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Abstract

The semigroup H is defined as (1,2, ¢/gn(2"N), where it has the
algebraic structure (and topology) inherited from the right topolog-
ical semigroup (SN, +). Topological and algebraic copies of H are
found in (BS, ) for any discrete semigroup which has some sequence
with distinct finite products. And any compact Hausdorff right topo-
logical semigroup which has a countable dense set contained in its
topological center is an image of H under a continuous homomor-
phism. (Thus the term “ubiquitous” in the title.) Much is already
known about the structure of H. In this paper we present several
new results. Included are the following facts. (1) For any n € N, H is
the union of n pairwise disjoint clopen copies of itself, each of which
is a right ideal of H and H is the union of n pairwise disjoint clopen
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copies of itself, each of which is a left ideal of H. (2) H contains ¢
pairwise disjoint clopen copies of itself, each of which is a right ideal
of H and H contains ¢ pairwise disjoint clopen copies of itself, each
of which is a left ideal of H. (3) If S is a countable dense subgroup of
(R,+) and Sy is S with the discrete topology, then the set of ultrafil-
ters in £S5, that converge to 0 (in the usual topology on S) is a copy
of H. (4) If S is the direct sum of countably many countable partial
semigroups each of which has an identity and at least two elements,
then the set of ultrafilters in 8.5, that converge to the identity in the
product topology on S is a copy of H.

1 Introduction

Given a discrete space S, we take the Stone-Cech compactification 3S of S
to be the set of ultrafilters on S, the principal ultrafilters being identified
with the points of S. Given A C S, let A = {p € S : A € p}. Then
{A: A C S} is abase for the open sets and a base for the closed sets of 35S,
If (S, -) is a discrete semigroup, the operation extends to S so that (55, )
becomes a right topological semigroup with S contained in its topological
center. That is, for any p € £S5, the function ¢ — ¢ - p from S to itself is
continuous and for any x € S, the function ¢ — z - ¢ from £S5 to itself is

continuous. It follows that, for any p,q € 55, p-q = lim P st, where s and
S—)p %q

t denote elements of S.

Givenp,q € fSand A C S, A € p-gifandonlyif {r € S: a7 'A€q} ep
where 271A = {y € S: x-y € A}. If the operation on S is written additively,
we write that A € p+ ¢ if and only if {x € S : —z + A € ¢} € p where
—c+A={yeS:x+y e A}. Any compact Hausdorff right topological
semigroup has an idempotent. See Part I of [4] for much more information
about the structure of 5.

We take N to be the set of positive integers and let w = N U {0}. Given
aset X, we let Pr(X) ={F C X : F is finite and nonempty}.

We define H = (°2, 2"N. Then by [4, Lemma 6.8], H is a compact
subsemigroup of (SN, +) which contains all of the idempotents of SN,

Let (S,-) be a discrete semigroup and let (x,)>°, be a sequence in S
such that whenever F' and H are distinct members of P¢(N), [],cp ¢ #
[1,cx ¢, where the products are computed in increasing order of indices.
For m € N, let FP((xn);2,,) = {ILiep @ : F € Py(N and min F' > m}.
It was shown in [2, Theorem 5.6] that (\°_, FP({x,)3,) is topologically
isomorphic to H. By “topologically isomorphic” we mean there is a func-
tion ¢ : ﬂSnO:lW — H which is both an isomorphism and a

n=m
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homeomorphism. In this case, that function is particularly simple. Define

[ FP(aa)ey) = N by f([Lepo) = Yep 2" let [ 2 BS — BN
be the continuous extension of f, and let ¢ be the restriction of f to
Mot FP(zn)32,0)-

In [7, Theorem 1], John Pym showed that one does not need a full
semigroup structure to produce copies of H. In fact, the only algebraic
information needed to produce a copy of H, is the rule for multiplying by
an identity. (We shall have more to say about Pym’s construction in Sec-
tion 4.) In [6, Theorem 3.1], Talin Papazyan showed that if S is a discrete
right cancellative and weakly left cancellative semigroup, then every Gjs
subset of S* = 4S5\ S which contains an idempotent contains a copy of

H. (A semigroup S is weakly left cancellative provided that for all a,b € 5,
{z € S:axr = b} is finite.)

The fact cited in the abstract that any compact Hausdorff right topolog-
ical semigroup which has a countable dense set contained in its topological
center is an image of H under a continuous homomorphism is established
in [4, Theorem 6.4].

It is also known that H has a substantial algebraic structure. For example

by [4, Corollary 7.36] H contains copies of the free group on 2° generators.

Recall that if X is a topological space, x € X, and p is an ultrafilter
on X, that is p € X; where X is the set X with the discrete topology,
one says that p converges to x if and only if p contains the neighborhood
filter of z. If S is a semigroup (not necessarily commutative) with identity
which is also a topological space, we let O(S) be the set of ultrafilters on
S that converge to the identity. In the event that (S, -) is a left topological
semigroup with identity e, one has that O(S) is a compact subsemigroup of
(BS4,-). (To see this, let p,q € O(S) and let A be an open neighborhood of
e. Given x € A, one may pick a neighborhood B, of e such that - B, C A
so AC{reS:a'AeqtsoAep-q)

Let S be a dense subsemigroup of (R, +), ((—oc,0]. + ), or ([0,00), +).
In [3] several facts about O(S) were obtained. We let OT(S) = {p € O(9) :
(0,1)NS eplandlet O (S) ={p € O(S): (-1,00nS € p}. If S C (0, 00),
then of course O7(S) = ), but in any event, OT(S) and O~ (S) have no
isolated points. Note also that, given p € Sy, p € OT(S) if and only if for
every € > 0, (0,e) NS € pand p € O (S) if and only if for every € > 0,
(—6,0) NS €p. If0 ¢S5, then O(S) = O (S)UOT(S); if 0 € S, then
O(S) =0 (S)u {0} UO*(S).
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Let B(S) be the set of bounded ultrafilters on S. That is,
B(S)={pe€ pSa: (3n e N)([-n,n|NnS ep)}.

In [3, Theorem 2.6(b)] it was shown that O(RR) has all of the algebraic struc-
ture of B(R) not already revealed by the algebra of R. That is, R x O(R)
is isomorphic to B(R). At the conclusion of this introduction we will show
that a similar, though weaker, conclusion applies to any dense subgroup S
of (R,4) and O*(S) and O~ (S) are isomorphic and homeomorphic. Con-
sequently, there is additional interest in the algebraic structure of O™ ().

There are also applications of the algebraic structure of O(S) to Ramsey
Theory. See for example [1] and [§].

Some of our results have elementary proofs in the sense that we can
explicitly describe the functions demonstrating that O*(S) or O(S)\ {0} is
topologically isomorphic to H. We present these results in Section 2.

Our remaining results are based on [4, Theorem 7.24] and a modification
thereof. In Section 3 we obtain statements (1), (2), and (3) stated in the
abstract. In Section 4 we obtain a very general result about direct sums of
sets with much less algebraic structure than a semigroup (the ids of [7]) and
derive consequences of that result.

In Section 5 we present the proof of our modification of [4, Theorem
7.24].

As promised above, we show now that if S is a dense subgroup of (R, +),
then the ultrafilters converging to 0 contain much of the algebraic structure

of BSd
Definition 1.1. Let S be a dense subsemigroup of (R, +).

(a) Let ¢ : § — [—o00,00| be the inclusion function and let o : 5S; —

[—00, 0] be its continuous extension.

(b) B'(S)={p e pSs:alp) e S}

Notice that, if S # R, then B'(S) # B(S) because, given z € R\ S, A =
{SN(z—e€,x+¢€):e>0}is aset of subsets of S with the finite intersection
property. If p € 5S; and A C p, then a(p) =z so p € B(S) \ B'(9).
Theorem 1.2. Let S be a dense subgroup of (R, +). Define ¢ : SyxO(S) —
B'(S) by ¢(x,p) = x+p. Then ¢ is a continuous isomorphism onto B'(S).
Proof. Let T' = [—00, 00| with the usual topology and for =,y € T, define

r+y ifz,yeR,
Ty = Y ify=o00o0ry=—oc0,
x ify € R and either z = 00 or x = —00.
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It is routine to establish that (7', %) is a compact right topological semigroup
and the topological center A(T) = R. Note that O(S) = a~'[{0}].

To see that ¢ is a homomorphism, let (z,p), (y,q) € Sq x O(S). By [4,
Theorem 4.23], p+y = y + p so o((z,p) + (y,9)) = ¢(x +y,p+q) =
THy+pta=c+pty+qg=e(z.p)+eyq).

To see that ¢ is injective, assume that (x,p), (y,q) € Sq x O(S) and
o(z,p) = ¢(y,q). Then = + p = y + ¢. By [4, Corollary 4.22] « is a ho-
momorphism so a(z + p) = a(z) +a(p) = 2+ 0 = z and a(y + q) =
a(y)+ a(q) =y + 0=y sox=y. Then by [4, Lemma 8.1] p = q.

Notice that we have also established that a[S; x O(S)] C B'(S).

To see that ¢ is continuous, let (x,p) € S; x O(S) and let U be a
neighborhood of ¢(x,p) in B'(S). Pick A € x + p such that AN B'(S) C U.
Since A€z +p, —v+Acpso {z} x (—r+ANO(Y)) is a neighborhood
of (z,p) in Syx O(S). If g € —v + ANO(S), then A € v+ ¢ and a(z +q) =
a(z) +alg) = z+0 € S. Therefore p[{z} x (—z + ANO(S))] C ANB'(S).

To see that ¢ is surjective, let p € B’(S). Let x = a(p). Then a(—z+p)
a(—z)+a(p) = —x+x=0,s0 (xr,—x+p) € Sgx O(S) and p(x, —x+p) =
p. ]

Note that, even if S = R, in which case B'(S) = B(S), the function ¢
is not a homeomorphism. To see this, we claim that ¢[{0} x O(S)] = O(S)
is not open in B'(S). To see this, pick p € O(S) \ {0} and suppose we have
a neighborhood U of p = 0+ p in B'(S) such that U C O(S). Pick A € p
such that AN B'(S) C U. Since p € 8Sy, A C S. Since p is not isolated,
pick x € A\ {0}. Then z € AN B'(S) C O(S), while a(z) = z # 0.

We remind the reader that any continuous injective function with a com-
pact domain onto a Hausdorff space is a homeomorphism.

Theorem 1.3. Let S be a dense subgroup of (R, +). Then OT(S) and O~(S)

are topologically isomorphic.

Proof. Let ¢ : S — S be defined by ¢(x) = —z and let zz : BSy — BSy
be the continuous extension of i) which is injective because 1 is injective.

By [4, Corollary 4.22], ¢ is a homomorphism, hence an isomorphism and a
homeomorphism. It is routine to verify that ¢[O1(S)] = O~(95). O

We remark that, if S is any countable regular topological space without
isolated points, which is first countable, then the set of ultrafilters in £S5y
which converge to any given point of S, is homeomorphic to H. We leave
the easy proof as an exercise for the reader.



6 N. Hindman and D. Strauss

We close the introduction with the remark that it is well known, and
reasonably easy to see, that any compact non-empty G5 subset of N* =
BN\ N is either homeomorphic to N* or to H. Depending on set theoretic
assumptions, H may or may not be homeomorphic to N*. (Under CH, it is a
consequence of [5, Corollary 1.2.4] that H and N* are homeomorphic, while
it is shown in [9] that it is consistent that H and N* are not homeomorphic.)
It is a consequence of [4, Exercises 6.1.1 and 6.1.3] that N* and H are not
topologically isomorphic.

2 Elementary results

The results of this section utilize representations of numbers to various
bases. We summarize some basic facts about these expansions now, leaving
verification of the assertions to the reader.

First, of course, every x € N has a unique expansion in the form z =
> iep 2t for some F € Py(w) and we define suppy(z) = F. Given n € N,
x € 2"N if and only if minsupp,(z) > n.

Every x € N has a unique expression in the form ), . c,(¢)t! where
F € Pg(N) and ¢, € Xep{1,2,...,t} and we define supp,(z) = F. Given
x and n in N, z € n!N if and only if min Suppf(x) > n.

Every z € Z\ {0} has a unique expansion in the form z = }~,_,(—2)* for
some F' € Pr(w) and we define supp_,(z) = F. We also define supp_,(0) =
(. Given n € N, 2 € 2"Z \ {0} if and only if 2 # 0 and minsupp_,(z) > n.
Also, x € N if and only if x # 0 and maxsupp_,(x) is even.

Let D = {5t : n € Zand k € w}, the set of dyadic rationals. Every
r € DN (0,1) has a unique expansion in the form = = Y, % where
F € P¢(N) and we define supp, ,(z) = F. Further every such expansion
is in D N (0,1). We note that for n € N, x € DN (0
min supp j,(z) > n.

,2n) if and only if
Every x G DN ((—2,0) U (0,3)) has a unique expression of the form
ZteF oy Where F € Py(N) and we define supp_, o(z) = F'. Further,
every such expressmn isin DN ((—%, 0) U (0, %))
Every x € QN (0, 1) has a unique expression in the form ) _, . “3? where
F € Py(N) with min F > 1 and a, € X ep{1,2,...,t — 1} and we define
supp;(z) = F. Further every such expression is in Q N (0, 1).
Let c=3Y 77, 2t+1), and let d =77, %gt Every z € (Q\ {0})N(—c,d)
has a unique expression in the form ), _,.(— 1)“’1’ where F' € Py(N) with
min /7 > 1 and b, € Xecp{1,2,...,t — 1} and we define supp_,(v) = F.
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Further, every such expression is in (Q \ {0}) N (¢, d).

One property that all of these expansions have in common is that if x
and y have disjoint supports, then the support of x + y is the union of the
supports of x and y.

The fact in the following theorem that (7%, 27Z\ {0} is a copy of H
is [4, Exercise 7.2.1], except that we erroneously failed to exclude 0 in the
statement of the exercise. But the intent of the exercise was to use [4,
Theorem 7.24] which in turn cited [4, Lemma 7.4] whose proof is quite
complicated. Here we present a simple description of the function which is

simultaneously an isomorphism and a homeomorphism.

Theorem 2.1. Define o : Z\ {0} — N by p(z) = >y o 2" and let
¢ : BZ — BN be the continuous extension of ¢. Then the restriction of ¢ to
No—, 2"Z\ {0} is an isomorphism and a homeomorphism onto H.

Proof. Since ¢ is injective, so is @. Given n € N, 2"Z\ {0} = {z € Z\ {0} :
minsupp_y(x) > n} and 2"N = {z € N : minsupp,(z) > n}. Therefore,
PlMaz: 272\ {0} = N2, N=H

Thus it suffices to show that the restriction of ¢ to () —, 2"Z\ {0} is a
homomorphism. To do this, we use [4, Theorem 4.21]. Let n € N and let
x € 2"Z\ {0}. Let m = maxsupp_,(x) + 1 and let y € 2"Z \ {0}. Then

SUpp (% + y) = supp_o(x) U supp_,(y)
so p(x +y) = p(z) + ¢(y) as required. O

In the following corollary we get quite explicit descriptions of disjoint
copies of H that are each left ideals of H. Corollary 3.6 has a much stronger
result (but with nonelementary proof).

Corollary 2.2. Let E = {x € N : maxsuppy(z) is even}. Let H; = HN E
and let Hy = HNN\ E. Then H; and Hy partition H into clopen sets, each

of which is topologically isomorphic to H and each of which is a left ideal of
H.

Proof. Let T = (22, 2"Z\ {0} and let ¢ be the function of Theorem 2.1.
Now T'NN* = H so @[T NN*] is topologically isomorphic to H. If ¢ : Z — Z
is defined by ¥ (x) = —x, then ¢ is a homomorphism so by [4, Corollary
4.22|, its continuous extension @Z : BZ — [BZ is an isomorphism and a

homeomorphism. Since T'N (—N*) = [T N N*], we have that 7'N (—N*) is
also topologically isomorphic to H and so also ¢[T'N (—N*)] is topologically
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isomorphic to H. Using the fact that N = {z € Z \ {0} : maxsupp_,(z) is
even}, we see that @[T N N*] = H; and @[T N (—N*)] = H,.

There are at least two ways to show that H; and Hy are left ideals of
H. One is to use the fact that N* and —N* are both left ideals of 7. We
will use a more direct route by letting p € H; and ¢ € H and showing
that ¢ + p € H;. (The proof for Hy is essentially the same.) We have that
q+ p € H so we only need to show that £ € ¢ + p. We will in fact show
that for all z € N, —z+ E € p. So let € N and let m = maxsupp,(z) + 1.
Then 2"NNE C —x + E. O

In the next two theorems we get a simple description of an isomorphism

and a homeomorphism from O* (D) to H and from O(D) \ {0} to H.
Theorem 2.3. OT(D) and O~ (D) are topologically isomorphic to H.

Proof. By Theorem 1.3 it suffices to show that O" (D) is a copy of H. Define
v :DN(0,1) = N by p(z) = Ztesuppm(x) 211, Define ¢ at will for = €
D\ (0,1). Let ¢ : Dy — BN be the continuous extension of .

We claim that the restriction of ¢ to OT(ID) is an isomorphism. It is in-
jective because ¢ is injective on DN (0, 1). To see that it is a homomorphism,
we use [4, Theorem 4.21]. Let z € DN (0,1) and let m = maxsupp; (7).
Let y € DN (0, 5). Then minsupp, (y) > m so @(z +y) = () + ©(y).

Also, given n € N, ¢[D N (0,5:)] = 2"N so ¢[OT(D)] = N2, 2"N =
H. O

Theorem 2.4. O(D) \ {0} is topologically isomorphic to H.

Proof Define ¢ : N = DN (=2, 3) by ¢(z) = D tesuppy () ) T 5%1 and let
¢ : PN — D, be its continuous extension.

Let co = 2 . Forn € wlet dy,, = dopy1 = 3% and if n > 0, let ¢o,_1 =
Con = a7 Then for ecach n € w, p[2"N] = (D \ {0}) N (—cp, dy). (With
apologies, we leave the tedious verification of this assertion to the reader.)

As a consequence, we have that G[H] = (7, clap, ((—cn, 0) U (0,d,)) =
(0 (s 0) UM elin,(0,dy) = O-(B) UO*(D) = O(D) \ {0}.

As before one easily establishes that ¢ is an isomorphism and a homeo-

morphism. O
We will obtain in Corollary 3.6 a much stronger result than the following.

Corollary 2.5. There exist Hy and Hy that partition H into clopen sets,
each of which is topologically isomorphic to H and each of which is a right
i1deal of H.
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Proof. By Theorems 2.3 and 2.4 O~ (D), OT(D), and O(D) \ {0} are all
topologically isomorphic to H. By [3, Lemma 2.5(d)] O~ (D) and O* (D) are
right ideals of O(ID) \ {0}. O

We conclude this section by showing that Theorems 2.3 and 2.4 hold
if D is replaced by Q. The proofs are not quite as constructive because
we produce explicit functions that are isomorphisms and homeomorphisms
onto (2, nN and then rely on the previously established fact that N, nN
is a copy of H.

Theorem 2.6. OT(Q) and O~ (Q) are topologically isomorphic to H.

Proof. Tt suffices to establish that OT(Q) is a copy of H. Define ¢ : Q N
(0,1) = Nby p(z) = ZtESuppf(x) a,(t)(t—1)! defining ¢ at will on Q\ (0, 1).
Let ¢ : fQg — BN be its continuous extension. As in previous proofs, one
shows that P[0+ (Q)] = N2, nIN = N2, nN and the restriction of @ to

O1(Q) is an isomorphism. One then invokes [4, Corollary 7.26] which says
that (), nN is topologically isomorphic to H. O]

Theorem 2.7. O(Q) \ {0} is topologically isomorphic to H.

Proof. Define ¢ : N — Q \ {0} by ¢(x) = Ztesuppf(x)(—l)t“éi—(& and let
¢ : N — Qg be its continuous extension. Using ¢ one shows in a now

familiar fashion that O(Q)\{0} is topologically isomorophic to (>, nN. [

3 Copies of H in H

In this section we obtain results which are applications of theorems whose
main ideas are due to Yevhen Zelenyuk in his proof that SN does not contain
any non-trivial finite groups. A topology 7 on a group G is left invariant
provided that for every U € T and every a € G, aU € T. A space is
zero-dimensional provided it has a base of clopen sets.

Theorem 3.1. Let G be a group with a left invariant zero-dimensional
Hausdorff topology, and let X be a countable subspace of G which contains
the identity e of G' and has no isolated points. Suppose also that, for each
a € X, aXNX s aneighborhood of a in X and that there is a neighborhood
V(a) of e in X, with V(e) = X, for which aV(a) C X. If the filter of
neigborhoods of e in X has a countable base, then ({clgx,W : W is a
neighborhood of e in X} \ {e} is topologically isomorphic to H.

Proof. [4, Theorem 7.24]. O
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Corollary 3.2. Let G be a countable metrizable topological group, with
identity e, which has no isolated points. Then O(G) \ {e} is topologically

1somorphic to H.

Proof. To see that G is zero-dimensional, let d denote a metric for GG. For
every a € G and every r > 0, there exists 7' € (0,r) for which {z € G :
d(a,x) = r'} = 0. This implies that {x € G : d(a,x) < r'} is clopen. Let
X =G and for a € G, let V(a) = G. Then apply Theorem 3.1. O

In Section 5 we will derive a generalization of Theorem 3.1 which re-
places the assumption that G is a group with the assumption that G is a
cancellative semigroup with identity. The proof of the generalization is quite
complicated, but still significantly simpler than the proof of [4, Lemma 7.4]
on which the proof of [4, Theorem 7.24] (and thus of Theorem 3.1) relies.

The reader who is primarily interested in the results about copies of H
and has been through the proof of [4, Theorem 7.24], or is willing to take
Theorem 3.1 on faith, is advised to ignore Section 5. On the other hand,
if she has not been through the proof of [4, Theorem 7.24] and wants to
understand the proofs of Theorems 3.4 and 3.5, she is advised to read the
proof of Theorem 5.3.

Definition 3.3. Let E be an infinite subset of N. Then Yr = HNclgn{z €
N : maxsuppy(z) € E} and Zg = HN elgn{z € N : minsupp,(z) € E}.

It has been known for some time that for any infinite £ C N, Yg is a
left ideal of H and Zg is a right ideal of H. The new information in the
following two theorems is that they are copies of H.

Theorem 3.4. Let E' be an infinite subset of N. Then Yy is a clopen subset
of H which is a left ideal of H and topologically isomorphic to H.

Proof. Let X = {0} U {z € N : maxsupp,(z) € E}. Then Yy = HN X.
Since F is infinite, Yz # 0, and Yz is trivially clopen in H. To verify that
Yr is a left ideal of H, let p € Yr and let ¢ € H. We claim that for all
x € N, —z+ X € psothat X € g+ p. (Then, since ¢ + p € H we have
q+p € Yg.) Solet x € Nand let n =1+ maxsuppy(z). Then X N2"N € p
and X N2"N C —x + X.

We show that Yp is topologically isomorphic to H using Theorem 3.1
with G = Z. Let B={x +2"Z : v € Z and n € N}. It is routine to verify
that B is a base for a Hausdorff zero-dimensional left invariant topology on
Z.
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To see that X has no isolated points in the relative topology, let a € X
and n € N. Pick t € E such that ¢t > n and t > maxsupp,(a) if a # 0. Then
a+2'e€(a+2"Z)NX.

We now let a € X and show that (¢ + X) N X is a neighborhood of a
in X. If a = 0 this is trivial. So assume that a # 0 and pick n € N such
that n > maxsuppy(a). We claim that (¢ +2"Z)NX C (a+ X)N X so
let y € (a4 2"Z) N X. Pick w € Z such that y = a + 2"w. Since 2" > aq,
w>0.Ifw=0,theny =a+0 € (a +X), so assume w > 0. Then
max supp,(2"w) = maxsupp,(y) € E so 2"w € X.

Let V(0) = X. For a € X \ {0}, pick n € N with n > maxsupp,(a) and
let V(a) =2"Z N X. Then a + V(a) C X.

For n € N, let W,, = X N2"Z = (X N 2"N) U {0}. Then (W,,)°, is a
neighborhood base for 0 in X.

We have established that the hypotheses of Theorem 3.1 hold. Therefore
Moo, W \ {0} = (clpx,W : W is a neighborhood of 0 in X} \ {0} is
topologically isomorphic to H, and ()~ , W, \ {0} = Y&. O

One is tempted to modify slightly the proof of Theorem 3.4 to prove The-
orem 3.5. However, if N\ F' is infinite and X = {0}U{z € N : minsupp,(z) €
E}, it is not true that for each a € X, (a + X) N X is a neighborhood of
a in X for the topology on Z generated by {x 4+ 2"Z : x € Z and n € N}.
For example, let t € E and let a = 2'. Suppose we have n € N such that
(a+2"Z)NX C (a+ X)N X. Pick 7 € N\ E such that j > max{t,n}.
Then a+ 2/ € ((a+2"Z)NX) \ (a + X).

Theorem 3.5. Let E be an infinite subset of N. Then Zg is a clopen subset
of H which is a right ideal of H and is topologically isomorphic to H.

Proof. Let Y = {z € N : minsupp,(z) € E}. Then Zr = HNY. Since
E is infinite, Zp # (), and Zg is trivially clopen in H. To verify that Zg
is a right ideal of H, let p € Zg and let ¢ € H. We claim that Y\ {0} C
{r e N: —z+Y € q} sothat Y € p+ q. (Then, since p + ¢ € H we have
p+q € Zgp.)Solet x € Y\ {0} and let n = 1 +max supp,(x). Then 2"N € ¢
and 2"N C —xz + Y.

We show that Zp is is topologically isomorphic to H using Theorem 3.1
with G = @, Z,. For & € G, let supp(Z) = {n € w : z, # 0}. For each
n € N, let

T, = {0} U{Z € G\ {0} : minsupp(z) € E and minsupp(¥) > n}.
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Let B={d+T,:a€G,neN,and if d # 0, then n > max supp(a@)}. It is
routine to verify that B is a base for a left invariant Hausdorff topology on
G.

We show now that this topology is zero-dimensional by verifying that
each member of B is closed. To this end let @ + T,, € B. Assume first
that @ = 0. Let £ € G\ T),. Then & # 0. Let m = minsupp(z) and let
k = 14maxsupp(Z). Thenm ¢ E or m < n. We claim that (+7;)NT,, = 0.
Let 7€ T}, \ {0}. Then m = minsupp(Z + 2) so Z+ 7 ¢ T},.

Now assume that @ # 0 and n > maxsupp(d@). Let £ € G\ (@ + T},).
Then ¥ # @. Assume first that maxsupp(Z) < n. Then there is some i €
{0,1,...,n — 1} such that z; # a; so (Z+T,) N (d+T,) = 0. Thus we may
assume that £ = 14+max supp(Z) > n. We claim that (Z+T;)N(ad+T,,) = 0,
so suppose instead that we have @ € T}, and © € T,, such that ¥+ = d+ 7.
Then supp(Z+1u) = supp(Z) Usupp(u) and supp(d+v) = supp(a)Usupp(v).
Since maxsupp(Z) > n > maxsupp(d@) we have that supp(a@) is an intial
segment of supp(Z) and supp(w) is a final segment of supp(v/), so supp(v —
@) = supp(?¥) \ supp(u) and thus minsupp(¥ — @) = minsupp(v) € E and
minsupp(v) > n so ¥ — @ € T,. Therefore ¥ = ad+ (U —4) € @+ T,, a
contradiction.

Let X = {0} U {Z € G\ {0} : minsupp(#) € E}. Trivially X has no
isolated points and (04 X)NX is a neighborhood of 0 in X. Let V(0) = X.
Let @ € X\ {0} and let n = 14+maxsupp(@). Then (a+7T,)NX C (@+X)NX
so (d+X)NX is a neighborhood of @ in X. Let V(@) = T,,. Then d+V (a) C
X.

We have established that the hypotheses of Theorem 3.1 hold. Since
{T,, : n € N} is a neighborhood base for 0 in X, (°2, c¢lgx, T, \ {0} is a
topological and algebraic copy of H.

Define ¢ : N — G by, for x € N, ¢(x) = ¢ where supp(y) = suppy(z)
and let {ﬁv : BN — BG4 be its continuous extension. For each n € N, ¢[2"NN
Y] = T, \ {0}, so the restriction of ¢ to Zg is an isomorphism and a
homeomorphism onto (7%, ¢lsx, Ty \ {0} O

Corollary 3.6. Let n € N.

(1) There is a partition of H into n clopen subsets, each of which is topo-
logically isomorphic to H and each of which is a left ideal of H.

(2) There is a partition of H into n clopen subsets, each of which is a
topological and algebraic copy of H and each of which is a right ideal
of H.
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Proof. Partition N into n infinite sets F(1), E(2),...,E(n). Then Ygu),
YE@©), - -, YE@) are as required for conclusion (1) and Zgy, Zg2), - - -, Zew)
are as required for conclusion (2). O

Recall that a collection A of sets is almost disjoint if and only if the
intersection of any two members of A is finite. Recall also that there exist
a collection of ¢ almost disjoint subsets of N where ¢ = |R|. (An easy way
of seeing this is to pick a sequence of rationals converging to a for every
a € R.) Then by Zorn’s Lemma, one may pick a maximal almost disjoint
family of cardinality c.

Corollary 3.7. Let (E(0))s<. enumerate a mazimal almost disjoint family
of infinite subsets of N.

(1) For each o < ¢, Yg(s) is a clopen topological and algebraic copy of H
which is a left ideal of H, if 0 < 7 < ¢, then Yg@) N Ygr) = 0, and
U, < YE(o) is dense in H.

(2) For each 0 < ¢, Zp(y) is a clopen topological and algebraic copy of H
which is a right ideal of H, if o < T < ¢, then Zgy) N Zgry = 0, and
U, <c Za(o) is dense in H.

Proof. (1) If 0 < 7 < ¢, pick n € N such that E(c) N E(r) C {1,2,...,n}.
Then 2""'N N {z € N : maxsupp,(z) € E(o)} N{z € N : maxsupp,(z) €
E(T)} = so YE(O’) N YE(T) = 0.

To see that |J,_. Yg@) is dense in H, suppose we have A C N such
that ) # ANH and (AN H) N U,<c Ye() = 0. Choose 2, € A. Induc-
tively, having chosen (x;)}" |, choose x, 1 € A such that minsuppy(x,1) >
max suppy(z,). For each n € N let y,, = maxsupp,(z,). By the maximality
of {E(0) : o0 < ¢} pick o < ¢ such that E(c) N {y, : n € N} is infinite. Let
D ={n e N:y, € E(0)}. Pick p € N* such that {z,, : n € D} € p.
Then p € ANH. Let X = {z € N : maxsuppy(r) € FE(o)}. Then
{z,:n € D} C X sope XNH= Vg, a contradiction.

The proof of (2) is essentially the same, letting y,, = min supp,(z,). O

We saw in Theorems 2.3, 2.4, 2.6, and 2.7 by elementary arguments that
if S=DorS=Q,then O(S), O~ (S5), and O(S)\ {0} are copies of H. We
see now in the next two theorems, as a consequence of Theorem 3.1, that if

S is any countable dense subgroup of (R, +), the same conclusions hold.

Theorem 3.8. Let S be a countable dense subsemigroup of ([0, 00), +) with
the property that b — a € S whenever a,b € S and a < b. Then O*(S) is
topologically isomorphic to H.
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Proof. We apply Theorem 3.1 with G =R and X = S. We give GG the zero
dimensional first countable topology for which the sets of the form [a,b),
where a,b € R and a < b, are a base. It is easy to check that the hypotheses
of Theorem 3.1 are satisfied. O

One may also derive Theorem 3.8 using only Corollary 5.4 by letting
T.=[0,)nSand B={a+T,:ac S and n € N}.

When we add the assumption that S is dense in R, we need to add the
assumption that b —a € S when b < a. But once we have done that, we in

fact have a subgroup.

Theorem 3.9. Let S be a countable dense subgroup of (R,+). Then O(S)\
{0} is topologically isomorphic to H.

Proof. This is immediate from Corollary 3.2. O

4 Direct sums

Many of the results of this section depend on the notions of id and oid
introduced by John Pym in [7]. Before introducing these objects, we recall

the notions of partial semigroup and adequate partial semigroup.

Definition 4.1. (a) A partial multiplication on a set S is a function x*
taking a nonempty subset D of S x S to S. If (x,y) € D, we write
x *y for %(z,y) and say that z x y is defined.

(b) A partial semigroup is a pair (S, *) where * is a partial multiplication
on S such that (zxy) %2z = x * (y* z) for all z, y, and z € S in the

sense that if either side is defined, so is the other and they are equal.

(c) Let (S,%) be a partial semigroup and let F' € Ps(S). Then o(F) =
{y € S:xxyis defined for all z € F}.

(d) A partial semigroup (S,*) is adequate if and only if for every F' €
Py(8), o(F) # 0.

Definition 4.2. (a) An id is a partial semigroup (S, ) with an identity
1. That is, foreachz € S, 1z =2 -1 ==.

(b) If for each i in some index set I, S; is an id, then @,.,S; = {7 €
XierSi i {i € I :x; # 1} is finite} is an oid.

(c) For ¥ € @,.; S, supp(¥) = {i € I : x; # 1}.
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(d) If S = @,; Si is an oid and Z, ¢ € S, then the oid operation Z - ¥/ is
defined if and only if supp(Z) Nsupp(y) = @ in which case (- ¥); =
x; - y; for each 1 € I.

If each S; is a semigroup, Definition 4.2(d) conflicts with the usual defi-
nition of the operation on €., S; which is defined for all & and g, but the
values agree wherever they are defined for both operations.

By [4, Lemma 6.14.1], if I is infinite and for each i € I, S; is an id with at

least two elements, then the oid @, S; is an adequate partial semigroup.

Lemma 4.3. Assume that I is infinite and for each i € I, (S;,-) is an id
with at least two elements. Let 6S = ﬂFePf(S) clgs,0(F). Forp,q € 0S and
A C S, agree that A € p-q if and only if {¥ € S : {y € S : supp(Z) N
supp(y) =0 and T -y € A} € q} € p. Then (8S,-) is a semigroup.

Proof. This is an immediate consequence of [4, Theorem 4.22.2]. O

In the case that |S,| = 2 for each n € N, the following result was
established by Pym in [7].

Theorem 4.4. For each n € N let S,, be a countable id with at least two
members and identity 1,, and let S = @, S,. Let I = (In)nen € S.
Forn € N, let U, = {T}u{Z € S\ {1} : minsupp(¥) > n}. Then
0S =, clss,Un and 05\ {1} is topologically isomorphic to H.

Proof. To see that 65 = (., clss,U,, assume first that p € 65 and let
n € N. Forie {1,2,...,n} pick a; € S;\ {1;} and define 7 € S by z; = q; if
i <nandz; = 1; otherwise. Then ({7 }) = U, so U,, € p. Now assume that
p € ey clss,U, and let F' € Ps(S). Let n = max|J{supp(Z) : ¥ € F'}.
Then U, C o(F) so o(F) € p.

For n € N, if S, is infinite, let G,, = Z; if |S,| = k € N\ {1}, let
Gn = Zy. Let G = @°°, G,, with the topology inherited from X, G,
with the product topology where each G, is discrete. Given ¥ € G, let
supp(Z) = {n € N : z, # 0}. Forn € N, let T, = {0} U {Z € G\
{0} : minsupp(Z) > n}. It is well known, and easy to see, that G is a
Hausdorff zero-dimensional topological group with no isolated points. And
{T,, : n € N} is a neighborhood base for 0 in G. Thus by Corollary 3.2,
O(G) \ {0} is topologically isomorphic to H.

For each n € N, pick a bijection ¢, : S, — G, with ¢,(1) = 0, and
define ¢ : S — G by, forn € N and ¥ € S, ¥(Z), = ¢n(z,), noting that
1 is a bijection. Let 15 : Sy — BG4 be the continuous extension of 1 and
note that QZ is also a bijection.
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If #,§ € S and supp(Z) Nsupp(y) = 0, then (T - 7) = (&) + (7).
That is, ¥ is a surjective partial semigroup homomorphism from S to G so
by [4, Theorem 4.22.3], the restriction of 1; to 65 is a homomorphism into
0G = BGy.

Given n € N, Y[U,] = T, so ¢85\ {T}] = O[(NM2, s, [U) \{T}] =
(M else, T\ 18] = O(G) \ {0}, a

Corollary 4.5. Forn € N, let S,, be a countable id with identity 1,, and at
least two members and let S = @, | Sy,. Let 1= (L)neny € S. Give S the
topology it inherits from X .S, where each S, is discrete. For n € N, let
U, ={T}U{& e S\ {1} : minsupp(Z) > n}. Then O(S) = N>, clss,Un
and O(S) \ {1} is topologically isomorphic to H.

Proof. This follows immediately from Theorem 4.4 and the fact that the
sets U,, are a base for the neighborhoods of 1 in S. O]

Corollary 4.6. Enumerate the primes as (p,)oe,. Forn € N, letT, = {z €
N: foralli € {1,2,...,n}, p; does not divide x}. Then (), (clsnTy) \

n=1

{1},-) is topologically isomorphic to H.

Proof. (N, ) is isomorphic to (€D, , w, +) so this follows from Corollary 4.5
with each S,, = w. O

We write Q7 = QN (0,00). Given z € QT and a prime p we say that p
does not occur in x provided that when x is written in lowest terms, p does

not divide either the numerator or denominator of z.

Corollary 4.7. Enumerate the primes as (pn)oe,. For n € N, let M,, =
{r € Qt: forallie {1,2,...,n}, p; does not occur in x}. Then
((ah cﬁﬁQ;Mn) \ {1}, ")) is topologically isomorphic to H.

Proof. (QT,+) is isomorphic to (D, , Z,+) so this follows from Corollary
4.5 with each S,, = Z. O

This last corollary raises the question of whether, letting
R,={x€Q\{0}: forallie {1,2,...,n}, p; does not occur in z},

one has ((N>2; ¢lsg,Rn) \ {1},-) is topologically isomorphic to H. That is
easily seen to be false because —1 € ([, ¢lso,Rn) \ {1} and H has no
isolated points. Naturally, we ask whether (()", clsg,Ry) \ {1,—1},-) is
topologically isomorphic to H. We see in fact it is not even isomorphic to
any subset of SN.
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Theorem 4.8. Enumerate the primes as (pp)e,. Forn € N, let
R, ={x € Q\{0}: forallie {1,2,...,n}, p; does not occur in x} .
Then (N0, clag,Rn) \ {1, =1}, ) is not isomorphic to any subset of SN.

Proof. Let X = (N, ¢lso,Ry)\ {1, —1}. For p € 5Qq let —p = (—1)-p. By
[4, Theorem 4.23], Q is contained in the center of (5Qy, -) so for p,q € SQq,
(=p)-(=q) =p-qand (=p)-¢ =p-(—q) = —=(p-q). Forn € N, (=1)-R,, = R,
so if p € X, then —p € X. By [4, Theorem 4.20], (X, ) is a compact right
topological semigroup, so pick an idempotent p € X. Then {p, —p} is a two
element subgroup of X. By Zelenyuk’s Theorem [4, Theorem 7.17], (N*, +)
has no notrivial finite groups, so neither does (8N, ). n

We say that a commutative semigroup S with identity 0 has a base if
and only if there exist sequences (b,)2; in S and (k,)2%, in N\ {1} such
that each x € S\ {0} has a unique expression in the form . m.(n)b,,
where F' € Py(N) and m, € X, cp{1,2,...,k, —1}. We let supp(z) = F.
We have seen many examples of semigroups that have a base.

Theorem 4.9. Let S be a semigroup with a base and let (b,)22 ; and (k,)>,
be as in the definition. Forn € N, let T,, = {0}U{z € S\{0} : minsupp(z) >
n}. Then (N._, clgs,Tn) \ {0} is topologically isomorphic to H.

Proof. Let G = @7, Zy, and let G have the topology inherited from
X > 7y, with the product topology. As in the proof of Theorem 4.4, we
have that O(G) \ {0} is topologically isomorphic to H.

For n € N, define €,, € G by €,(n) = 1 and é€,(j) = 0 if j # n. Define
©:8 = Gbyp0)=0andif z € S\ {0}, p(z) = > nesupp(z) Ma(n)€n. Let
@ : 8Sq — BG4 be the continuous extension of ¢. Then @[ ", clgs,T] =
O(G) and by [4, Theorem 4.21] the restriction of ¢ to (.-, clgs, T, is a
homomorphism, and since ¢ is bijective, this restriction is an isomorphism

and a homeomorphism. O

As a consequence of Theorem 4.9, for any k£ € N\ {1}, using base k+1, one
has that (), clgnk"N is topologically isomorphic to H; using base —(k+1),
one has that ([, clszk™) \ {0} is topologically isomorphic to H. Using
the factorial base, one can also conclude that ()~ ¢/sn!N is topologically
isomorphic to H, a fact that we knew allready because ()~ clgnn!IN =
N, clgnnN.

If for each n € N, S, is a countable dense subsemigroup of ([0, cc), +) or
of (R, +), then by Corollary 4.5, if each .S, is given the discrete topology and
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S =@, S, is given the product topology, then O(S)\ {0} is topologically
isomorphic to H. We see now that with additional assumptions the same

conclusion follows when S,, has the relative topology inherited from R

Theorem 4.10. For each i € N, let S; be a countable dense subsemigroup
of ([0,00),+) such that whenever a < b in S;, one hasb—a € S; and let S;
have the relative topology from R with its usual topology. Let S = ;- S;
with the topology inherited from X -, S; with the product topology. Then
O(S)\ {0} is topologically isomorphic to H.

Proof. As in the proof of Theorem 3.8, we give R the zero dimensional first
countable topology which has the sets of the form [a,b), where a,b € R
and a < b, as a base. For each n € N, let R,, denote a copy of R with this
topology, and let T;, denote 5,, with the relative topology that it has as a
subspace of R,,. It is easy to check that the hypotheses of Theorem 3.1 are
satisfied with G = @, | R, and X = @~ T,,. So O(T) is a copy of H.
Our claim now follows from the fact that the neighborhoods of 0 in S and
in @7, T, coincide. O

Alternatively, one may prove Theorem 4.10 using Corollary 5.4 instead of
Theorem 3.1 by letting 7, = {Z € S : (Vi € {1,2,...,n})(z; € [0,2)NS;)}.

Theorem 4.11. For each i € N, let S; be a countable dense subgroup of
(R, +) and let S; have the relative topology from R with its usual topology.
Let S = @;2, S; with the topology inherited from X 721 S; with the product
topology. Then O(S) \ {0} is topologically isomorphic to H.

Proof. This is an immediate consequence of Corollary 3.2. O]

5 Generalization of Theorem 3.1

In this section we derive Theorem 5.3 which is a generalization of Theorem
3.1. It replaces the assumption that G is a group by the assumption that G
is a cancellative semigroup with identity.

The proof of Theorem 5.3 is a consequence of Theorem 5.2 which is
adapted from the proof of [4, Lemma 7.4] whose main ideas are due to
Yevhen Zelenyuk. The proof of Theorem 5.2 is simpler than the proof of [4,
Lemma 7.4] because it proves less. (Here we only include the conclusions
needed to prove Theorem 5.3; in [4], additional conclusions were needed for
other applications of Lemma 7.4.)

We incorporate now some of the notation from [4, Section 7.1].
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Definition 5.1. (a) F' will denote the free semigroup on the letters 0 and
1 with identity 0.

(b) If m € wand i € {0,1,2,...,m}, s/* will denote the element of F
consisting of ¢ 0’s followed by m — ¢ 1’s. We also write u,, = s}
(soup=0).

(c) If s € F, I(s) will denote the length of s
and suppy(s) = {i € {1,2,...,1(s)} : s, = 1} where s; is the i letter of s.

(d) If s, € F, we shall write s << t if maxsuppy(s)+1 < minsuppp(t).

(e) If s,t € F, we define s+t to be the element of F for which I(s+1) =
max{l(s),{(t)} and (s +t); = 1 if and only if s; =1 or ¢; = 1.

(f) Given any t € F, t has a unique representation in the form ¢ =
sl 4 spt A sk where 0 < dp < mp < dp < my < Ll < i <oy,
(except that, if & = 0, the requirement is 0 < iy < my). We shall call this
the canonical representation of t. When we write t = s;'° + 57" + ... + 57"
we shall assume that this is the canonical representation.

(g) Given t € F, if t = s for some i,m € w, then ¢’ = () and t* = ¢.
Otherwise, if ¢ = s7° + 8] +... + S?Z_’“Jl, then t' = 5% + s + ... + 5;*

m
and t* = s; "
k+1

For example 011001110001 = s% + s8 + 517 and 101110 = s + s5 + sg.

Theorem 5.2. Assume that G is a cancellative semigroup with identity e
and that X is a countably infinite subset of G with e € X. Well order X
in order type w. Assume that G has a Hausdorff topology and there is a
decreasing sequence (T,,)2 | of subsets of G such that {T,, : n € N} is a
neighborhood base for e consisting of sets clopen in G and for each a € X
there exists m € N such that {aT,, : n > m} is a neighborhood base for a
consisting of sets clopen in G. Assume that X has no isolated points, for
each a € X, aX N X is a neighborhood of a in X, and for each a € X, we
have a neighborhood V (a) of e in X such that aV(a) C X and V(e) = X.
Assume that (W), is a sequence of neighborhoods of e in X.

We can define x(t) € X and X (t) C X for eacht € F such that () = e,
X (0) = X and for each k € w we can define a, € X and ty € F such that

(i) ary =min X \ {z(t) : t € F and l(t) < k};
(i1) ar € X(tx"1);
(11i) ar = z(tx"1); and

(iv) 1(t) = k.
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Further, for eacht € F,
(1) X(t) is clopen in X
(2) x(t) € X(t);
(3) X(t) = X(t~0) UX(t"1) and X(t70) N X (t"1) = 0);
(4) x(t70) = z(t);
(9) x(t) = x(t')x(t");
(6) X(t) = 2(t)X(t"); and
(7) X(t) SV (a(t).
Further,

(8) for s,t € F, x(s) = z(t) if and only if s =t, s =t70...0 ort =
§s70...0;

(9) for each n € N\ {1}, X (u,) C W, _1;
(10) ift,r € F and t <<r, then x(t +r) = z(t)x(r); and
(11) for every n € w, x[u,F| = X(u,) and in particular z[F| = X.

Proof. Let U = {T,, : n € N}. The proof proceeds by induction on I(t)
establishing hypotheses (i) through (iv) and (1) through (9).

When the induction is complete, conclusions (10) and (11) will be estab-
lished.

We let 2(0) = e and X () = X. Let ap = min(X \ {e}), let to = 0, pick
Uy € U such that ag ¢ Uy. Let X(0) = Uy N X, X(1) = X \ Uy, z(0) = e,
and z(1) = ay.

Now let n € N, and assume we have chosen (ax)}—y, (tx)r—, and z(t)
and X () for all t € F with [(t) < n satisfying (i), (ii), (iii), (iv), and (1)-(9),
where as an induction hypothesis (8) includes the assertion that I(s) < n
and [(t) < n and (3) and (4) include the assertion that [(¢) < n.

We first verify the hypotheses for n = 1 and [(¢) < 1. One can simply
check hypotheses (i) through (iv) and (1) through (4). For (5), (6), and (7),
note that / =0* =0, 0’ =1 =0, 0* = 0, and 1* = 1. For hypothesis (8),
if I(s) < 1,1(t) <1,t# s and x(t) = z(s), then {t,s} = {0,0}. Hypothesis
(9) is vacuous. Thus the hypotheses are satisfied for n = 1.
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By hypothesis (3), {X(¢) : [(t) = n} is a partition of X. Let

a, =min(X \ {z(t) : [(t) < n})

and pick the unique ¢,, with [(t) = n such that a,, € X(¢,,). Then hypotheses
(i) and (iv) are satisfied. (We have to wait until X (¢,,71) and z(¢, 1) have
been defined to verify (ii) and (iii).)

By hypothesis (6), X(t,) = x(t,) X (t}) so pick ¢, € X(t) such that
a, = z(t),)cy.

For s € {s? :i € {0,1,...,n}}, choose b, € X(s) such that by # x(s).
(Recall that X has no isolated points so X (s) is not finite.) If s = ¢*, let by =
¢n. (By hypothesis (5), z(t,) = z(t))z(t:) = z(t))x(s) and a, = z(t)c,.
Since a,, # x(t,), ¢, # x(s).) Define z(s70) = z(s) and z(s™1) = bs.

Now assume that ¢ € F, I(t) = n, and ¢ ¢ {s : i € {0,1,...,n}}.
Then t* € {s? : i € {0,1,...,n}} so z(t*"1) has been defined. We de-
fine z(t70) = xz(t) and z(¢t"1) = z(')z(t*"1). Note that if s € {s :
i € {0,1,...,n}}, then s = 0 and s* = s so z(s™1) = ex(s*"1) =
x(s)x(s*1).

We choose U,, € U such that

(2) U, N X C W,,
(b) U,NX CV(x(v)) for all v € F with I(v) < n,

(c) z(v)U, N X C z(v)X and z(v)U, N X is clopen in X for all v € F
with I(v) < n,

(d) an ¢ aj(tn)Una
(e) if t € F and l(t) = n, then z(t)U, N X C X(¢), and
(f) if t € F and I(t) = n, then z(t™1) ¢ z(t)U,.

It is enough to show that for each of the items, a member of U can be
found satisfying that item. It is trivially possible to satisfy (a) and (b). For
(c), let v € F with {(v) < n. Pick m € N such that {z(v)T,, : n > m}
is a neighborhood base for x(v) in G consisting of sets clopen in G. Also
z(v)X N X is a neighborhood of z(v) in X. So we may pick k& > m such
that z(v)T, N X C z(v)X N X. For (d) we use the fact that the topology
is Hausdorff and a,, ¢ {x(t) : I(t) < n}. For (e), given ¢t € F with [(t) = n
we have that z(t) € X (t) which is clopen in X and for sufficiently large k,
x(t)T), is clopen in G. To see that we can satisfy (f), assume t € F' with
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[(t) = n. By hypothesis (5) z(t) = z(t)x(t*), x(t*"1) = b= # x(t*), and
z(t™1) = z(t)x(t* 1), so x(t™1) # x(t).

Let X(t70) = 2(t)U, N X and X(¢™1) = X (¢) \ X(¢70). This completes
the inductive definitions for n.

We claim that for any v € F' with I(v) < n, z(v)U,NX = z(v)(U,NX),
so let such v be given. By (c), z(v)U, N X C z(v)X so

z(v)U,NX Cz(v)U, Nz(v)X =z(v)(U,NX).

Also by (b), U, N X C V(z(v)) and by the hypotheses of the theorem,
z(v)V (z(v)) € X, so z(v)(U,NX) C z(v)V(2z(v)) C X soz(v)(U,NX) C
z(v)U, N X.

We need to verify that hypotheses (ii), (iii), and (1) through (9) are
satisfied. For (ii), using (d) we have that a, ¢ x(t,)U, so a, ¢ X(t,70).
Also, a, € X(t,), so a, € X(t,) \ X(t,70) = X(¢t,71).

For (ili) we have a, = z(t,)c, = x(t,)be = x(t;,)x(t;"1). If t, ¢
{s#:1€{0,1,...,n}}, then we defined z(t,~1) = z(t,)z(t; 1) so a, =
x(t,"1). If ¢, € {s? : i € {0,1,...,n}}, then /), = 0 and ¢}, = ¢, so
x(t, 1) = ex(t; 1) = x(t))x(t;, 1) and thus a,, = z(t,”1).

To verify hypotheses (1) through (7), let ¢ € F with [(t) = n. Since

x(t)U, N X is clopen in X, hypothesis (1) holds immediately for ¢~0 and
t—1. For hypothesis (2), z(t70) = z(t) € z(t)U, N X = X(t70). Also,
x(t* 1) = by € X(t*) so x(t™1) = x(t)z(t* 1) € z(t') X (t*) = X(¢) by
hypothesis (6) and z(¢t™1) ¢ z(t)U, by (f) so z(t™1) € X(t) \ z(t)U,, C
X))\ X(t0) = X(t71).

Since z(t)U, N X C X (t), (3) holds immediately as does (4).

Now let v = t71 and w = t—0. We show that hypotheses (5) through
(7) hold for v and w. There are four possibilities for t. That is t = s, t = s¥
for some i <n, t = s + s .. FspE ort =800 + 87 4L 4 sy for
some i with mg_1 < 7 < my. By separately considering these four cases,

we determine that

vt =11,
o t =w' ort =w' followed by one or more 0’s (so z(t) = z(w')),
e z(t) =x(w'), and

* ___ n+1
® W = Unt1 = Spy1-
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Now z(v) = z(t)z(t* 1) = z(v)z(v*) and z(w) = z(t) = z(t)e =
z(w")z(w*) so (5) holds.

X(tupt1) = X(up,"0) = 2(u, ) U, NX =U,NX so X(w) =z(t)U,NX =
() (U, N X) = z(w) X (Upy1) = z(w') X (w*) so (6) holds for w. To verify
(6) for v, we use the fact that ((t*) = n.

|
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*
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To verify (7), X(v*) = X(t*71) C X(¢t*) C V(z(¢)) = V(z(v)) and
X(w*) = X(tn1) = 2(u)U, N X =U, N X CV(z(2)) =V (z(w)).

Hypothesis (8) follows immediately from the fact that for any ¢, z(¢70) €
X(t0), z(t™1) € X(t71), and X(t~0)N X (1) = 0.

For hypothesis (9), we have X (upy1) = X(u,”0) = z(u,)U, N X =
U,NX CW,.

This completes the inductive construction. We still need to verify that
conclusions (10) and (11) hold.

Ift =570 +s;" +...+5;", one easily shows by induction on & using (5)

i
that z(t) = x(sy°)z(s;") - kx(sf}j’“) Ift<<r t=s"+s"+...+3s",
and r = 830 + 550+ .+ s8]
D A S e S st 4+ 5?; unless 7, = my, in which case it
is sp 4+ sit 4 s s+ s) 4.+ sl Since x(s)it) = e one has
in either case that x(t 4+ r) = x(t)x(r) so (10) holds.

To verify (11), we note first that each a € X occurs eventually as a value

then the canonical representation of ¢ 4 r is

of z. For otherwise, let a = min(X \ z[F]). There are only finitely many
precessors so a = a,, for some n and then by (iii), a, = x(t,"1).

Now forn € wand t € F, x(unt) € X(unt) C X (uy,) so z[u, F] C X (uy,).
Now suppose that a € X (u,) \ z[u, F|. We have seen that a = x(v) for some
vsov € F\u,F. Since e = z(uy,) € x[u,F|, a # e so v & {upy, : m < w} so
suppp(v) # 0. Let k = minsuppg(v). Then k < n since otherwise v € u,, F.
Then z(v) € X(sF_,) and X (u,) € X (ug). Since X (sF_) N X (u) = 0, we
have a = x(v) ¢ X(u,), a contradiction. O

Theorem 5.3. Assume that G is a cancellative semigroup with identity e
and that X is a countably infinite subset of G with e € X. Assume that G has
a Hausdorff topology and there is a decreasing sequence (T,,)°°, of subsets
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of G such that for each a € X there exists m € N such that {aT),, : n > m}
is a neighborhood base for a consisting of sets clopen in G. Assume that X
has no isolated points, for each a € X, aX N X is a neighborhood of a in
X, and for each a € X, we have a neighborhood V(a) of e in X such that
aV(a) € X and V(e) = X. Assume that (W,,)°, is a neighborhood base
for e in X and let Y = ((,—, clax,Wn) \ {e}. Then 'Y is is topologically

1somorphic to H.

Proof. Pick z(t) and X (¢) for t € F satisfying conclusions (1) through (11)
of Theorem 5.2. Given n € N, X(u,,) is a neighborhood of z(u,) = e in X
so there is m € N such that W,,, € X(u,). By conclusion (9), for each n,
X (tny1) € W,,. Therefore V = %, X (u,) \ {e}.

Define ¢ : X — w by ¥(e) =0 and for t € F'\ {e},

(@) = Cicouppp 2
By conclusion (8) we have that 1 is well defined and injective. it is trivially
surjective. Let 1; : X4 — Pw be the continuous extension of 1.

Given n € N, X(uy) \ {e} = z[u, F] \ {e} so X(u,) \ {e} ={z(t) : t €
F, suppp(t) # 0, and minsuppg(t) > n}. Consequently, ¥[X (u,) \ {e}] =
2"N so that J[Y] =H.

We show that Y is a semigroup using [4, Theorem 4.20] and that Yis a
homomorphism using [4, Theorem 4.21]. Since QZ is injective, this will suffice.

Solet n € Nand let v € X (u,)\{e}. Pick t € F such that suppy(t) # 0,
minsuppg(t) > n, and z(t) = v. Let m = maxsuppp(t) + 1 and let
w € X(upy)\{e}. To complete the proof we will show that vw € X (u,)\ {e}
and that ¢ (vw) = ¥(v) + Y(w). Pick r € F such that suppp(r) # 0,
minsuppg(r) > m, and z(r) = w. Then vw = z(t)z(r) = z(t + r) by con-
clusion (10) and supp(t+7) = suppy(t)Usuppp(r). Thus z(t+r) € X (u,)\
{e} and Y (vw) = X icapppein 27 = Licswppp 2 T Licsuppptr) 2 =
P (o) + (w). n

Most of our results involve semigroups written additively, and some fol-
low from the following corollary.

Corollary 5.4. Let (S,+) be a countable cancellative semigroup with iden-
tity 0. Assume that there exist a decreasing sequence (T,)5°, of subsets of
S andm : S — N such that m(0) =1, {a+T,:a €S andn > m(a)} is a
base for a Hausdorff topology on S consisting of clopen sets, and S has no
isolated points. Assume also that for each a € S, {a +T, : n > m(a)} is
a neighborhood base for a. Then O(S) = (., clss,Tn) and O(S) \ {0} is
topologically isomorphic to H.
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Proof. Tt is immediate that O(S) = (2, ¢lss,T). We apply Theorem 5.3
with G =S = X. Givena € X, a+T,q) C (a+X)NX so (a+X)NX is
a neighborhood of a in X. For each a € X, let V(a) = X. O

The proof of Theorem 3.4 using Theorem 5.3 is verbatim the same as its
proof in Section 3. The proof of Theorem 3.5 using Theorem 5.3 is slightly
shorter than its proof in Section 3, since one may let G = w and dispense
with the last paragraph of the proof.
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