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Abstract. Strongly summable ultrafilters on a commutative semigroup are those that
are generated by sets of finite sums. We establish several facts about strongly summable
ultrafilters on a countable abelian group G that were previously known to hold only for
the group (Z,+) and for Boolean groups. It is shown that Martin’s Axiom implies the
existence of nonprincipal strongly summable ultrafilters, that their existence cannot be
established in ZFC, and that, if G is embeddable in the circle group, they satisfy strong
algebraic properties regarding uniqueness of solutions to certain equations.

1. Introduction.

We regard the points of the Stone-Cech compactification SG of the discrete space G as
being ultrafilters on G, with the points of G itself being identified with the principal
ultrafilters. The topology of G can be defined by choosing the sets of the form A =
{x € BG : A € 2}, where A C G, as a base for the open sets. Then A is a clopen subset
of BG and is, in fact, equal to clgg(A). We shall use A* to denote A\ A. We shall use
the fact that, for every x € G and every neighbourhood U of x in G, GNU € z.

If (G, +) is a semigroup, then the semigroup operation on G can be extended in a
natural way to G by putting x4y = sh—Ig }I—I}zl/ (s +1t), where x and y denote elements of
(G and s and t denote elements of G. Although we use the symbol + for the extended
operation, it is usually very far from being commutative, even when G is commutative.

With this operation, 8G is a right topological semigroup. This means that, for every
x € BG, the map p, : G — PG, defined by p.(y) = y + x, is continuous. It is also
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true that the map A\, : G — (G, defined by \,(y) = x + y, is continuous for every
x € G. We note that, for every =,y € G, x 4 y is the ultrafilter which has as base the
sets of the form J .y (s +Ys), where X € x and Y, € y for every s € X. See [5] for
an elementary derivation of these properties, as well as for other unfamiliar facts cited
below.

There are significant algebraic implications which follow from the statement that
a semigroup has a topology for which it is compact, Hausdorff and right topological. A
simple and important example is the fact that it contains idempotents; i.e. elements x
for which z + =z = =.

If S is any set, P¢(S) will denote the set of finite non-empty subsets of S. If G is a
commutative semigroup, then for any non-empty X C G, F.S(X) will denote {)__ = :
F e Py(X)}. If (zn)52, is a sequence in G, FS(x,)ne; will denote {} pz, : F €
P¢(N)}. (If G is not commutative, one needs to specify the order in which the sums are
taken. We shall not be concerned with this situation in this paper.)

It is well known that, if G is a commutative semigroup and ¢ € G* is idempotent,
then every member of ¢ contains a set of the form F'S(X) for some infinite subset X of

G. However, we do not normally expect that F'S(X) € gq.

1.1 Definition. Let G be a commutative semigroup. An ultrafilter p € SG which has
a base of sets of the form F'S(X) is called strongly summable.

Thus p is strongly summable if and only if, for every A € p, there exists X C G
such that FIS(X) € p and FS(X) C A.

Throughout the rest of this paper, (G, +) will denote a countable abelian group.
The restriction to a group rather than an arbitrary semigroup is made for our conve-
nience. We need the group properties for some of the proofs. Once this restriction is
made, we lose nothing by adding the countability assumption. Indeed, any strongly
summable ultrafilter on an abelian group has some countable member [8, Theorem 3|.

The principal ultrafilter on G which has {0} as a member is a trivial example
of a strongly summable ultrafilter. This is the only example of a strongly summable
ultrafilter on G whose existence can be established in ZFC. We shall show that Martin’s
Axiom implies that there are nonprincipal strongly summable ultrafilters on G, but that
their existence cannot be demonstrated in ZFC.

If G can be embedded in the unit circle, we shall show that a strongly summable
ultrafilter p on G has the property that the equation p 4+ x = p has the unique solution
x = p in G*, and so does the equation x + p = p. We shall also show that Martin’s
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Axiom implies the existence of certain strongly summable ultrafilters p on G with the
property that = + y = p, with z,y € G*, implies that x and y are both in G + p.

Our results generalise theorems already known for the case in which G = Z ([2]
and [1]) and the case in which G is Boolean [6].

We note in passing that strongly summable ultrafilters on G give rise to interesting
topologies. (See [5, Section 9.2].) Any strongly summable ultrafilter p € G* defines an
extremally disconnected regular left invariant topology on G for which {{0}UA : A € p}
is the filter of neighbourhoods of 0. This topology has the property of being maximal
subject to having no isolated points. In the case in which G is Boolean, G is a topological
group in this topology. It is not known whether every ultrafilter converging to 0 on a
maximal topological group has to be strongly summable. It is also an open question
whether the existence of extremally disconnected topological groups without isolated
points can be demonstrated in ZFC.

If ¢ € BG is a given idempotent and B € ¢, we shall use B* to denote {b € B :
b+ q € B}. We shall use the fact that B* € ¢ and that, for every b € B*, —b+ B* € q
[5, Lemma 4.14].

We shall use T to denote the unit circle R/Z, and shall use the element ¢ € (—1, 1]
to represent the element t 4+ Z of T. It is well known that any countable abelian group
can be embedded in the direct sum P, T of countably many copies of T and so we
shall assume that G C @, .y T and shall use , for the projection map from @, . T
onto its n’th factor.

Of course, any ultrafilter ¢ € SG converges to a point v(¢) € X,cn T where
X ,en T has the product topology. (By this we mean - slightly incorrectly - that
every neighbourhood of v(q) contains a member of ¢). It is easy to prove that the
mapping v : G — X ey T is a continuous homomorphism. In particular, v(q) = 0
if ¢ is idempotent. We shall prove that any strongly summable ultrafilter p on G is
idempotent. However, prior to proving this, we can conclude that y(p) = 0, because
every member of p contains three points of the form a, b and a + b.

We note that, if f is any function from G to a set S and if ¢ € G, then {T' C S :
f7T) € q} is an ultrafilter on S. We shall use f(q) to denote this ultrafilter. (So f

also denotes also the continuous extension of f mapping 3G to S.)
2. Existence.

We show in this section that Martin’s Axiom implies the existence of nonprincipal

strongly summable ultrafilters on G.



2.1 Lemma. Let p € BG. Suppose that, for every A € p, there exists a sequence
()21 in G such that FS{x,)2%, C A and x1 + FS{(x,)2 5 € p. Then —p+p = p.

Proof. Let B € p and suppose that {x € G: .+ B € p} ¢ p. Let A= B\{zx € G :
x + B € p}. Pick a sequence (x,,)°° ; as guaranteed for A. Now 21 € A so z1 + B ¢ p.
But z1 + FS(x,)0%, € p and 1 + FS(xy)0%, C 21 + A C 21 + B, a contradiction. [

2.2 Lemma. Let p be a strongly summable ultrafilter on G and let B ={b € G : m;(b) €
{0,2} for every i € N}. If B ¢ p, then —p +p # p.

Proof. Suppose that B ¢ p. We consider two cases.

Case (i). Suppose that there exists i € N such that {b € G : m;(b) ¢ {0,3}} € p.
Let P={be G\B:m(b) € (0,3)} and Q = {b € \B : m;(b) € (—3,0)}. If b € Q, the
fact that p converges to 0 implies that b + p converges to b and hence that b+ p € Q.
Thus Q@ +p C Q. So, if P € p, we have Q € —p and —p +p C Q + p C Q. Similarly, if
Q € p, we have —p+p € P.

Case (ii). Now suppose that, for every i € N, {b € G : m;(b) € {0,4}} € p. Since
m;(p) converges to 0, this implies that {b € G : m;(b) = 0} € p. For each b € G\B, let
m(b) = min{i € N: m;(b) ¢ {0, 4} }. Wenow put P = {b € G\B : T, (b) € (0, 3)} and
Q=1{beG\B:m,ub)(—3,0}. Let be Q. If X ={z € G : m(z) = 0 for every i <
m(b)}, then X € p. Since b+ X C Q, b+ p € Q. So, if P € p, we have Q € —p and
—p+p€Q+pCQ. Similarly, if Q € p, we have —p+p € P. a

2.3 Theorem. Let p be a strongly summable ultrafilter on G. Then p is an idempotent.

Proof. Notice that 0 is an idempotent, so we may presume that p € G*. Assume first
that the hypotheses of Lemma 2.1 do not hold and pick A € p such that there is no
sequence (z,)5 ; in G with F\S{x,)>%; C A and 1 + FS(z,)5% 5 € p.

n=1

Let B € p and suppose that B ¢ p+ p so that {x € G: —x + B € p} ¢ p. Then
(ANB\{zreG:—z+Bep})ep

so pick (z,,)5% 4 such that F'S(z,)5%; C (ANB)\{x € G: —z+B € p} and FS(z,)02, €
p. Notice that

FS(zn)niy = FS(wn)nZe Ufa1} U (21 + FS(2n),Zs) -

Now p is nonprincipal and by assumption 1 + F\S(x,)5%, ¢ p so F'S(x,)5%, € p. Also
FS(x,)22 5 C —x1 + B and so —z1 + B € p, a contradiction.
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We may therefore suppose that the hypotheses of Lemma 2.1 are satisfied and hence
that —p + p = p. It then follows from Lemma 2.2 that B = {b € G : m;(b) € {0, 5} for
every ¢ € N} € p. However, this implies that —p = p. So we again have p+p=p. U

2.4 Definition. Let p € fG. We shall say that p is a sparse strongly summable ultra-
filter if and only if for every A € p, there exists a set X C G and a set Y C X such that
X\Y is infinite, F'S(Y) € p and F'S(X) C A.

We shall show that Martin’s Axiom implies that nonprincipal strongly summable
ultrafilters exist on G. Indeed, we shall show that Martin’s Axiom implies that any
family of subsets of G which is contained in an idempotent and has cardinality less than
¢, is contained in a sparse strongly summable idempotent.

We remind the reader of the version of Martin’s Axiom which we shall use. A
partially ordered set (Q is said to satisfy the countable chain condition if every anti-
chain in @) is countable. A subset D is said to be dense if, for every a € (@), there exists
d € D such that d < a. A non-empty subset ® of @) is called a filter if it satisfies the
two following conditions:

(i) for every a € ® and b € @), a < b implies that b € & and

(ii) for every a,b € ®, there exists ¢ € ® such that ¢ < a and ¢ <b.

Then Martin’s Axiom asserts that, if () satisfies the countable chain condition and if
F is a family of dense subsets of @ for which |F| < ¢, then there is a filter in  which

meets every set in F.

2.5 Definition. We now assume that the elements of G have been arranged as a se-
quence, and write s < t if s occurs before t in this sequence. Then every infinite subset
o, in G with the property that x, < x,4; for
every n and X = {x, : n € N}. We put F'S,,(X) = FS((z,)32,,) for each m € N and

FSOO<X> = ﬂmeN Clgg(FSm<X>).

2.6 Lemma. Let F denote a family of subsets of G with the finite intersection property.

X of G defines a unique sequence (z,,)

Suppose that B € F and that B contains an idempotent ¢ € G*. Suppose also that
B*={be B:B¢cb+q} € F and that —b+ B* € F for every b € B*. Then, if | F| <,
it follows from Martin’s Aziom that there exists a set X C G such that FS(X) C B and
XNA#0D for every A e F.

Proof. We may suppose that F is closed under finite intersections.
Let Q = {F € P#(G) : FS(F) C B*}. We define a partial order on @ by stating
that F/ < F'if F C F'. Since @ is countable, it is trivial that it satisfies the countable

chain condition.



For each A € F,let D(A) = {F € Q : FN A # 0}. To see that D(A) is dense in
Q, let F € Q. We can choose a € AN B* N(,cpg(py(—b+ B*). Then F U {a} € Q,
FU{a} < F and FU{a} € D(A).
Thus it follows from Martin’s Axiom that there is a filter ® C ) such that & N
D(A) # 0 for every A€ F. Let X =J®.
If H is any finite subset of X, H C F for some F € () and so F.S(H) C B. Thus
FS(X) C B. Furthermore, for any A € F, there exists ' € ®ND(A) and so X N A # ().
O

2.7 Lemma. Let F be a family of subsets of G contained in an idempotent q € G*. If
| F| < ¢, it follows from Martin’s Aziom that there exists an infinite subset X of G such
that FSe(X) € Nacr 4.

Proof. Let F denote the family of sets which are finite intersections of sets in
FU{B*:BeF}U{-b+B*:BeF,be B }U{G\F : F € P¢(G)}.

We note that F C g. Let F be well ordered as (Ax)r<k. By Lemma 2.6, there exists a
subset Xg of G for which FS(X,) C Ay and XN A # 0 for every A € F.

We then make the inductive assumption that 0 < 3 < k and that we have defined
X, C G for every a < 3 so that the following conditions are satisfied:

(a) FS(X,) C A, and X, N A # () for every A € F and

(b) if &’ < a, then X} C X,.
We apply Lemma 2.6, with F U {X, : @ < 8} in place of F and Ag in place of B. By
this lemma, there exists a set W3 C G such that F'S(W3) C Ag and WgNANX, # 0
for every A € F and every a < 3. By [5, Corollary 12.12], there exists an infinite subset
Xp of G such that X3 C WsNANX, for every A € F and every a < 3. We may
suppose that Xg C Wj.

It is clear that conditions (a) and (b) are satisfied with § in place of a. We can
therefore define X, for every a < k so that these conditions hold.

We put X = X,. If a <k, X* C X! and so X\X,, is finite. Thus, for every
m € N, there exists n € N for which F'S,,(X) C FS,,(X,). So FSoo(X) C FSpn(Xa)
and therefore F'S,(X) C FS,.(X,) C A,. 0

2.8 Theorem. Let F be a family of subsets of G contained in an idempotent q € S*.
If |F| < ¢, Martin’s Aziom implies that there is a sparse strongly summable ultrafilter p
on G for which F C p.



Proof. We assume Martin’s Axiom.

Let (Sq)a<c be an enumeration of P(G). We can choose Zy € {Sy, G\So} such
that Zy € ¢. By Lemma 2.7, we can choose an infinite subset Xy of S such that
FS.o(Xo) € AN Zy\{0} for every A € F. We can then choose an infinite subset Yy of
X for which X\Yj is infinite. We now make the inductive assumption that 0 < 8 < ¢
and that Y, C X, C G have been defined for every a < [ so that the following
conditions hold:

(a) FSx(Xa) C S, or FSo(Xa) C m3

(b) if o < a, then FSoo(X,) € FSoo (Yo ); and

(c) X,\Yy, is infinite.

By [5, Lemma 5.11], (.5 F'Soc(Ya) is a compact subsemigroup of 3G and therefore
contains an idempotent r € 3G. Since 0 ¢ (), 5 F S« (Ya), 7 € G*. We can choose
Zg € {Sp,G\Ss} satisfying Zg € r. By Lemma 2.7 (applied to {F S, (Ys) : a <
3 and m € N} U {Zg} in place of F) we can choose X5 C S such that FS..(Xs) C Zg
and FS.(X35) C FS,,(Y,) for every a < 8 and every m € N. Thus FS.(Xs) C
FSo(Y,) for every o < . We choose Y3 to be an infinite subset of Xz for which
X3 \Y3 is infinite. Then conditions (a) - (c) are satisfied with 3 in place of a.

This shows that we can define X, and Y, for every o < ¢ so that conditions (a) -
(c) are satisfied. We put p = {B C G : FSy(Y,) C B for some o < ¢}. It is clear that
p is a filter. For every S C G, S € p or G\S € p, and so p is an ultrafilter. It is evident
that p is a sparse strongly summable ultrafilter and that F C p. U

3. Independence.

We now set out to show that the existence of a nonprincipal strongly summable ul-
trafilter on G cannot be demonstrated in ZFC. We shall do this by showing that the
existence of an ultrafilter of this kind implies the existence of a P-point in N*. It is well
known that this cannot be proved in ZFC [10, VI §4].

3.1 Definition. For each z € G\{0}, we put min(z) = min{n € N : 7,(x) # 0} and
max(z) = max{n € N: m,(x) # 0}.

We omit the easy proof of the following lemma.

3.2 Lemma. Let (z,)52, be a sequence in (0, 3) with the property that x,, > 4x,41 for
everyn. Thenx, > Y2 3x; for everyn. Furthermore, if Y 0" 1 anTn =Y 0y bnn,

where each a,, and b, is 0, 1 or 2, then a, = b, for every n.
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3.3 Lemma. Suppose that p is a nonprincipal strongly summable ultrafilter on G. If
{z € G\{0} : Tmin(z)(z) = 1} & p, then there is a P-point in N*.

Proof. We may suppose without loss of generality that {z € G\{0} : Tyin@)(7) €
(0, 3]} €.

For each i € {0,1,2}, we put X; = |U;>_ [g5r=» 55701 ). We choose j € {0, 1,2}
such that X = {z € G\{0} : Tmin()(2) € X;} € p. Let (x,)52; be a sequence in G for
which F/S(z,)02, € pand FS(z,)52; C X.

Given ¢ € N, let M; = {n € N : min(x,,) = i}. If n and n’ are distinct elements

of M;, then min(z,, + x,/) = i, because m;(z, + x,) # 0 since 0 < m;(x,) < % and
0 < m;(zn) < 3. It follows that m;(z,,) and 7;(z,/) cannot be in the same interval of
the form [2m+1, 2m) So mi(xy,) < mi(x, ) implies that 4m;(x,) < m;(z,/). Consequently,
if I' € Pp(M;), then min(}_, cp 2n) = .

Let z € G\{0}. Suppose that min(x) = i and that x = ) _panz,, where F' €
P¢(N) and each a,, € {1,2}. We claim that min(z,) > i for every n € F. To see
this, let m = min{min(z,) : n € F}. Let H = {n € FNM,, : a, = 2}. Then
Tm (Do nernn, @nTn) # 0, because both 7 (3, cprns, Tn) and 7 (3, ¢y Tn) are in
(0, 2). It follows that min(z) = m and hence that m = i.

Suppose that F, H € P¢(N) and that v = ) _panrn = ),y bn®y, where each
an and b, is 1 or 2. We claim that F' = H and that a,, = b,, for every n € F. To see
this, suppose that x € M;. Then m;(x) = >, crans, @nTi(Tn) = D, cpans, bnmi(Tn)-
It follows from Lemma 3.2 that m;[F N M;| = m;[H N M;] and that a,, = b, for every
n € F N M;. We have observed that, if n # n’ in M;, then m;(x,) # mi(x,). So
FNM, =HnNM, and a, = b, for every n € FF'N\ M;. The terms a,z, for which
n € F'N M; can then be cancelled from the equation ZneF AnLn = ZneH b, x,, and the
argument repeated. Thus F = H and a, = b,, for every n € F'.

In consequence, for any F, H € Py(N), > —pon+ > cpyTn € FS(w,)5%, implies
that F N H = (). Tt also follows that, for every x € FS(z,)5°
H, € Py(N) for whichz =} ., =

We now claim that for each £ € N, F\S(x,)72 ., € p. Otherwise since

_1, there is a unique set

FS(xn)ne, = F5<xn>n e+1Y FS<$n> —1 UUHa+ FS<$n>ZO:e+1 fac F5<xn>ﬁ=1}

and FS(x,)5_, is finite, there is some a € FS(x,)4_; such that a + FS(x,)02 ., € p.
Pick (yn)py such that FS(yn)ne; C a+ FS(zn)ol,q. Then y1 = > pxn, y2 =
Y oneH Tns Y1+ Y2 € FS(x,)52, and F N H # (), a contradiction.
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We define h : FS(x,)22; — N by h(x) = max(H,). We shall show that h(p) is a
P-point in N*. To see this, we choose any function f : N — N and show that there is a
set in h(p) on which f is bounded or a set in h(p) on which f has finite preimages.

Let P = {z € FS(z,)52; : min(H,) > f(max(H,))}. Suppose that P € p.
Then P* = {x € P: 2+ p € P} € p and, for every x € P*, —x + P* € p. Let
r € P* and let £ = max(H,). Suppose that y € (—x + P*) N FS(xn)52,,,. Then
min(H,) = min(Hy1y) > f(max(H,4y)) = f(max(H,)), and so f is bounded on a set
in h(p).

We may therefore suppose that Q = {z € FS(z,)52, : min(H,) < f(max(H,))} €

n=1
p. Let (y,)22, be a sequence in G for which FS(y,)>2,; € p and FS(y,)>2; C QN
FS(x,)52 . We note that, for any n # n’ in N, the fact that y, + y» € FS{x,)22,

implies that H, N H, = 0.

We shall show that f has finite preimages on h[F'S(y,)52 ]. To see this, suppose
on the contrary that, for some k£ € N, f assumes the value k infinitely often on this set.

Choose any z1 € FIS(y,)p2, with f(max(H.,)) = k. Suppose that z; = Y, p Un,
where Iy € P¢(N). This implies that H,, =, cp, Hy,. We can choose z € F'S(yn)524
such that f(max(H.)) =k and max(H.) > max(H,, ) for every n € Fy. Suppose that
2= .cuYn, Where H € Py(N). We put F» = H\F} and 2o = Zn€F2 Yn. We observe
that max(H.,) = max(H.) and so f(max(H.,)) = k. In this way, we can construct
a sequence (z,)0%; in G and a pairwise disjoint sequence (F,)5%, in P;(N) such that
f(max(H.,)) =k and 2z, = >, s for every n.

We have min(H., ) < f(max(H.,)) = k for every n. So there exists n # n’ in N
for which min(H,) = min(H, ,). This is a contradiction, because H,, N H, , = 0. [

3.4 Lemma. Let p be a nonprincipal strongly summable ultrafilter on G such that,
for every n € N, {z € G\{0} : mi(z) = 0(Vi < n)} € p. Let X € p. Suppose that
max(p) is not a P-point in N*. Then there exist a function f : N — N, a sequence
(xp)o2y in G, a pairwise disjoint sequence (Fy,)72, in Pr(N) and an integer k € N
such that FS(zy)e>, € X N{z € G\{0} : min(z) < f(max(x))}, min(},cp ;) <

f(max ), p ;) =k for everyn € N, and max} ;.o x; < max), x; for every

n € N,

iGFn+1

Proof. There is a function f : N — N with the property that, for every P € p, f
is unbounded on max[P]| and does not have finite preimages on this set. Let P =
{z € G\{0} : min(z) > f(max(z))}. Suppose that P € p. Then P* = {y € P :
y+p € P} € pand, for every y € P*, —y + P* € p. Pick any y € P* and let
A= (—y+P)n{z e G\{0} : m(z) = 0(Vi < max(y))}. Then A € p and if z € A4,
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then min(y) = min(y + z) > f(min(y + 2)) = f(max(z)) so f is bounded on max[A].
We may therefore suppose that @ = {# € G\{0} : min(z) < f(max(z))} € p. We
can choose a sequence ()55 in G for which F/S(x,)52, € p and FS(z,)52; € XNQ.
Since f does not have finite preimages on max[F'S(x, )52 ], there exists k € N for which
there are an infinite number of values of ¢ in max[FS(z, )22 ;| satisfying f(t) = k.
Choose any y; € FS{x,)2, with f(max(yl)) = k. Suppose that y1 = > . Tn,
where Fy € P(N). We can choose w € FS(x,)52, such that f(max(w)) = k and
Ty, where H € P¢(N).

Zp, noting that max(y,) = max(w). In this way,

max(w) > max(x,) for every n € Fy. Suppose that w =)
We put Fy, = H\F; and yo = )

we can construct a sequence (yp,)

neH

TLGFQ

o, in G and a pairwise disjoint sequence (F},)o2 ; in

n=1
Py(N) such that f(max(y,)) =k and y,, = > icr, i for every n.
For every n € N, we have min(y,,) < f(max(y,)) = k. O

3.5 Lemma. Let p be a nonprincipal strongly summable ultrafilter on G with the
property that, for every n € N, {x € G : m(x) = 0(Vi < n)} € p. Suppose that
X = {z € G\{0} : Tmin(z)(x) = 3} € p. Then max(p) is a P-point in N*.

Proof. Suppose that max(p) is not a P-point in N*. Let (x,,)22 , (F},)22; and k have
the properties guaranteed by Lemma 3.3. For each n € N, let y,, = > . F, Li- We may
suppose that there exists m € N such that min(y, ) = m for every n, because this could
be achieved by replacing (F},);2; by a subsequence. We observe that min(}_,.; v:) < k
for every H € Py(N), because ),y € FS(zn)5e, and max (), yi) = max(yz)
where t = max H.

Let ¢ denote the largest positive integer for which there exists an infinite pairwise
disjoint sequence (H,);2; in Py(N) such that min(}_ ;. vi) = £ for every n. Let
K, = Hy, 1 U Hs,,. Then ¢ < min(ZieKn y;) < k. So there exists ¢/ > ¢ and an
infinite subsequence (K, )22, of (K,)52  such that min(ZieKnr x;) = ¢ for every r,

contradicting our choice of /. U

3.6 Theorem. The existence of a nonprincipal strongly summable ultrafilter on G im-

plies the existence of a P-point in N*.

Proof. Let p be a nonprincipal strongly summable ultrafilter on G. If G C T, it follows
from Lemma 3.3 that the existence of a nonprincipal strongly summable ultrafilter on
G implies the existence of a P-point in N*. We observe that, for each i € N, m;(p)
is a strongly summable ultrafilter on m;[G]. If m;(p) were a nonprincipal ultrafilter,
the existence of a P-point in N* would follow. So we may assume that m;(p) is the

principal ultrafilter which has {0} as a member. This implies that, for any n € N,
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{zr € G : m(x) = 0(Vi < n)} € p. The conclusion then follows immediately from
Lemmas 3.3 and 3.5. 0

4. Solving the Equation =+ y = p.

We see in this section that if G C T and p is a strongly summable ultrafilter on G, then
there is only one solution to the equations p + x = p and x + p = p. Moreover, if p is
a sparse strongly summable ultrafilter on GG, then there are only the trivial solutions to

the equation = + y = p.

4.1 Theorem. Suppose that G C T and that p is a nonprincipal strongly summable

ultrafilter on G. Then the equation p + x = p has the unique solution x = p in G*.
Proof. We may suppose that (0,3) € p. For each i € {0,1,2}, we put X; =
U;O:(J[QSm}i-HZv 23mﬁri+1). We choose j € {0,1,2} such that X; € p. Assume that

p+x = p for some x € G* with x # p. Pick P € p and Q € x such that PNQ = (. Let
()02 be a sequence in G for which F\S(z,)52; € p and F'S(x,)0>, C PNX,.

Exactly as in the proof of Lemma 3.3, we can conclude that, for any n #n’ in N,

Ty # Ty Furthermore, x,, < x,  implies that 4x,, < x, . It follows from Lemma 3.2
that, if x,,, >z, > ... > x,,, then x,, >3 Zf:2 T,

Consider the equation
Ty +Tpy + oo+ Ty, FE =T + Ty + .o+ Ty

where k and £ are in N, z,, > 2y, > ... > Zpyy Ty > Ty > ..o > Ty, and t € T
satisfies —x,, <2t < xp,.
We claim that this implies that ¢t € F/S{x,)22 ;. To see this, note that we cannot
have z,, > z,,,, because otherwise we should have z,, +t > %:cnl > Ty, + Ty +
.+ xm,. We also cannot have x,, < z,,,, because otherwise we should have z,,, >
Tpy FTny+.o o+ T, +22p, > T, +Tp, +...+ Ty, +1. SO Ty, = Ty, . This term can
be cancelled from the equation and the argument can be repeated if £ > 1. We shall
eventually have t € F/S(x,,)5 ;.
We note that the equation p 4+ x = p implies that x converges to 0. Let Q € x. Let
Y denote the set of elements of the form y+¢, where y = > . x,, for some F' € Py(N),
t €@ and —min{z, :n € F} <2t < min{z,, : n € F}. Then Y is a member of p + x.
So there is an element y + ¢ of this form in F'S(z,)52 ;. We have seen that this implies
that t € FS(x,)52, C P. So PNQ # 0, a contradiction. O
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4.2 Lemma. Suppose that G C T and that p is a nonprincipal strongly summable
ultrafilter on G, with (0, %) € p. Suppose that x +y = p, where x,y € G*, and that y
converges to 0. For eachi € {0,1,2}, let X; =, _ O[ng];rm, 23m+1+1) Let j € {0,1,2}
be such that X; € p. Suppose that (x,)52 is a sequence in G for which FS(x,)3>, € p
and FS(z,)22, C X;. Let B={Y7" | ayz, : each a, € {0,1}}. Then B € x.

Proof. We note that (0, ) € z, because a < 0 implies that a + y € (—3,0) and hence,
if (—3,0) € z, then (—3,0) € z + y, contradicting the assumption that z + y = p.

We may assume that F'S(x,)o2, ¢ = because F'S(x,)>°, C B.

We first note that, if n and n’ are distinct elements of N, then x,, and x, cannot
be in the same interval of the form [2ml+1 ) 2m) So x, < x, implies that 4x, < z,.

Let A= {a € (0, )\FS(x,)%%; :a+y € FS{x,)2%}. Then A € . Let a € A.
Then, if Y, = {b € GN(—%,7) : a+b & FS(x,)52,}, we have Y, € y. Choose
any b € Y,, and choose ni,na,...,n; € N with z,, > x,, > ... > z,, such that
a+b=z, +x,,+...+x,, . Wenote that z,,, <xp, +Tp, +...2,, < %xm and that
3“ <a+b< 5“ . Hence 9“ <Xy, < %“. Now n; is the unique positive integer for which
:cnl € (%, %a), because n 7é ny implies that z,, > 4x,, or 4z, < x,,.

We define f: A — {z,, : n € N} by putting f(a) = x,,.

We claim that, for every a € A, a — f(a) € A. To see that a > f(a), we note that,
for every b € Y,, we have an equation of the form a +b = z,, + x,, + ... + z,,, where

. = f(a). This implies that f(a) < a + b and hence that f(a) < a. The possibility
that a = f(a) is ruled out by the assumption that a ¢ F'S(z,)> ;. Thus we have shown
that 2¢ < f(a) <

To see that a — f(a) ¢ FS(x,)°, suppose instead that a — f(a) = z,, + ©r, +

.+ z,, with ., > x,, > ... > x,,. This implies that f(a) + z,, < a and hence
that f(a) > x,,, because otherwise we should have f(a) + z,, > 2f(a) > a. So
a € FS(x,)>2, a contradiction.

To see that (a — f(a)) +y € FS{x,)%° |, we note that, for every b € Y,, we
have an equation of the form a +b = z,, + ©p, + ... + zp,, with z,, = f(a) and
Ty, > Tpy > ... > T, Thus (a — f(a)) +b € FS(a:n)n 1, and so (a — f(a)) +y €
FS{z,)° . Furthermore, if b € Y, N (—%@”), %(a)), then this equation implies that
Tn, = f(a— f(a)). Thus f(a— f(a)) < f(a).

We now define a sequence (z,,)52, by putting z,, = f(a) and z,, = f(a —

Zi__l T, ) if ¢ > 1. By an immediate inductive argument, we have a — ZZ Tn, €A

for every i € N. To see that (z,,);2, is decreasing, choose i > 1 and put ¢ =

a — 2;211 Tn,,. Then f(c— f(c)) = @n,,, < f(c) = xn,. We have observed that
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fla) <a< %f(a) for every a € A, and so 0 < a — Zinzl Tn,, < %xniﬂ.

Thus a =Y | Zp,,. O

4.3 Theorem. Suppose that G C T and that p is a nonprincipal strongly summable
ultrafilter on G. Then the equation x + p = p has the unique solution x = p in G*.

1
)
and z # p. Let X; € p be defined as in Lemma 4.2. We can choose a sequence
(xn)oy in G for which FS(x,)22, € p, FS(x,)52, ¢ « and FS(x,)22; € X;. Let
B = {2, Tn, : (n;)$2, is an infinite injective sequence in N}. By Lemma 4.2, B € .
So B+ FS(x,)5%, € x +p. By Lemma 3.2, this set is disjoint from FS(x,)5% ;, which

is a member of p, contradicting the assumption that = + p = p. U

Proof. We may suppose that (0,z) € p. Suppose that x + p = p, where z € G*

Remark. It is possible to prove in ZFC that there are idempotents p € Z* for which
the equation = + p = p has the unique solution x = p in Z* [5, Theorem 9.10]. We do
not know of any ZFC proof that there are idempotents p € Z* for which the equation
p + x = p has the unique solution z = p in Z*. Indeed, we do not know of any ZFC
proof that there are idempotents in Z* which are maximal for the relation <. (This is

the relation defined on idempotents by putting p <j, ¢ if p+ ¢ = p.)

We now show that, if G C T, sparse strongly summable ultrafilters defined on G

have remarkable algebraic properties.

4.4 Lemma. Suppose that G C T and that p is a sparse strongly summable ultrafilter
on G. Let x,y € G* satisfy x +y = p. If y converges to 0, then x =y = p.

Proof. We may suppose that (0,1) € p and, by Theorem 4.1, that = # p. Let X; be
defined as in the statement of Lemma 4.2. Suppose that (z,,)

00
n=1

which FS(x,)02, € p, FS{x,)5, ¢ x and FS(x,)02; C Xj.

Let A = {a € (0,2)\FS(z,)52, :a+y € FS(x,)52,} and let B = {377 @y, :
(n;)$2, is an injective sequence in N}. By Lemma 4.2, B € . Choose a € AN B and

is a sequence in G for

choose an injective sequence (n;)?°, in N for which a =3 ;7 zy,.

Let a’ be any other element of ANB. There is a sequence of distinct positive integers
(nj)s2, for which o’ = 3772, x,,,. We can choose b € G such that a+b and a’+b are both
in FS(zn)ply. Soa+3)  cpTn=0a +)  p o, for some F, F' € Pr(N). By Lemma
3.2, this implies that the terms in the sequences (n;)$2; and (n})$°, are eventually the
same.

We claim that F'S(x,,)2; € p. To see this, suppose the contrary. Then we can

choose a sequence (y,,)5 ; in G for which FS{y,,)22, € p, FS{yn)o2 NFS(x,,)52, =0,
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and FS(y,)s2, C FS(z,)52,. We note that it follows from Lemma 3.2 that, for each
n € N, there is a unique set H,, € Py(N) for which y, = > ;. ;. Furthermore,
H, Z{n;:i€N}and H,NH, =0ifn#n’. By Lemma 4.2, with (y,,)22, in place of
()52, we can choose @’ € AN B such that @’ = Y7~ y,, for some infinite injective
sequence (r;)22, in N. This is a contradiction, because we then have o’ = > 7, T,

/

') is an injective sequence in N which contains infinitely many terms which are

not in {n; : i € N}.

where (n

By the definition of a sparse strongly summable ultrafilter, we can now choose
a sequence (u,)°2; in G and an infinite subsequence (v,,)5% ; of (u,)>2; such that
FS(vn)o2, € p, FS(un)2ey C FS{z,,)2; and M = {n € N: w,, ¢ {v, : r € N}} is
infinite. We apply an argument similar to the one used in the last paragraph. For each
n € N, there is a unique set K,, € Pf(N) such that u,, = ZiGKn T, and K, N K,y =0
if n # n’. We can choose a’ € AN B such that o’ = )".2, v,, for some infinite injective
sequence (r;)°; in N. This is a contradiction because we then have a’ = >~ T,

where (n) is an injective sequence in N disjoint from {n; : i € J,,cp; Kn}- O

Remark. The conclusion of the following theorem is valid in the case in which G is a
Boolean group and p is any strongly summable ultrafilter on G [9, Corollary 4.4]. Notice
also that as a consequence of Theorem 2.6, if p is a strongly summable ultrafilter on
G C T, then the maximal group with p as identity is just a copy of G. This is known
to hold for any strongly summable ultrafilter on Z by [3, Corollary 3.2].

4.5 Theorem. Suppose that G C T and that p is a sparse strongly summable ultrafilter
on G. Let x,y € G* satisfy x +y =p. Then xz,y € G + p.

Proof. Suppose that y converges to ¢ € T. Let H denote the subgroup of T generated
by G U {c}. By Lemma 4.4, with H in place of G, we have —c+y = ¢+ = = p. This
implies that ¢ € G, because otherwise ¢ + G and G would be disjoint and would be

members of ¢ + x and p respectively. U

4.6 Theorem. Suppose that G C T and that p € G* is a srongly summable ultrafilter
on G. Let x,y € G* satisfy the equation x+y =y+x =p. Then xz and y are in G+ p.

Proof. We assume that (0, 3) € p.

We first consider the case in which z and y converge to 0.

Let P € p. For each i € {0,1,2}, let X; be defined as in the statement of Lemma
4.2, and let j € {0, 1,2} be such that X; € p. We can choose (x,)52; C G such that
FS(x,)pe, CPNX,;and FS(xn)52, € p.
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If B={>"", anz, : each a, € {0,1}}, then, by Lemma 4.2, B € z and B € y. If
X €z andY €y, we can choose a € XNB and b € YN B such that a+b € FS(z,)5 .
By Lemma 3.2, this implies that a,b € FS(z,)$2,; and hence that X N P # ) and
YNP#(D. Sox=y=np.

In the general case, in which  and y do not necessarily converge to 0, we can prove

that =,y € G + p exactly as in Theorem 4.5. U

Remark. The results in this paper were heavily dependent on the groups considered
being abelian. However, they have implications about the existence of idempotents with
remarkable algebraic properties in many non-commutative groups. Suppose that G is a
countable group which can be algebraically embedded in a compact topological group
C, and that V denotes the subgroup of G which contains all the ultrafilters converging
to the identity in C'. There is then a bijection 1) : N — G with the property that its
continuous extension {ﬁv : N — BG defines an isomorphism from (1) ENW onto V' [5,
Theorem 7.28]. It thus follows easily from the results in this paper that Martin’s Axiom
implies the following statement: any family of subsets of G which has cardinality less
than ¢ and is contained in an idempotent in BG, is also contained in an idempotent
p € BG with the property that the equation xy = p has only trivial solutions in 5G.

L and

By this we mean that xzy = p implies that there exists a € G such that x = pa~™
y = ap. Thus the maximal group in SG which contains p is a copy of the subgroup
H={geG:gp=npg} of G.

In the case in which G is the free group on two generators, a and b, Martin’s Axiom
implies that there is an idempotent in G whose maximal group is a singleton. This
follows from the fact that there is a G5 subset of G* which contains an idempotent and
has the property that none of its elements commute with any element of G, except the
identity. We shall give an outline of the proof that a set of this kind exists.

Let S C G denote the free semigroup with generators a and b, and let L =
Mhen S7a™ and R = (1, oy 0" S*. Then L is a left ideal in S* and R is a right ideal in
S*, and so L N R contains an idempotent in S* (by [5, Theorem 1.64]). We note that
LN R is a Gy subset of G*. It is not hard to verify that, for any x € L N R and any
g € G, gr = xg implies that g is the identity.
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