.

Proof. Let g = @uu(cr) and let B = {z € T\ {0} : pyu(x) = g}. Then
FE € cr so, since cr is anjdempotent, E*X={z€FE:—z+FE €cr} €ecr.

Pick € E* such that 7(d(x)) = j(r,¢). Pick y € EN(—x + E) N Cy such

that ¢ (a@(y)) = i(r,c). By Lemma 3.5, ¢ = @u (24 Yy) = pun(z) + @uo(y) +
h (mod 2k + 1), where

{1 if u=7(6(z)) and v =Y (a(y));

0 otherwise.

Thus g = —h (mod 2k + 1) as required. O
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Lemma 3.7. Let z € T, let ¢ € AU B, and let r € Sy. Then
{z eT\{0}:7(6(x)) =j(r,c)} € 2 +cr.

Proof. Let E = {xz € T\ {0} : 7(6(x)) = j(r,c)}. Then E € cr. We claim
that forall z € T, —z + E € ¢r. So let « € T. If x = 0, the conclusion is
immediate so assume that x # 0. Then C; N E C —z + E. O

Lemma 3.8. Let t € {1,2,...,k}, let ¢ = (c1,¢2,...,¢) be a compressed
sequence in AU B, and let v be an idempotent in Sy. For d € AU B, let
w(c,d) = {s e {1,2,...,t} : cs =d}| and for d,f € AU B, let v(¢,d, f) =
Hse{l,2,...,t =1} :cs =d and cs41 = f}|. Let u,v € {1,2,...,w}.

(1) If d € AUB and (u,v) = (j(r,d),i(r,d)), then Gy p(cir+...+cr) =
— (¢, d).

(2) Ifd.f € AUB, d# f, and (u,v) = ((r,d),i(r, ), then
Suvlarr + ...+ ar)=v(éd, f).

(3) In all other cases @y p(c1m + ...+ i) = 0.

Proof. We proceed by induction on ¢. Assume first that ¢t = 1. If d, f € AUB
and d # f, then v (¢, d, f) = 0 so all conclusions follow from Lemma 3.6.

Now assume that ¢ > 1 and the conclusions hold for ¢t — 1. Let ¢’ =
(c1,¢2,...,¢ct—1) and let By = {z € T\ {0} : 7(6(z)) = j(r,ct—1)}. By
Lemma 3.7, E1 € cir + ...+ ¢;_1r. Let

Ey={z €T\ {0}: puv(z) =¢(cir+ ...+ ct—17)}.

Then Fy € cir + ...+ ¢_qr.

If (u,v) = (j(r,d),i(r,d)) for some d € AU B, let g = —u(c,d). If
(u,v) = (j(r,d),i(r, f)), for some d # f in AU B, let g = v(¢,d, f). In all
other cases let g = 0. Let E3 = {x € T\ {0} : pu(z) = g}. We shall show
that By NEy C{x € T : —x + E3 € ¢r} so that E3 € c1r + ... + ¢r as
required.

Let x € E1 N Ey. Let

Ey=C,n{yeT\{0}: 1/1(@(y)) =i(r,¢;) and ‘PU,v(y) = Szuw(ctr)}-

Then E4 € ¢r so it suffices to show that Ey C —x+ E3. So let y € E4. Then
x < y so by Lemma 3.5, 0y (2 + y) = puo(®) + @uo(y) + h (mod 2k + 1),
where

0 otherwise.

B {1 if u=7(6(x)) and v =¥ (a(y));
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First assume that (u,v) = (j(r,d),i(r,d)) for some d € AU B. Then
Yuw() = Quulcrr + ...+ 1) = —p(e’, d). Also 7(6(z)) = j(r,ci—1) and
Y(a(y)) = i(r,ct) so one cannot have 7(6(z)) = u and ¥ (@(y)) = v since
that would imply that ¢;_1 = d = ¢, while ¢ is a compressed sequence.
Thus h = 0. If (u,v) = (j(r,c),i(r,ct)), then p(é c) = p(@,¢) + 1 and
by Lemma 3.6, ¢u(y) = Quol(cir) = —1. If (u,v) # (§(r,ct),i(r, ¢t)), then
w(C ct) = p(¢’,¢t) and by Lemma 3.6, pyu(y) = Puuv(cr) = 0. In either
case @y (2 + y) = g as required.

Next assume that (u,v) = (j(r,d 7", f)) for some d # f in AUB. Then
Cup(x) = Quolcir + ...+ 1) = ( d, f). Also 7(8(x)) = j(r,ci—1) and
¥(a(y)) = i(r,¢) so one cannot have ( v) = (j§(r, ct) i(r,c;)) since that
would imply that d = f. Consequently, @u,v(y) = Quu(er) =0.1f d = ¢,y
and f = ¢, then v(é,d, f) =v(¢',d, f)+1and h = 1. If (d, f) # (ct—1,¢t),
then v(¢,d, f) = v(¢’,d, f) and h = 0. In either case ¢, ,(z +y) = g as
required.

Finally assume that for all d € AUB, (u,v) # (j(r,d),i(r,d)) and for all
distinct d and f in AUB, (u,v) # (j(r,d),i(r, f)). Then @y ,(z) = @up(y) =
h = 0. O

Lemma 3.9. Assume that p and q are idempotents in Sy and for all u,v €
{1,2,...,w}, Qup(arp+ ...+ amp) = Qup(big+...+brq). Let 1 be defined
as in Lemma 3.8. There is a function - : A== B such that

(1) for all c € A, u(a,c) = u(b,v(c)) and
(2) for all c € A and all d € B, the following statements are equivalent.

(a) v(c) =

(b) j(p;c) =3j(g,d);

(c) i(p,c) = i(q,d);

(d) i(p,c) =i(q,d) and j(p,c) = j(q,d).

Proof. Let ¢ € A. We claim there is exactly one d € B such that i(p,c) =
i(q,d) and j(p,c) = j(q,d). There is at most one such d since if j(q,d) =
j(q, f), then d = f. Let u = j(p,c) and v = i(p, c). By Lemma 3.8,

Ouv(@p+ ...+ amp) = —p(d@, c) 50 Yuu(brg+ ... +brq) = —p(d, c).

Now —u(d,c) € {-m,—m +1,...,—1} C {—k,—k+1,...,—1} while for
any d # f in B, 1/(5, d, f) €{0,1,...,k}. Therefore, by Lemma 3.8, there is
some d € AUB such that (u,v) = (j(¢,d),i(q,d)) and @y (b1g+...+brq) =
—u(b, d). Since (@, c) > 0, we must have d € B.
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We define y(c) to be the unique d € B such that i(p,c) = i(q,d)
and j(p,c) = j(q,d). Notice that the argument above also establishes that

(@, C) = :u(b/'}/(c))'

Trivially ~ is injective. The argument above starting with d € B shows
that ~ is surjective.

Now we establish (2). The only nontrivial implications are that (b) im-
plies (a) and that (c¢) implies (a), and these proofs are essentially the same.
If i(p, ¢) = i(q, d), then, since we also know i(p, c) = i(g,v(c)) we conclude
that d = v(c). O

Lemma 3.10. Assume that p and q are idempotents in Sy and for all u,v €
{1,2,...,w}, Quplarp+ ...+ amp) = Puv(brig+ ...+ brq). Then m = k.

Proof. Let u be defined as in Lemma 3.8. Then
m = Teea (@) = Leea n(b.7(0)) = Taep plb.d) = k.
O

We now introduce some notation to assist us in our counting of gaps.

Definition 3.11. Let z € T'\ {0}.
(a) P(x) = {(u,v) € {1,2,...,w}?: pun(z) € {1,2,...,k}}.

(b) G ( ) =A{(t,u,v) € G(z) : (u,v) € P(z)}.

(c) Fort e N, R(z) = {(t',u',v’) € Gp(x) : ' <t}

(d) For I € {0,1,. — 1}, Si(x) = {(t,u,v) € Gp(x) : |R(z)| =
[ (mod 2k+1)}

(e) For 1 €{0,1,...,k—1}, Tiy(z) = {(u,v) € {1,2,...,w}?:
{t e N: (t,u,v) € Si(z)}| =1 (mod 2k + 1)}.

We now define a finite coloring I" of 7'\ {0} by agreeing that I'(z) = I'(y)
if and only if

(1) 7(0(x)) = 7(0(y)),

(2) ¥(a(x)) =v(aly)),

(3) @uw(®) = puo(y) for all (u,v) € {1,2,...,w}? and
(4) Ti(z) = Tj(y) for all I € {0,1,...,k —1}.

We claim that I' is as required for Theorem 3.3. So suppose instead
that we have a color class D of I' and idempotents p,q € Sy such that
Deaip+ap+...+amp and D € big + bag+ ...+ brg. Then @, ,(a1p +
asp+ ...+ amp) = Puy(brq +bag + ... + brq) for all (u,v) € {1,2,...,w}?
so by Lemma 3.10, we have that m = k.
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Lemma 3.12. For allx € D,
P(l’) = (j(pval>7i(paal+1)> e {17277k_1}}
(g bu),i(q,bi1)) 1€ {1,2,... .k —1}}.

Proof. Let © € D. It suffices to establish the first equality. Let (u,v) €
{1,2,...,w}? and let g = ¢y, (). Since @, is constant on D, @y ,(a1p +
asp+ ...+ agp) = g. By Lemma 3.8, v, (x) € {1,2,...,k} if and only if
(u,v) = (§(p, @), i(p, ar41)) for some l € {1,2,...,k— 1}. O

Definition 3.13. Let z € T'.
Q {( p)al (p7al+1)):l€{1727"'7k_1}}‘

(b) For (u,v) € {1,2,...,w}?and l € {~k,—k+1,...,k—1,k},
Viuw(z) ={t € N: (t,u,v) € G(2) and |R(z)| =1 (mod 2k +1)}.

Note that @ = {(j(q,b1),i(q,bi+1)) : I € {1,2,...,k — 1}} by Lemma
3.12.

|
e

Lemma 3.14. Let s € {1,2,...,k}.

(1) (i(p,as),i(p,as)) ¢ Q-
(2) If (ua U) € Q, then Szu,v(asp) =0.

Proof. (1) Suppose (j(p,as),i(p,as) € Q so for some | € {1,2,...,k},
(4(p,as),i(p,as)) = (§(p,ar),i(p,ai4+1)). But then a; = as = a;41 while @
is a compressed sequence.

(2) This follows immediately from (1) and Lemma 3.6.

Lemma 3.15. There exists P € p such that for all (u,v) € Q, all s
{1,2,... )k}, alll e {—k,—k+1,...,k—1,k}, and allv € P, |V 4(asV)|
0 (mod 2k +1).

nm 0O

Proof. Pick P € p such that for all (u,v) € @, all s € {1,2,...,k}, all
le{-k,—k+1,....k—1,k}, and all v,/ € P,

Viuw(asy)| = [Yiuw(as)| (mod 2k +1).
We may presume that for all s € {1,2,...,k},
P C{veT\{0}: ¢(alasv)) = i(p,as) and 7(8(asv)) = j(p, as)} -

And by Lemma 3.14 we may presume that for all (u,v) € @ and all s €
{1,2,...,k}, PC {vr e T\ {0} : pyp(asv) =0}.
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Let (u,v) € Q,let s € {1,2,....k},andlet l € {—k,—k+1,...,k—1,k}.
Let z € {—k,—k +1,...,k — 1,k} such that for all v € P, |7 .(asv)| =
z (mod 2k + 1). Since p is an idempotent in Sy we may choose v < v/ in P
such that a(v) > 2|as| and v + 1/ € P.

We claim that V. (asv) N Viue(as’) = 0. Indeed, if t € Vjy0(asy) N
Viuw(asV), then t € supp(asv) Nsupp(asr’), while by Lemmas 2.6 and 2.12,
a(asv’) > §(asv). Consequently, it suffices to show that

/yl,u,v(asl/ + asl//) = Wl,u,v(asy) U ’yl,u,v<asyl) s
since then z = z 4+ z (mod 2k 4+ 1). Now
G(asv + asV’) = G(asv) U G(as ) U {( (5( v)), ¢(a(asy’)))}

and (3(asv), 7(6(asv)), v (@(asr'))) = (3(asv), j(p, as),i(p, as)). By Lemma
3.14, (j(p,as),i(p,as)) ¢ Q. Therefore there is no t such that (t,u,v) =
(5((15 ), J(p,as),i(p,as)). Consequently we have that

Viup(asy + ag) =
{t e N: (t,u,v) € G(asv) and |Ry(asv + as')| =1 (mod 2k 4+ 1)}
U{t e N: (t,u,v) € G(asV') and |R¢(asv + ast/')| =1 (mod 2k + 1)} .

If (t,u,v) € G(asv), then Ri(asv + asv') = Ry(asv) since v < v/. There-
fore, it suffices to show that for (¢t,u,v) € G(ast'), |Ri(asv + ast')| =
|R¢(ast)| (mod 2k + 1).

Let (t,u,v) € G(asv') be given. By Lemma 3.14 (j(p,as),i(p,as)) ¢ Q
so Ri(asv+ast') = Ry(asv)U Ry(ast') so it suffices to show that |Ry(asv)| =
0 (mod 2k + 1). We have that

Ri(asv) = U wyeo{ v/ v) : (t',4/,0") € G(asv)}
= U el w/,v") it € Gu o lasv)}

Given (uv/,v") € Q, {(t', v/, V) : ' € Gy v (asv)}| = ow v (asv) (mod 2k +1)
and since v € P, for (u/,v") € Q, @y 1 (asv) = 0. O

We shall complete the proof by showing that there is some z € D such
that for all I € {0,1,...,k — 2},

(t) z) = {(j(p, ar1),i(p, ary2)) }

Assume that we have done this. Then Similarly there exists y € D such
that for all I € {0,1,....k — 2}, Ti(y) = {(j(q,bi41),i(q, bi42))}. Since z
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and y are in D, we have for each [ € {0,1,...,k — 2}, j(p,ai11) = j(q, bi+1)
and i(p, aj+2) = (g, bi2). Therefore by Lemma 3.9, for all [ € {1,2,...,k},
i(p, ar) = i(q, b).-

Pick g € T'\ {0} such that for all [ € {1,2,...,k}, Y (a(aig)) = i(p, @)
and pick z € T'\ {0} such that for all [ € {1,2,. k} Y(@(bz)) =i(g, b).

We are assuming that b is not a rational multlple of d@, so pick the first
s € {2,3,...,k} such that bs/as # bi/a1. Now ¢(a(arg)) = i(p,a1) =
i(g,b1) = Y (a(b12)) and as/a1 # bs/by so

i(p, as) = v(@(asg)) = Y(algarg)) # ¥ (@(Ebi2)) = (a(bsz)) = ilq,bs).

This is a contradiction.
To establish (}), pick P € p as guaranteed by Lemma 3.15. We may
presume that for all s € {1,2,...,k},

PC{rveT\{0}:¢¥(alasv)) =i(p,as) and 7(8(asv)) = j(p,as)}-

And by Lemma 3.14 we may presume that for all (u,v) € @ and all s €
{1,2,...,k}, PC {vr e T\ {0} : pyp(asv) =0}.

Since D € aip + asp + ... + aip and p is an idempotent in Sy, pick
V] € vy K ... K 1y in P such that ajv; + asvs + ... + apvp, € D and
let © = a1v1 + agvs —|— .+ akl/k It then suffices to show that for all | €
{0.1,... .k =2}, Ti(z {( (ar1v141)), Y(@(arr21i42))) }-

Note that if [ € {0,1,.. k — 2} and (u,v) € Tj(x), then {t € N :
(t,u,v) € Sy(x)} # (. Picking t such that (¢,u,v) € Sj(x), we have (¢,u,v) €
Gp(z) so (u,v) € P(x) so by Lemma 3.12, (u,v) € Q. Therefore, for [ €
{0,1,...,k — 2}, Ti(z) = {(u,v) € Q : {t € N : (t,u,v) € Si(x)} =
1 (mod 2k +1)}.

Lemma 3.16. Letl € {0,1,...,k —2} and let

(t,u,v) = (8(ary1v141), T(0(arp1v141)), Y(@(ary2viy2))) -
Then (t,u,v) € Si(z).

Proof. We have by Lemma 3.12 that (u,v) € P(z) so (t,u,v) € Gp(zx). We
need to show that |Ry(z)| =1 (mod 2k + 1). Now

Ri(z) = {(t',u',v)€G(z): (v,v)€Qandt <t}
= {(6(asus),7(5(asys)),w(@(as+1us+1))) :se{l,2,...,1}} U
UL (¢, /') € Glagws) = (W', 0) € Q).
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Given (v/,v") € Q and s € {1,2,...,1+ 1} we have
H{({t o0 s (0! 0") € Glasvs)}] = @u w(asvs) (mod 2k + 1)

and ¢y 4 (asvs) =0, so |Ry(x)| =1 (mod 2k + 1) as required. O

Lemma 3.17. Let s € {1,2,...,k}, let (t,u,v) € Gp(asvs), and let | €
{0,1,...,k —2}. Then (t,u,v) € Si(z) if and only if t € Ve o(asvs) where
ce{-kk+1,....k—1,k} andc=1-s+1 (mod 2k + 1).

Proof. We use the fact from Lemma 3.12 that P(z) = Q. Since (t,u,v) €
Gp(x), we have that (t,u,v) € S;(z) if and only if |R¢(x)| =1 (mod 2k + 1)
and for any ¢ € {—k,k+1,...,k — 1,k}, t € Veuo(asvs) if and only if
|Ri(asvs)| = ¢ (mod 2k + 1).

Also Ri(x) = {(t',u/,v") € G(z) : ¢/ <t and (v/,0v") € Q}. If s =1, then
Ri(z) = Ri(aivy) so |Re(z)| = 1 (mod 2k + 1) if and only if |Ri(aiv1)| =
[ (mod 2k +1). Since | =1 — s+ 1, we are done in this case, so assume that
s > 1. Then

Ri(z) = {({,v,v)eGz):t <alasvs) and (v/,v') € Q}
U{({' v ,v") € Glasvs) : t' <t and (v/,0v) € Q}
= Ré(as,lys,l)(x) U Rtgasys)
U {((5(CLS_1V5—1)7T(é(as—ll/s—l))a w(a(aSVS»} :

By Lemma 3.16, |R5q, ,u, ,)(z)] = s — 2 (mod 2k + 1), so |Ry(z)|
[ (mod 2k + 1) if and only if (s —2) + 1 + |R¢(asvs)| = 1 (mod 2k + 1)
required.

Let 1 €{0,1,...,k—2} and let (u,v) = (7(6(ar1v141)), ¥ (@(ar42v142))) -
To see that (u,v) € Tj(z), let X = {t € N: (t,u,v) € Si(z)}. We need to
show that |X| = 1 (mod 2k + 1). By Lemma 3.16, 6(a;+1v41) € X and
for s € {0,1,...,k — 2} \ {l}, 6(asr1vsy1) € X. For s € {1,2,...,k}, pick
cs € {—k,—k+1,...,k—1,k} such that ¢s =1 — s+ 1 (mod 2k + 1). Then
by Lemma 3.17, X = {d(a;;1v141)} U U1 Ve uw(asvs) so by the choice
of P, |X| = 1 (mod 2k + 1) as required. We have thus established that
{(](p7 al+1)7i(p7 al+2))} c1.

To establish the reverse inclusion (thereby completing the proof of ()
and consequently completing the proof of the theorem), let

(u,v) € Q\ {(j(p, ar41),i(p; ar42)) } -

To see that (u,v) ¢ Ti(x), let X = {t € N: (¢t,u,v) € Si(z)}. As before,
for s € {1,2,...,k}, pick ¢s € {—=k,—k+ 1,...,k — 1,k} such that ¢; =

O&
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I —s+1 (mod 2k + 1). If (t,u,v) € U*_; G(asvs), then by Lemma 3.17,
(t,u,v) € X if and only if t € U*_; Ve, w0(asvs). The only other possibility
for (t,u,v) € Si(x) is

(t,u,v) = (5(as+1Vs+1)v T(g(as—&-l’/s—&-l))a w(a(as+2ys+2)))

for some s € {0,1,...,k — 2}. But since (u,v) ¢ {(§(p, a1+1),i(p, ai4+2)) },
s # [ so by Lemma 3.16, (t,u,v) € Sg # S;. Therefore, by Lemma 3.15,
|X| =0 (mod 2k + 1) so (u,v) ¢ Ti(z). O

4. Separating Milliken-Taylor systems in Q

We begin by showing that it is sufficient to separate Milliken-Taylor sytems
in Q near zero. We will represent the circle group T = R/Z by the points in
11

[_57 5)'

Lemma 4.1. Let ¢ : Q — Z be the nearest integer function defined by
Y(z) = |z + 5| and let ¢ : BQ — BZ be its continuous extension. Let
m:Q — T be the natural projection and let 7™ : BQ — T be its continuous
extension. Let S = {p € fQ : w(p) = 0}. Then S is a subsemigroup of SQ
which contains the idempotents, —p € S whenever p € S, and the restriction
of ¥ to S is a homomorphism.

Proof. Note that, given our representation of T, for x € Q, 7(z) = x — ().
Since 7 is a homomorphism, we have by [5, Corollary 4.22] that 7 is a homo-
morphism, so S is a subsemigroup of SQ which contains the idempotents,
and it is immediate that —p € S whenever p € S.

To see that the restriction of ¥ to S is a homomorphism, let p,q € S. We
need to show that ¢ (p 4+ q) = ¥(p) + ¥ (q). Let A = 71'71[(—%, %)] and note
that A € pNg. Since Y(p +q) = ¥ 0 pg(p) and P(p) + ¥ (q) = py(, © ¥ (p),
it suffices to show that v o p, and p 3(g) © 1) agree on A so let x € A. Since
U(x+q) = o As(q) and P () + (q) = Aj(@) © ¥(q) it suffices to show that

Yo\, and Aj() © Y agree on A, so let y € A. Then ¥(z +y) = ¥(z) + ¥(y)
as required. O

Note that, since —p € S whenever p € S, as a consequence of Lemma

4.1, if ay,a9,...,am € 7Z, p is an idempotent in SQ, and p" = 1 (p), then
Y(lap+asp+ ...+ amp) = a1p’ +azp’ + ...+ amp.

Theorem 4.2. Let m,k in N and let

a= (a1, as,...,am) andg:<b1,b2,...,bk>
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be compressed sequences in 7 \ {0} such that b is not a rational multiple of
a. Let € > 0 and assume that there is a finite coloring v of (—e,e) NQ\ {0}
such that there do not exist a color class D of p and idempotents p and q in
BQ with D € aip+asp+...+am,p and D € big+bag+...+brq. Then there
is a finite coloring v of Q \ {0} such that there do not exist a color class D
of v and idempotents p and q in BQ with D € aip+ asp + ... 4+ amp and
D ebig+bqg+ ...+ brq.

Proof. Pick by Theorem 1.4 a finite coloring 7 of Z \ {0} such that there
do not exist a color class D of 7 and sequences (z,)22; and (y,)0>; with
MT(@, (2,)22,) UMT(b, (y)>,) C D. By Theorem 1.5, there do not exist
a color class D of 7 and idempotents p and ¢ in §Z with D € a1p + asp +
.+ apmpand D € byg+ bag+ ...+ brq.

Let 1 be the nearest integer function as in Lemma 4.1. Define a finite

coloring v of Q\ {0} so that, for z,y € Q\ {0}, v(z) = 7(y) if and only if
one of

(1) e<|z| < §and e< |y <
(2) |z] <€ |yl <€ and p(z) = p(y); or
(3) |z > 3, lyl > 3, and 7(¢p(x)) = T(v(y)).

Suppose we have a color class D of v and idempotents p and ¢ in GQ
with D € a1p+a9p+...+amp and D € big+bag+. ..+ brq. That color class
cannot be [¢, ]U[—1, —¢] since this set does not contain any Milliken-Taylor
systems, which it would have to by virtue of Theorem 1.5. And that color
class cannot be a color class of 1 by assumption.

Therefore we have some ¢ in the range of 7 such that D = (rov) 1 [{t}].

Let p' = ¢(p) and ¢’ = ¥(q). By Lemma 4.1, p’ and ¢’ are idempotents in Z
and 7' [{t}] € a1p'+asp'+. . Aamp and TH{t}] € big'+b2q/ +. . Abrg’. O

Theorem 4.3. Let @ and b be compressed sequences in Z \ {0} such that b
is not a rational multiple of @. There exists a finite coloring of Q\ {0} such
that there do not exist a color class D and sequences ()50 1 and (Yn)oo
in Q with MT(@, (x,)°%,) U MT(b, (y)>>,) C D.

Proof. Pick by Theorem 3.3 a finite coloring I" of T'\ {0} such that there
do not exist idempotents p,q € Sy and a color class D such that D € a1p +
asp+...+ampand D € biq+bag+...+brq. Let e = > 72, ﬁ By Lemma
2.3, (—€,¢)NQ\ {0} C T\ {0} so by Theorem 4.2, there is a finite coloring ~y
of Q\ {0} such that there do not exist a color class D of v and idempotents
pand g in BQ with D € a1p+asp+...+amp and D € big+bag+ ...+ brq.
By Theorem 1.5, there do not exist a color class D and sequences (x,)0% ;

-

and (y,)22, in Q with MT(@, (x,)52 1) U MT(b, (yn)524) € D. O
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Corollary 4.4. Let @ and b be compressed sequences in Z.\ {0} such that b
is not a rational multiple of @. There exist a partition {A1, A2} of Q\ {0}
such that there do not exist i € {1,2} and sequences (x,)5%; and (yn)o,
with MT(67 <xn>%o:1) U MT(R <y7'l>’$1,021) - Ai'

Proof. By Theorem 4.3 pick » € N and a partition {Dj, Ds,...,D,} of
Q\ {0} such that there do not exist i € {1,2,...,r} and sequences ()5,
and ()%, in Q with MT(@, (2,)%%,) U MT(b, (y,)°2,) C D;. Let J =
{i € {1727"'77"} : (E|<xn>%°:1)(MT(c_i, <xn>?zo:1) < DZ)}v let A = Uie] D;,
and let Ay = Q\ (41 U {0}). Suppose there is a sequence (z,)>2; with
MT(a, (xy)>>;) C Ay. Pick by Theorem 1.3 some ¢ € {1,2,...,r}\ J and
a sum subsystem (z,)0%; of (z,)22 with MT(a, (2,)72,) € A;. But then,
i € J, a contradiction. Similarly, if there is some sequence (y,)5>; with

-

MT (b, (yn)o1) C Ay, there will be some i € J and a sum subsystem (z,,)5°

2, n=1

of (yn)o2, with MT'(b, (2,)52 ;) C A;. O

As promised in the abstract, we observe that we can allow the entries of
our compressed sequences to be rational.

Corollary 4.5. Let @ and b be compressed sequences in Q \ {0} such that
b is not a multiple of @. There exist a partition {A1, A2} of Q\ {0} such
that there do not exist i € {1,2} and sequences (xn)22 and (yn)or, with

MT(@, (20)32.1) UMT(5, (a)32.) C As.

Proof. Pick M € N such that the entries of Mad and M b are integers.
Pick A; and As as guaranteed by Corollary 4.4 for the compressed se-
quences Ma and M b. Suppose we have sequences i € {1,2} and sequences
(Tn)peq and (yn)ply with MT(@, (xn)p2q) U MT(b, (yn)pzy) € Ai. Then
MT(Ma, 57 (n)py) UMT(Mb, 57 (yn)p21) C Ai. m
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