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Partition Theorems for Left and Right Variable Words
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Abstract. In 1984 T. Carlson and S. Simpson established an infinitary extension of
the Hales-Jewett Theorem in which the leftmost letters of all but one of the words
were required to be variables. (We call such words left variable words.) In this paper
we extend the Carlson-Simpson result for left variable words, prove a corresponding
result about right variable words, and determine precisely the extent to which left and
right variable words can be combined in such extensions. The results mentioned so far
all involve a finite alphabet. We show that the results for left variable words do not
extend to words over an infinite alphabet, but that the results for right variable words
do extend.

1. Introduction

Our story begins with the Hales-Jewett Theorem. Given k € N, let Wj denote the free
semigroup on the alphabet {1,2,...,k}. That is, W} consists of all “words with letters
from {1,2,...,k}” (i.e. functions whose domain is an initial segment of N and whose range
is contained in {1,2,...,k}) with the operation of concatenation. (We are taking N to be
the set of positive integers. We let w = NU{0}.) A variable word over Wy, is a word on the
alphabet {1,2,...,k} U{v} in which v occurs, where v is a “variable” not in {1,2,..., k}.
Given a variable word w over Wy, and t € {1,2,...,k}, w(t) has its obvious meaning,

namely the result of replacing all occurrences of v with t.

1.1 Theorem (Hales-Jewett). Let k,r € N and let Wy, = \J;_, Ai. Then there exist
i€{1,2,...,r} and a variable word w over Wy, such that {w(t) : t € {1,2,...,k}} C A;.

Proof. [6]. O

Notice that, in the Hales-Jewett Theorem, one cannot expect that the variable v will
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occur as either the leftmost or rightmost letter of w. Indeed, suppose that k > 2. Let

By = {w € Wy : the leftmost letter of w is 1},

By = {w € W : the leftmost letter of w is not 1},
Cy = {w € Wy : the rightmost letter of w is 1}, and
Cy = {w € Wy : the rightmost letter of w is not 1}.

Then let A1 = Bl ﬂCl, A2 = Bl ﬁC’g, A3 = B2 ﬂCl, and A4 = BQ ﬂCQ. Then no variable
word satisfying the conclusion of Theorem 1.1 has the variable v as either its leftmost or

rightmost letter.

1.2 Definition. Let k € N.

(a) A left variable word over Wy, is a variable word over W), whose leftmost letter is
the variable v.

(b) A right variable word over Wy, is a variable word over Wy, whose rightmost letter

is the variable v.

In 1984, T. Carlson and S. Simpson established an infinitary extension of the Hales-
Jewett Theorem which involved left variable words. (When F' is a finite nonempty subset

of N, by [[,,c# @m, we mean the product in increasing order of indices.)

1.3 Theorem (Carlson-Simpson). Let k,r € N and let Wy, = J._, A;. Then there

oo

exist i € {1,2,...,r} and a sequence (Wn,)oo_, of variable words over Wy, such that for

every m > 1, wy, is a left variable word, and for every n € N and every
FoAL2, .o n} = {12, 0k}, [T0 ) wa (f(m)) € A
Proof. [3, Theorem 6.3]. g

Notice that the Carlson-Simpson Theorem easily implies the corresponding result in

which the leftmost letter of each word is required not to be variable.

1.4 Corollary. Let k,r € N and let Wy, = U;_, Ai. Then there exist i € {1,2,...,7} and
a sequence (U, )o°_, of variable words over Wy, such that for every m, the leftmost letter of

Wy, 18 not the variable v, and for every n € N and every f:{1,2,...,n} — {1,2,...,k},
[Tz um (f(m)) € A

Proof. For each m, let u,, = wam—1(1)wam(v). (By way,(v), we mean of course simply

’wgm.) O

In 1988 and 1989, T. Carlson and (independently) H. Furstenberg and Y. Katznelson
established the following extension of Corollary 1.4, in which one is not restricted to prod-

ucts of initial segments of N. (Given a set A, we denote the set of finite nonempty subsets
of A by P¢(A).)



1.5 Theorem (Carlson and Furstenberg-Katznelson). Let k,r € N and let Wy, =
Ui_, Ai. Then there exist i € {1,2,...,7} and a sequence (um)25_; of variable words over

Wy such that for every F' € Pr(N) and every f: F — {1,2,...,k}, [],her um(f(m)) €
A;.

Proof. [5, Theorem 2.5] or [2, Theorem 12] applied to €=1= (1,1,1...). g

Notice that one cannot hope to extend Theorem 1.3 in exactly the same way that
Corollary 1.4 is extended by Theorem 1.5 because of the observation already made that
one can easily prevent having a left variable word w with w(1) and w(2) in the same cell

of a partition. However, it was recently established that almost as much can be done.

1.6 Theorem. Let k,r € N and let Wy, = J;_, Ai. Then there exist i € {1,2,...,r} and
a sequence (Wp,)>°_1 of variable words over Wy, such that for every m > 1, w,, is a left
variable word, and for every F € Pp(N) with min F' =1 and every f : F — {1,2,...,k},

Proof. [8, Theorem 2.3]. g

In Section 2 of this paper we generalize Theorem 1.6 in a way that allows us to avoid
requiring that min F' = 1, derive a similar result for right variable words, and then establish
a common generalization of both of these extensions. (Notice that results for right variable
words are not a consequence of a simple right-left switch. Any such switch involves writing
products in decreasing order of indices.) We also give an example showing that our results
are the best possible.

In Section 3 we investigate extensions of these results to the free semigroup on infinitely
many letters, showing that the natural extension for right variable words is valid, but that
the extension for left variable words is impossible.

We shall utilize extensively the algebraic structure of the Stone-Cech compactification
BS of a (discrete) semigroup (5,-). We take the points of 35S to be the ultrafilters on
S, the principal ultrafilters being identified with the points of S. Given a set A C S,
A={peBS:Acp} Theset {A: AC S} is a basis for the open sets (as well as a basis
for the closed sets) of 3S.

There is a natural extension of the operation - of S to 85 making S a compact
right topological semigroup with S contained in its topological center. This says that
for each p € BS the function p, : 58S — (S is continuous and for each z € S, the
function A\, : S — (S is continuous, where p,(¢) = ¢ -p and A\;(¢) = = -q. The
operation is characterized as follows. Given p,q € S and A C S, A € p- ¢ if and only if
{reS:27'A€q} €p, where x71A={y € S:xz-ye€ A}. (The notation is not intended
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to suggest that = has an inverse.) See [7] for an elementary introduction to the semigroup
B8S.

Any compact Hausdorff right topological semigroup (7,-) has a smallest two sided
ideal K(T') which is the union of all of the minimal left ideals of T', each of which is closed
[7, Theorem 2.8], and any compact right topological semigroup contains idempotents. Since
the minimal left ideals are themselves compact right topological semigroups, this says in
particular that there are idempotents in the smallest ideal. There is a partial ordering of
the idempotents of T" determined by p < ¢ if and only if p =p-q = ¢-p. An idempotent p
is minimal with respect to this order if and only if p € K(T') [7, Theorem 1.59]. Such an

idempotent is called simply “minimal”

1.7 Definition. Let (S, -) be an infinite discrete semigroup. A set A C S is central if and

only if there is some minimal idempotent p such that A € p.

Central sets were introduced by Furstenberg [4] and defined in terms of notions of
topological dynamics. These sets enjoy very strong combinatorial properties. (See [4,
Proposition 8.21] or [7, Chapter 14].) See [7, Theorem 19.27] for a proof of the equivalence
of the definition above with the original dynamical definition.

We shall state our results in terms of an arbitrary central subset of Wy. Partition
results automatically follow because, given a minimal idempotent p € Wy and given
reN,if W, = ngl A;, then some A; € p and is therefore central.

We would like to thank the referees for constructive reports.
2. Left and Right Variable Words over Finite Alphabets

We work throughout this section with a fixed finite alphabet {1,2,...,k} for some k € N.

2.1 Definition. Let £ € N.
K

(a) Y = Xj 18We.

(b

) I={(w(1 ) w(2),...,w(k)) : w is a variable word over W, }.
(¢) J = {(w(1),w(2),...,w(k)) : wis a left variable word over W, }.
(d) H = {(w( w(2), ...,w(k)) : w is a right variable word over W;}.
(e) E=TU{(w,w,...,w):w e W}.

We denote the closures of I, J,H,and Ein Y by I, J, H, and E respectively.

The proof of the following lemma is an elaboration of the method of proof introduced

by Furstenberg and Katznelson in [5] in the context of enveloping semigroups.
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2.2 Lemma. Let p be any minimal idempotent in SWy. Thenp = (p,p,...,p) € 1. Also
there exist minimal idempotents q1,qa, ..., qr and ri,79,...,7 in Wi such that

(1) q_": (Qh(]z» cee ;Qk) € ‘_]7.

(2) 7= (r1,re,...,1%) € H;

(3) forall j € {1,2,...,k}, pg; =p and ¢;p = q;;

(4) forallj € {1,2,...,k}, prj =1; and rjp = p;

(5) foralli,j € {1,2,...,k}, ¢;q; = qi; and

(6) foralli,j € {1,2,...,k}, rjri =r,.

Proof. By [7, Theorems 2.22 and 4.17] we have that E is a subsemigroup of Y, I is an
ideal of E, J is a right ideal of E, and H is a left ideal of E.
By [7, Theorem 2.23], K(Y) = X,_, K(3W},). We claim that

(*) if s € K(BW;), then (s,s,...,s5) € E.

To see this, let U be a neighborhood of (s, s,...,s) and pick A € s such that A¥ C U.
Pick w € A. Then (w,w,...,w) € UNE.

Thus we have that £ N K (Y) # () so by [7, Theorem 1.65], K(Y)NE = K(E). Since
T is an ideal of E, we have that p€ K(Y)NE = K(FE) C I.

Since p is a minimal idempotent in E, pick (by [7, Theorem 2.8]) a minimal left ideal
L and a minimal right ideal R of E such that p € L N R. Pick, by [7, Corollary 2.6
and Theorem 2.7], a minimal right ideal R’ and a minimal left ideal L’ of E such that
R' C Jand L' C H. Then by [7, Theorem 2.7, L N R’ and L' N R are groups. Let
7= (q1,q2,-..,qr) be the identity of L N R’ and let 7 = (ry,79,...,7) be the identity of
L'NR.

By [7, Lemma 1.30], we have that ¢ and p are right identities for L and 7 and p are
left identities for R. Thus conclusions (1), (2), (3), and (4) hold.

Conclusion (5) follows from conclusion (3) and conclusion (6) follows from conclusion

(4). (For example, given 4,j € {1,2,...,k}, ¢iq; = (¢ip)q; = ¢:(pg;) = ¢ip = ¢i-) O

Notice that, while the coordinates of p are all equal, none of the coordinates of the
vectors ¢ or 7 produced in Lemma 2.2 can be equal. (For example, {w € W}, : the rightmost
letter of w is 1} € r; while {w € Wy, : the rightmost letter of w is 2} € rs.)

Observe that Lemma 2.2 says in particular that {p, g1, q2,...,qx} and {p, 71,72, ..., 7%}

are subsemigroups of SWy.

2.3 Lemma. Let S be a discrete semigroup and let T be a finite subsemigroup of 3S. For
ACS, let At ={xcA:27'AcOT}. If Ac T, then

(1) AT e T and



(2) for each v € AT, z=*AT € NT.

Proof. For conclusion (1), we have that AT = AN(,cp{z € S: 2714 € t} so it suffices
to let t,s € T and show that {x € S: 27'A € t} € s. Since st € T we have that A € st
and so {x € S: 27 1A €t} € s as required.

To establish conclusion (2), let # € AT and let B = 271 A. Then B € (T and so, by
conclusion (1), BT € N T. It thus suffices to show that BT C 71 AT. So let y € BT. Then
y € B and so zy € A. Also, (zy) A=y 1(xz7tA) =y 1B e NT. O

Theorems 2.4 and 2.5 are both corollaries of Theorem 2.7. However, the individual
proofs are simpler, and we feel it is also instructive to see how the two proofs are combined

to yield Theorem 2.7, so we present them both.

2.4 Theorem. Let k € N and let B be any central subset of Wy.. There exists a sequence
(wp)$2 1 of variable words over Wy, such that
(1) for each n € w, wap4+1 is a right variable word and
(2) for all F € Py(N) and all f : F — {1,2,...,k}, if max F' is even, then
[Ther wn(f(m)) € B.

Proof. Pick an idempotent p € K(6W},) such that B € p and let r1,r9,...,r; be as in
Lemma 2.2. Let M = {x € W), : 271B € p}. Since p=pp = rip =rop = ... = 1p, we
have that M € pﬂﬂ?zl ri. Let M ={z e M:27'M € pﬁﬂ?zl 7;}. Let Ny = MT. Then
by Lemma 2.3, N; € ﬂle r; so that Ny * is a neighborhood of 7, and hence N¥ N H £0.

Pick a right variable word w; such that
(w1 (1), w1(2),...,wi(k)) € N1*.

Let n € N and assume that we have chosen variable words wy,ws, ..., w, satisfying
the following induction hypotheses.
(a) If L € {1,2,...,n} is odd, then w; is a right variable word.
(b) If 0 #F C{1,2,...,n} and f: F — {1,2,...,k}, then [[,,c p wm (f(m)) € MT
and, if max F is even, then ], wn (f(m)) € B.
Let L = {[I,er wm(f(m)) : 0 # F C {1,2,...,n}and f : F — {1,2,...,k}} and let
Npg1 = MT N, 7' MT. By assumption L C M and so, by Lemma 2.3, N,,41 €

k
pN ﬂj:1 Tj.
Assume first that n is even. Then N,, 11 ¥ is a neighborhood of 7 and so N, 11*NH # (.
Pick a right variable word wy, 1 such that (wp41(1), wnpt1(2), ..., wni1(k)) € Npgi®.

Next assume that n is odd, and let P,11 = Npp1 N BN, cp 7 'B. Then P, | *
is a neighborhood of p and so Pn+1k NI # (. Pick a variable word w,y1 such that

(wWas1(1), wnt1(2), - .., was1(k)) € Prya®.



Hypothesis (a) clearly holds. To verify hypothesis (b), let ) # F C {1,2,...,n+ 1}
and let f: F — {1,2,...,k}. If n+1 ¢ F, the conclusion holds by assumption, so assume
that n+1 € F. If F = {n + 1} we have that wy,+1(f(n+1)) € MT and if n + 1 is even,
Wy41(f(n +1)) € B. So assume that G = F\{n + 1} # 0. Let z = [],,cc wm(f(m)).
Then z € L 50 wy1(f(n+1)) € 27 MT and if n+ 1 is even, wy41(f(n+1)) € z7'B. O

2.5 Theorem. Let k € N and let B be any central subset of Wy.. There exists a sequence
(W) of variable words over Wy, such that

(1) for each n € N, wa, is a left variable word and

(2) for all F € Ps(N) and all f: F — {1,2,...,k}, if min F' is odd, then

Proof. Pick p € K(B8Wy) such that B € p and let ¢1,q2,...,qx be as in Lemma 2.2.
Given A € pN ﬂ?:1 qj, let At ={reA:z7'Aepn ﬂle ¢;}. Then by Lemma 2.3,
At epn ﬂ§:1 gj and for each x € A}, 27 1A* e pn ﬂ§:1 q;-

Let C; = {x € B:27'B ¢ pﬂﬂ?zlqj}. Since p = pp = pg1 = Pg2 = ... = Pq,
C: € p and so C; ¥ is a neighborhood of p and thus ciknr # (). Pick a variable word w
such that (w1 (1), w1(2),...,wi(k)) € C1".

Let Dy = ﬂle w1(t)"!B and note that Dy € pN ﬂ§:1 q;. Let Fy = Ds*. Then Ey*
is a neighborhood of § = (q1,¢2, ..., q:) and thus Ex" NJ # (. Pick a left variable word
wy such that (wa(1),we(2),. .., wa(k)) € EoF.

Let n > 2 and assume that we have chosen variable words wy,ws, ..., w,. Assume
also that for odd | € {1,2,...,n} we have chosen C; € p and that for even l € {1,2,...,n}
we have chosen D; € pN ﬂ;.c:l gj so that the following induction hypotheses are satisfied.

(a) If 1 €{1,2,...,n} is even, then w; is a left variable word and

Dy C O, w1 (t)'B.

(b) Ifl € {1,2,...,n} isodd and t € {1,2,...,k}, then w;(t) € C; C C}.

()0 # F C {1,2,....,n}, f : F — {1,2,...,k}, and 2l < minF, then
[Ther wm(f(m)) € Dy and, if min F is odd, then [Ter wm(f(m)) € B.

For | € N with 2] < n, let
Gin = {ILner wm(f(m)) :0#F C{21,20+1,...,n}and f: F — {1,2,...,k}}.

If n = 2s, let Cpyy = Croq NNy (Dt N ﬂxeGl,n 2~ 'Dy*). By induction hypoth-
esis (c), if x € Gy, then x € Doy and so, by Lemma 2.3, 271Dyt € p. There-
fore C,, 1% is a neighborhood of p. So we may pick a variable word w,y; such that
(wn+1(1)7 Wnt1(2),5 - »wn+1(k)) S Cn—|—1k-



Ifn=2s+1,let Dpy1 = Dy ﬂﬂle wy, (t)71 B. By hypothesis (b), we have that each
wn(t) € C; and so Dy € pﬂﬂ?zl qj- Let Epq1 = Dn"'limﬂf:l(DQliﬁmmeGl,n $_1D21j;).
Then E,+1 € pN ﬂle g;. Pick a left variable word w41 such that

(wng1 (1), wn1(2), ., wnp1 (k) € Engr”.

Hypotheses (a) and (b) are satisfied immediately. To verify hypothesis (¢), let 0 #
FC{12,....n+ 1}, let f: F — {1,2,...,k}, and, if minF > 1, let 2l < min F". If
n+ 1 ¢ F, the conclusions hold by assumption, so assume that n + 1 € F. Assume first
that ' = {n+1}. If n+1 is odd, then w4, (f(n—l— 1)) € Chy1 C Do*NB. If n+1is even,
then wy1(f(n+1)) € Epyr C Dy*. Now assume that [F| > 2, let K = F\{n +1}, and
let x =[],,cx Wm (f(m)) If min F" > 1, then z € Gy, and so wy4+1 (f(n+ 1)) € 271Dyt
Therefore [],. . wim (f(m)) € Dy*. Finally, let @ = min F' and assume that a = 2s — 1.
Let P = F\{a}. Then we have established that [],,.p wn (f(m)) € Dyt And Dy, C

wa(f(a))_lB, 30 [Tner wm(f(m)) € B. O

When we deal with products including both left and right variable words, we shall be

concerned with the need to separate their occurrences.

2.6 Definition. Let (w,)52; be a sequence of variable words and let F' € P¢(N).

(a) The set F strongly separates (wy)ner if and only if whenever i and j are members of
F' such that w; is a right variable word and wj; is a left variable word, there is some
[ € F such that [ is between ¢ and 7 and w; is neither a left variable word nor a right
variable word.

(b) The set F weakly separates (wy,)nep if and only if whenever ¢ and j are members of
F such that w; is a right variable word, w; is a left variable word, and ¢ < j, there is
some [ € F such that [ is between ¢ and j and w; is neither a left variable word nor a

right variable word.

2.7 Theorem. Let k € N and let B be any central subset of Wy. There exists a sequence
(wn)o% of variable words over Wy, such that

(1) for each n € w, wan41 is a right variable word;

(2) for each n € w, wanys is a left variable word;

(3) for each n € w, Wypt2 and wyy,y4 are neither left nor right variable words; and

(4) for all F € P¢(N), if F' strongly separates (wy)necr, min F' # 3 (mod 4), max F' #

1 (mod 4), and f: F — {1,2,...,k}, then [],,cr wm(f(m)) € B.

Proof. Pick p € K(6W}) such that B € p. Now Wy, = Ule Ule{w € Wy : the leftmost

letter of W is i and the rightmost letter of w is j}, and consequently one of these sets must
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be in p. We may therefore assume that for all u,w € B, the leftmost letters of v and w
are the same and the rightmost letters of u and w are the same. In particular, if w is a
variable word with {w(1),w(2),...,w(k)} C B, then w is neither a left variable word nor
a right variable word.

Let q1,q2,...,qx and r1,79,...,7; be as in Lemma 2.2. Let M = {z € Wy : 27 1B €
p}. Since p = pp = rip = rep = ... = rip, we have that M € pnN ﬂ?zl r;. Let
MV ={zeM:z27'M Gpﬂﬂgzlrj}.

We shall choose the sequence (w,,)$ ; inductively. Given n > 1, if we have chosen

(W) _;, we shall let
Ly = {Tlner wn(f(m)) :0# FC{1,2,...,n} and f: F — {1,2,...,k}} n MT.

We shall also be choosing for each n = 3 (mod 4), a set D,, € pN ﬂ§:1 qj. We shall let
D} = {x€D,:27'D, €pn ﬂ?zl ¢;}- Then, given [ and n, if 4 — 1 < n and we have

n

chosen (wy,) we shall let

m=1>
Gin = {Ilner wm(f(m)):0#FC{4l—1,4l,...,n} and f: F — {1,2,...,k}}
N Dy_1*.

Let Ny = MT. Then N * is a neighborhood of ¥ = (ry,ra,...,7%) and 7 € cly (H) so
pick a right variable word wy such that (wy(1),w1(2),...,w1(k)) € N

Let Bo = BN M NN (x7'MtNaz~'B). Since L; € MT we have that By € p.
Let Co={r € By:27'Byepn ﬂ?:l g} Since p = pp = pq1 = pg2 = ... = pqy, we have

€l

that Cy € p and so Cy* is a neighborhood of p. Since p € cly (I), pick a variable word
wy such that (wz(l), wa(2), ... ,wg(k)) € Oy". Since Cy C B, wy is neither a left variable
word nor a right variable word.

Let D3 = ﬂle wo(t)"1By. Then D3 € ﬂle q;- Let E5 = D3t Then F3* is a
neighborhood of ¢ = (¢1,4¢2,...,qx) and ¢ € cly (J) so pick a left variable word ws such
that (ws(1),ws(2),...,ws(k)) € Es”.

Let n > 3 and assume that we have chosen variable words wy,ws, ..., w,. Assume
also that for [ € {1,2,...,n}, if [ is even we have chosen B; and C; in p with B; C B and
if /| = 3 (mod 4) we have chosen D; € pN ﬂ?zl gj. Assume that the following induction
hypotheses are satisfied. (We also assume that the sets we construct are constructed in
the same way at each stage.)

(a) If i € {1,2,...,n} and I =1 (mod 4), then w; is a right variable word.

(b) Ifl € {1,2,...,n} and [ = 3 (mod 4), then w; is a left variable word.

(c) If I € {1,2,...,n} is even then w; is a variable word which is neither a left

variable word nor a right variable word and if ¢t € {1,2,...,k}, then w;(t) € C,
and C; ={x € By:a !B, epn ﬂ§:1 q;}-
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(d) P #AFC{1,2,...,n}, f: F—{1,2,...,k},l € Nwith4l—1 < min F' < 4]+3,
and for all m € F, m # 1 (mod 4), then [],..p wm (f(m)) € Dy _1*.

(e) O #F C{1,2,....,n}, f: F — {1,2,...,k}, a = min F is even, and for all
m € F, m# 1 (mod 4), then [], . wmn(f(m)) € Ba.

(f) 0 #£F C{1,2,...,n}, f: F—{1,2,...,k}, min F # 3 (mod 4), and F strongly
separates (W )mer, then [, cp wn(f(m)) € MT. If also max F # 1 (mod 4),
then [],,c wim (f(m)) € B.

Notice that wy(1) € L,, and for each [ € N with 41 — 1 <n, wy_1(1) € Gi 5, so these

sets are nonempty.
Assume first that n is odd, and pick s such that 4s — 1 < n < 4s+ 3. Let

Buir= Buoi NVioy a1 () Buot N Nyey, (27" MT 0271 B) N
r]l’S:1(D4l—1;t N ﬂﬂcEGz,n $_1D4l_1i) .

By hypothesis (c) we have that w,_1(¢t)"'B,_1 € p for each t € {1,2,...,k}. Since
L, € M' and each Gin C D4l_1i, we have by Lemma 2.3 that B, 11 € p. Let Cp,11 =
{r € Byy1:27'Bpyr € pN ﬂﬁ;l qj}- Since p = pp = pg1 = pg2 = ... = pqx, Cpy1 € P.
Pick a variable word wy,+1 such that (wy41(1), wnt1(2),..., wey1(k)) € Cry1®. Since
Ch+1 € B we have that w,,11 is neither a left variable word nor a right variable word.
Now assume that n = 4s for some s € N. Let N,;1 = MTnN ﬂxeLn x~'MT. Then
N, +1 ¥ is a neighborhood of  so pick a right variable word w,,; such that
(wn+l(1)v Wn11(2), - awn+1(k>) S Nn—&-lk-
Finally assume that n = 4s + 2 for some s € N. Let

Dyy1 = Dy N(Ne—y (i () "' By Nwn_a(t) ' By_s) .
By hypothesis (c) we have that D, € pN ﬂ?zl q;. Let

Eny1= Do NN, Neec., e Dyt

Since each G, C D4l_1i, we have by Lemma 2.3 that E,,1; € pN ﬂ?zl qj. Then mk
is a neighborhood of ¢ so pick a left variable word w,, 1 such that
(wn+1(1), Wp1(2),... ,wn+1(k:)) € FEniit.

Hypotheses (a), (b), and (c) are satisfied directly. To verify hypothesis (d), assume
that 0 # F C {1,2,....,n+ 1}, f: F — {1,2,...,k}, 4l — 1 < minF < 4] + 3, and
for all m € F, m # 1 (mod 4). If n+ 1 ¢ F, the conclusion holds by assumption,
so we assume that n +1 € F. Assume that ' = {n + 1}. If n+ 1 is even, we have
W1 (f(n+1)) € Cny1 € Bns1 € Dy_1*. If n+1is odd, in which case n + 1 = 4] — 1,
we have w41 (f(n + 1)) € Eny1 C Dy_qt.
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To conclude the verification of hypothesis (d), assume that |F| > 2. Let K =
F\{n+1}, and let z = [],,cx wm(f(m)). By assumption, z € Dy 1% and so x € G .
If n+ 1 is even, we have w1 (f(n + 1)) € Cphy1 C :1:*1D4l_1i. If n+ 1 is odd, we have
Wyt (f(n + 1)) € Fpy1 C z7 1Dy 1% Thus, in either case, | - wm(f(m)) € Dy 1%

To verify hypothesis (e), assume that ) # F C {1,2,...,n}, f: F — {1,2,... k},
a = min F' is even, and for all m € F, m # 1 (mod 4). We may assume that n +1 € F.
If F = {n+ 1}, we have wy41 (f(n + 1)) € Cpt1 C Byy1, so assume that |F| > 2 and
let T'= F\{a}. Pick s and [ in N such that 4s — 1 < minT < 4s + 3 and either a = 4{
ora =4l +2. Ifl < s wehave [[ wm(f(m)) € Dy, 1t C Dy3 C wa(f(a))_lBa.
So assume that [ = s. Then since 4l + 1 ¢ F we have a = 4] and minT = 4] + 2. Thus
[Tner wm(f(m)) € Byt C wy (f(4l))7lB4l-

To verify hypothesis (f), assume that () # F C {1,2,...,n}, f: F — {1,2,...,k},
min /' # 3 (mod 4), and F strongly separates (wp,)mecr. Again, we may assume that
n+1 € F. Assume first that F = {n+1}. If n+1 is even, we have that w1 (f(n+1)) €
Cn+1 € Bpy1 € By C MTNB. If n+1is odd, in which case n +1=1 (mod 4), we have
Wpy1 € Npyr € MT.

Now assume that |F| > 2. Assume first that n+1 # 3 (mod 4), let K = F\{n+1}, and
let = [],,c;c Wm(f(m)). Then K strongly separates (w,)mex and min K # 3 (mod 4),
so by assumption 2 € MT and so # € L,,. If n4+ 1 =1 (mod 4), then w,41(f(n+1)) €
Npt1 €z~ 'MT and so [Lner wm(f(m)) e M'. If n + 1 1is even, then wy41 (f(n + 1)) €
Cpt1 C2'MTNz™ B and so [[,,cr wm(f(m)) € MTNB.

Finally assume that n +1 = 3 (mod 4). Since F' strongly separates (W.,)mer and
min F' # 3 (mod 4), some member of F' is even. Let b = max{t € F : t is even}. Let
P ={t € F:t>b} and notice that for all m € P, m # 1 (mod 4). Then by hypothesis
(e), we have [],,cp wn(f(m)) € By. If P = F, then since B, C B, C M'N B, we are
done. Assume then that P # F and let K = F\P. Let z =[], . wm(f(m)). Then K
strongly separates (w,,)mex and min K # 3 (mod 4) so by assumption € M and thus
x € Ly_1. Therefore

HmeP Wm (f(m>) eB, Caz 'Mnz—'B
and so [[,,cr wm(f(m)) € MTNB. 0

We see that as an immediate consequence of Theorem 2.7, we do not need to demand
that there be a separator between a left variable word and a following right variable word.

(The reason for this lies in the fact that, if p, ¢, and 7 are as in Lemma 2.2, then ¢7 = ¢pr.)

2.8 Corollary. Let k € N and let B be any central subset of Wy. There exists a sequence
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(un)22 1 of variable words over Wy, such that

(1) for each n € w, usp41 is a right variable word;

(2) for each n € w, usnts3 is a left variable word;

(3) for each n € w, usn42 is neither a left nor right variable word; and

(4) for all F € P¢(N), if F' weakly separates (up)ncr, min F' # 3 (mod 3), max F' #
1 (mod 3), and f: F — {1,2,...,k}, then [],,cr um(f(m)) € B.

Proof. Let (w,)>2 , be as guaranteed by Theorem 2.7. For n € w, let uzpi1 = Wani1,
U3n+2 = Wint2, and Uspts = Want3Wanta. Then conclusions (1), (2), and (3) hold
immediately.
Let F' € P¢(N) be given such that F' weakly separates (u,)ner, min F' # 3 (mod 3),
and max F' # 1 (mod 3), and let f: FF — {1,2,...,k}. Let
G = {dn+1l:nc€wand3n+1eF}U
{in+2:ne€wand3n+2¢c F}U
{dn+3:n€wand3n+3€ F}U
{dn+4:n€wand3n+3¢c F}.
Then G strongly separates (wy,)neq, minG #Z 3 (mod 4), and maxG # 1 (mod 4). Define
g:G—{1,2,...,k} by gd4n+1) = f(3n+ 1), g(4n+2) = f(3n + 2), and g(4n + 3) =
g4 +4) = f(4n +3). Then [Lpcp wn(F(m) = [Tuce wm(g(m)) € B. 0

We conclude this section by observing that it is necessary to separate right variable

words from following left variable words.

2.10 Theorem. Assume that k > 2. Then there is a two cell partition of Wi such that

there do not exist a right variable word wy and a left variable word wo such that both
(a) wy(1)wa(1) and wy(1)ws(2) lie in the same cell of the partition and
(b) w1 (2)w2(1) and wq(2)ws(2) lie in the same cell of the partition.

Proof. For w € Wy, let ¥(w) count the number of occurrences in w of a 1 followed
immediately by a 2. For i € {1,2}, let A; = {w € Wy : $(w) =i (mod 2)}. Suppose that
we have 7, j € {1, 2} such that wy(1)wz(1), w1 (1)w2(2) € A; and wy(2)wa(1), w1 (2)wa(2) €
A;.

Then ¢ (w; (1)) + ¥ (wa2(1)) = L (wi( (1)) =i=P(wi(Dwa(2)) = P(wr (1)) + 1+
P(w2(2)), so that P(wa(1)) # P (w2(2) ) mod 2).

But also ¢ (w1(2)) + ¥ (w2(1)) = P(wi1(2)wa(1)) = j = P(w1(2)wa(2)) = P(w1(2)) +
¢ (w2(2)), so that P (wz(1)) = P(w2(2)) (mod 2), a contradiction. 0

12



3. Extensions to Infinite Alphabets

In this section we shall deal with possible extensions of our earlier results to W, the free
semigroup over a countably infinite alphabet, which we take to be N. The kind of extension
we are concerned with is illustrated by the following (already known) generalization of
Theorem 1.5. (The fact that some cell B of any finite partition of W, satisfies the

conclusion of Theorem 3.1 is a consequence of [2, Theorem 15].)

3.1 Theorem. Let B be a central subset of W,. There exists a sequence (um)oo_, of

variable words over W, such that for every F' € P¢(N) and every f : F — N for which
f(n) <n foralln e F, ], cr um(f(m)) € B.

Proof. This is an immediate consequence of the non-commutative Central Sets Theorem
[7, Theorem 14.15]. To apply that theorem, let for each [,n € N, y; ,, = [. Let the sequences

—

(m(n))s2, (dn)o2,, and (H,)o° ; be as guaranteed by that theorem. For each n € N, let

n:17

tn = (HZ(T Vi U'H"”"> “ i m(n) 41 - 0

The reader wishing to verify Theorem 3.1 without going through the proof of the
non-commutative Central Sets Theorem should note that Theorem 3.1 is a corollary to

Theorem 3.5 below. We see now that no similar extension of Theorem 2.5 is possible.

3.2 Theorem. There exists a two cell partition {A1, A2} of Weao such that there do not
exist i € {1,2} and a sequence (w,)5%, of variable words such that

(1) for each n > 1, w, is a left variable word, and
(2) for each n>1 and eachl € {1,2,...,n}, wi(1)w,(l) € A4;.

Proof. For w € Wa, let ¥(w) count the number of occurrences of I as the I*! letter.
Thus, if w = ajas---a, where each a; is a letter, (w) = |{l € {1,2,...,m} : a; = [}|.
For i € {1,2},let A; = {w € W : (w) =i (mod 2)}.

Suppose we have i € {1,2} and a sequence (w,, )2

o_, of variable words such that

(1) for each n > 1, w, is a left variable word, and
(2) for each n > 1 and each [ € {1,2,...,n}, w1(1)w,(l) € A;.
Let | be the length of wy and let n = I+ 1. Then ¥ (w1 (1)wy (1 +1)) = P (w1 (Dwy(l)) +1,

which is a contradiction. O

Of course Theorem 3.2 also provides a counterexample to the corresponding assertion
involving central sets, since necessarily one of A; and A, must be central. In fact both A;
and Ay are central. To see this, notice that 13V, is a right ideal of W, and thus 13W, is
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a right ideal of SW, by [7, Corollary 4.18]. Consequently there is a minimal idempotent
p in 13W,. Now consider the isomorphism 7 from Wy, to itself which interchanges
the letters 1 and 2 and leaves all other letters fixed. Then the continuous extension
T fWs — Wy is an isomorphism by [7, Corollary 4.22] and thus 7(p) is also a minimal
idempotent. Given any w € 13Ws, $(w) = ¢(7(w)) + 1. Consequently A; € p if and
only if Ay € 7(p). (We are grateful to Dona Strauss for providing us with this simple
argument. )

An attempt to modify the proof of Theorem 2.5 to apply to W, must, of course, fail.
The reason is that the set A* produced there would now refer to membership in infinitely
many ultrafilters. A similar objection about M1 prevents the direct extension of the proof
of Theorem 2.4. However, we are able to change the proof somewhat. We shall need a

modification of Lemma 2.2.

3.3 Definition.

(a) Y = X;‘)O 1 Wee

(b) I={(w ( ),w(2),w(3), ...) t w is a variable word over W }.
(¢) H = {(w(1),w(2),w(3),...) : wis a right variable word over W }.
(d) E= IU{www Jiw € Wao ).

The entire analogue of Lemma 2.2 remains valid, but we shall only need a small part.

3.4 Lemma. Let p be any minimal idempotent in fWeso. Thend = (p,p,p,...) € 1. Also
there exist idempotents r1,r2,73,... in Wy such that

(1) 7= (ry,72,73,...) € H and

(2) forallj €N, rjp=p.

Proof. By [7, Theorems 2.22 and 4.17] we have that E is a subsemigroup of Y, I is an
ideal of E, and H is a left ideal of E.
By [7, Theorem 2.23|, K(Y) = X,;cnK (W ). We claim that

(*) if s € K(8Wxo), then (s,s,s,...) € E.

To see this, let U be a neighborhood of (s, s,s,...), pick k € N and for each i € {1,2,...,
k}, pick A; € s such that ﬂi.c:l 7 1[A;] C U. (Here m; is the projection from Y onto its
i*h coordinate.) Pick w € ﬂle A;. Then (w,w,w,...) € UNE.

Thus we have that ENK(Y) # () so by [7, Theorem 1.65], K(Y)NE = K(E). Since
I is an ideal of E, we have that p€ K(Y)NE = K(FE) C I.

Since P is a minimal idempotent in E, pick (by [7, Theorem 2.8]) a minimal right ideal
R of E such that p € R. Pick, by [7, Corollary 2.6], a minimal left ideal L of E such that
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L C H. Then LN R is a group. Let ¥ = (r1,72,73,...) be the identity of L N R. By [7,
Lemma 1.30], we have that ¥ and p are left identities for R. O

3.5 Theorem. Let B be any central subset of Wa,. There exists a sequence (wy)22, of
variable words over Weo such that

(1) for each n € w, wap+1 is a right variable word and

(2) for all F € P¢(N) and all f : F — N, if f(n) <n for each n € F and max F' is even,

then [1,,cr wm(f(m)) € B.

Proof. Pick an idempotent p € K(SW«) such that B € p and let ry,r3,73,... be as in
Lemma 3.4. Let M = {x € W, : 27 'B € p}. Since p = pp = mp = rop = 73p = ...,
we have that M € p N (;2, ;. In particular, 7 1[M] is a neighborhood of # and so
7 Y M]N H # (. Pick a right variable word w; such that w;(1) € M.
Now let n € N and assume that we have chosen variable words w1y, ws, ..., w, such
that
(1) if 1 € {1,2,...,n} is odd, then w; is a right variable word;
(2) if 0 #F C {1,2,...,n} and f : F — N so that f(I) <[ for each | € F, then
[Ther wm(f(m)) € M; and
(3) if0#AF C{1,2,...,n}, f: F — Nso that f(I) <[ for each [ € F, and max F' is
even, then [, . » wn(f(m)) € B.
Let L = {[[,,cr wm(f(m)) : 0 # F C{1,2,...,n} and f: F — N so that f(I) <
for each [ € F'}. Given z € L, we have that z € M and so 27 !B € p=pp =rip =rop =

rsp = ..., and hence
eI M ={yeWxg:aye M} ={yeWe:y (z7'B)ep} €pNZ, 75

Let D=MN(,ep M.

Assume first that n is even. Then we have ﬂ?jll 7;~1[ D] is a neighborhood of 7, so
pick a right variable word w,, 11 such that {wy,1+1(1), wp41(2), ..., wesr1(n+1)} € D. Then
hypotheses (1) and (2) are satisfied.

Now assume that nisodd. Let E = DNBN ﬂxeL 2 'B. Since L C M, we have that
E € p. Thus we have ﬂ?jll m; "1[ F] is a neighborhood of p, so pick a variable word w,, ;1
such that {w,11(1), wp+1(2),...,war1(n+ 1)} C E. Then all hypotheses are satisfied. [
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