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Abstract. Let (G,+) be a (discrete) commutative semigroup. VIP systems in G are
polynomial type generalizations of IP systems, (i.e., sets of finite sums). We provide
a self contained algebraic proof, using the algebraic structure of the Stone-Cech com-
pactification BG of G, of a partition theorem about finite sets of VIP systems in abelian
groups which had been previously derived as a consequence of the Polynomial Hales-
Jewett Theorem due to V. Bergelson and A. Leibman. We also establish an infinitary
version of this result valid in arbitrary commutative semigroups.

1. Introduction

We denote by F the set P¢(N) of non-empty finite subsets of the set N of positive
integers. We let w = NU {0}, and for a set A and a cardinal k, we write [A]® = {B C
A :|B| = k}. If (5,4) is a commutative semigroup, an IP system in S is a sequence
(Na)acr satisfying noaug = na + ng whenever a N = (. Equivalently, there exists a
sequence ()52, in S such that n, = >, x; for all a € F.

In [2], the following polynomial version of van der Waerden’s theorem is proved:

Theorem A. Let k,r € N, let N =J._, C;, and suppose that for eachi € {1,2,... k},
pi(x) € Q[z] is a polynomial with p;[Z] C Z and p;(0) = 0. If (ng)acr is any IP-system
in N, then there exist a € N, « € F, and j € {1,2,...,r} such that

{a,a+pi(na),a+p2(ng),...,a+pr(na)} € Cj.

The “F-sequences” (p(nq))acr appearing in Theorem A are examples of VIP sys-
tems in Z. We shall be dealing with these in some generality, so we introduce some

special notation.
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1.1 Definition. Let | € w and let ¢ € N. Then ¥; = {a € F : mina > [} and
Ml,t = {Oé cev,: |Oé| = t}.

1.2 Definition. Let (G, +) be a commutative semigroup. If G has an identity, denote
that identity by 0, in which case GU{0} = G. Otherwise, let GU{0} be G together with
an adjoined identity. Then f is a VIP system in G if and only if there exist I(f) € w
and my such that

(1) f: ¥y — GU{O},

(2) my : ¥y — GU{O},

(3) there exists d € N such that for all t > d and all ¢ € M) ;, ms(p) =0, and

(4) for all @ € Wy(y), fla) = > my(p).

0#pCa

Clearly, if f is a VIP system in G, then [(f) is uniquely determined. It is also easy
to see by induction on |a| that if G is a group, then m; is also uniquely determined.

VIP systems were introduced (for groups) in [1]. A related notion, that of poly-
nomial mapping, was introduced in [3, Definition 8.1]. Polynomial mappings map all
finite subsets (including the empty set) of an arbitrary set to a semigroup. VIP systems
correspond exactly to polynomial mappings whose value at the empty set is 0.

We remarked above that if p(x) € Q[z] with p[Z] C Z and p(0) = 0 and (ny)acrF is
an IP system in N, then (p(nq))aecr is a VIP system in Z. To see how this is verified,
consider an example. Let p(z) = 22 — 3z and for each a € F, let n, = Y ica Yi- Then,
given a € F,

pne) = (X )’ =3 vi= v+ X 2my; =32 vi-
i€a i€ i€ {i,7}€[a]? i€
For i € N, let m({i}) = y;® — 3y, for {i,j} € [N]?, let m({i,5}) = 2y;y;, and for p € F

with [¢| > 2, let m(¢) = 0. Then for each a € F, p(no) = >, m(yp).
0#pCa

In the event that (G,+) is an abelian group, there is another characterization of

VIP systems which we shall want to emulate.

1.3 Lemma. Let (G,+) be an abelian group, let | € N, and let f : V; — G. Then f is
a VIP system in G if and only if there exists d € N such that whenever ag, aq,...,aq

are pairwise disjoint members of W; one has

Y. fUB = >,  fUB).

Bg{a0’~--7ad} Bg{a07"'aad}
B#0, |B| even |B| odd
Proof. [8, Proposition 2.5]. 0



The first of the two primary objectives in this paper is to provide an algebraic proof

of the following extension of Theorem A.

Theorem B. Let (G,+) be an abelian group, let r € N, and let R be a finite set of VIP
systems in G. If G = J;_, C;, then there ezista € G, a € F, and j € {1,2,...,7} such
that {a} U{a+ f(a) : f € R} C C}.

A version of Theorem B for polynomial mappings was derived from the more pow-
erful Polynomial Hales-Jewett Theorem in [3, Theorem 8.6]. Our proof of Theorem B,
which is much simpler, utilizes the algebraic structure of G, as do the other results
of this paper. Here G is the Stone-Cech compactification of the discrete space G,
where (G, +) is only assumed to be a semigroup. We take the points of G to be the
ultrafilters on G. Given A C G, A= {p € G : A € p}. Then {A: A C G} is a basis for
the open sets of GG as well as a basis for the closed sets.

The operation + extends to SG in such a way that (8G,+) is a right topological
semigroup (meaning the function p, : G — (G is continuous for each p € G where
pp(q) = ¢+ p) with G contained in its topological center (meaning the function A, :
BG — PG is continuous for each x € G where A\, (q) = = + q). Given p,q € 8G and
A C G, one has that A € p+ ¢ if and only if {x € G: —z + A € q} € p. (Here, since
we are only assuming that G is a semigroup, —x + A ={y € G: z+y € A}.) See [T7]
for an elementary introduction to the algebra and topology of SG, as well as for any
unfamiliar algebraic facts mentioned here.

The reader should be cautioned that, in spite of the fact that we denote the op-
eration of G by the same symbol used to denote the operation of (G, in this case +,
the operation in GG is not likely to be commutative. In fact, if G is left cancellative,
the center of GG is equal to the center of G [7, Theorem 6.54]. If, as we shall assume
throughout this paper, the semigroup G is commutative, then regardless of any cancel-
lation assumptions, if x € G, then z commutes with any member of G [7, Theorem
4.23).

Like any compact right topological semigroup SG has a smallest two sided ideal
K(BG), which is the union of all minimal right ideals of SG as well as the union of
all minimal left ideals of BG [7, Theorem 2.8]. A subset C of G is said to be central
if and only if there is an idempotent p € K(8G) such that C € p. (The notion was
introduced by Furstenberg in [4] for subsets of the semigroup (N, +), using a different
but equivalent definition.)

An infinitary result, more general than Theorem B, is proved in [6], where a weaker

notion of “VIP system” was defined for cancellative semigroups. Recall that any such
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semigroup has a “group of quotients” G. When we speak of the group of quotients, we
shall assume that S C G so that G = {x —y : x,y € S}. The following is [6, Corollary

3.14]. (Given « and ¢ in F, we write o < § provided max o < min4.)

Theorem C. Let (S,4) be a commutative cancellative semigroup, let C' be a central
set in S, and let R be a finite set of VIP systems in the group of quotients of S. Then
there exist sequences (an)S%q in S and ()52, in F such that o, < api1 for each

n and for every F € F and every p € R, if v = Upep s, then Y ,.p a; € C and
Ztep Qg +p(7) eC.

We note that the case of Theorem C corresponding to S = Z™ with all the VIP
systems as IP systems is Furstenberg’s Central Sets Theorem ([4, Proposition 8.21]).

Our second primary objective in this paper is to prove a version of Theorem C valid
for general (i.e. not necessarily cancellative) commutative semigroups. Along the way,
we introduce the notion of weak VIP system in non cancellative semigroups and obtain
what we think is the most general version of the polynomial van der Waerden theorem

for semigroups.
2. VIP Systems in Commutative Groups

We provide in this section an algebraic proof of a generalization of Theorem B from
the introduction. This proof is completely self contained, except that we appeal to
several fundamental facts about GG from [7]. The proof we present is based on the
algebraic proof in [5] of the Polynomial van der Waerden Theorem of V. Bergelson and

A. Leibman [2], which was in turn based on their original proof.

2.1 Definition. Let (G,+) be an abelian group and let f be a VIP system in G.

(a) The degree of f is defined by deg(0) = 0 and if f # 0, then deg(f) = max{d € N :
there exists ¢ € My 4 such that my(p) # 0.

(b) The strong degree of f is defined by stdeg(f) = 0 if there exists k € N such that
f(a) = 0 for all @ € ¥y, and otherwise stdeg(f) = max{t € N : for all k& > I(f) there
exists a € My, ; such that ms(a) # 0}.

Notice that trivially stdeg(f) < deg(f).

2.2 Lemma. Let (G,+) be an abelian group and let g and f be VIP systems in G.

Define g— f by l(g—f) = max{l(g),1(f)} and for o € Vy4_¢), (9—f)(a) = g(a) — f ().
Then g—f is a VIP system in G. If d = stdeg(g) = deg(g) > deg(f), then stdeg(g—f) =

deg(g — f) = d and whenever | > 1(g — [), (mg—;(©))pera = (Mg(0)) et a-
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Proof. Define my_y : Vy,_p) — G by mg_y(a) = my(a) — my(a). It is then routine

to verify all of the conclusions. U

2.3 Lemma. Let (G,+) be an abelian group and let p be a VIP system in G such
that d = stdeg(p) = deg(p). Let o € Yy, and define h : Vyaxo — G by h(B) =
plaUpB) —p(a). Then h is a VIP system in G, stdeg(h) = deg(h) = d and whenever

I >1(h), <mh(‘:0)><p€Mz,d = <mp(‘:0)><peMz,d-

Proof. We have that [(h) = maxa. Define my, : ¥ypy — G by mu(p) =

S~ my(p U1). (Notice that we are allowing ¢ = ().) Observe now two facts:
PpCa

(1) Ift > d, p € My, and ¥ C a, then [p Ua| > d and so m,(p Uv) = 0.
(2) If ¢ € Mypy,a, ¥ € o, and my(¢ Up) # 0, then ¢ = 0, and in particular
ma () = mp(p).
In particular, conditions (1), (2), and (3) of Definition 1.2 hold. To verify condition
(4), let ﬁ S \Ill(h)- Then
hB) = plaup)—pa)
= > mple) = > mp(e)

D#pCaup D#pCa
= 2 Y mpleUy)
D#pCBYCo
= Y m(p).
D#pCp

By observation (1) we have deg(h) < d and of course stdeg(h) < deg(h). Suppose
that stdeg(h) < d and pick [ > [(h) such that for all ¢ € M; 4, mp(p) = 0. Since
stdeg(p) = d, pick ¢ € M; 4 such that m,(¢) # 0. By observation (2), this is a

contradiction. [l

2.4 Definition. Let (G, +) be an abelian group.

(a) R ={R: R is a finite set of VIP systems in G}.

(b) Order ;- w lexicographically based on the largest coordinate on which ele-
ments differ, denoting this order by <. Define § : R — @;°, w by

O(R) = (w1, w2, ws,...)
where for each i € N, and | > max{i(p) : p € R},
Fii = {(mp(¥))penm, ,; : p € R and stdeg(p) =i} and
w; = min {|F};| : | > max{l(p) : p € R}}.
Notice that @;°, w is well ordered by the lexicographic order.
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The definition of # is admittedly daunting at first glance, so let us pay attention
to what w; does (and does not) count. A first approximation is that w; counts the
number of elements of R with strong degree equal to i. But this is far wide of the mark.
Given a VIP system p of strong degree ¢ one may view the function <mp(90)><p€Ml(p)7i
as the “leading coefficient” of p. A much closer approximation to wj; is that it counts
the number of distinct functions occurring as leading coefficients of members of R with
strong degree equal to i. For each | € N with | > max{l(p) : p € R}, if we let
R; = {pjw, : p € R}, then what w; is actually counting is the eventually constant (as [
approaches infinity) number of leading coefficients of members of R; with strong degree

equal to i.

2.5 Lemma. Let (G,+) be an abelian group and let R € R such that R # 0, 0 ¢ R,
and stdeg(p) = deg(p) for every p € R. Pick f in R of minimal degree and let T be
a finite subset of ﬂpeR Vip)- For a € T and p € R, define gpo @ Ymaxa — G by

9p.a(F) = plaU ) —p(e) = f(B). Let
S={gpa:pERandacT}U{p—f:pe R}.
Then S € R and 6(S) < 0(R).

Proof. By Lemmas 2.2 and 2.3 we have that S € R.
For i € N and | > max{l(p) : p € R}, let

Fii = {{mp(¥))pem,, : p € R and stdeg(p) = i} .
For i € N and | > max{l(h) : h € S}, let
Fl; = {{mn(9))perr,, : h € S and stdeg(h) = i} .

Let 0(R) = (w1, wz,ws...) and let 6(S) = (uy,usz,us,...). Notice that, if & < [, then
|F1i| < |Fki| and |Fl”l-| < |F,QZ| Consequently, for each i we may pick [ such that
w; = |Fy ;| and u; = |Fl’z]

Let d = deg(f). We claim that for each ¢ > d, w; = u;, and that ug < wg. To
establish the first assertion, let i > d and pick [ such that w; = [F} ;| and u; = [F,].
We claim that F}; = Fl’,i. To see that Fj,; C F}”i, let p € R with stdeg(p) = i. Then
p— f €S and by Lemma 2.2, stdeg(p — f) =4 and (mp_f(©))perr, = (Mp(9))pem, ;-

To see that F}; C Fj;, let h € S with stdeg(h) = 4. If h = p — f for some
p € R, then necessarily, deg(p) = 7 and we have already seen that (m,_;())per, , =
(mp())penrr, .- Thus we may assume that we have some p € R and some o € T' such

that h = gp. Define ¢ : Uppaxo — G by ¢(8) = p(a U B) — p(a). Then h = ¢ — f.
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By Lemmas 2.2 and 2.3, stdeg(q) = deg(q) = deg(p) and stdeg(h) = deg(h) = deg(q).
Thus, again by Lemmas 2.2 and 2.3 (mn(©))penrr,, = (Mq(@))penm,; = (Mmp(©))pen, ;-

To complete the proof, we show that ug < wq. Again, pick | such that wg = |F] 4
and ug = [F} 4. Let

H = {(mp(¢))pem,, : p € R, stdeg(p) = d, and stdeg(p — f) = d}

and note that H C Fj 4 because (my())penr, , € Fr,a\H. (It may very well be that
there is some p € R\{f} such that (m,(¥))per, , = (Ms(¥))pen, ,, but for such p,
stdeg(p — f) < d.)

We now define 7 : H — F/; and show that 7[H] = F/,;. Given p € R with
stdeg(p) = stdeg(p — f) = d, let

T({mp(P))pema) = (Mp(p) = (M (@) per,q -

Since p— f € S and for p € Mj 4, mp— () = myp(p) —(my(p), we have that T[H]| C Fy ;.

Now let h € S such that stdeg(h) = d. If h = p — f for some p € R, we
have by Lemma 2.2 and the fact that deg(f) is minimal that stdeg(p) = d. Thus
<mp(90)>soeMz,d € H and T(<mp(90)><peMz,d) = <mh(‘:0)><p€Mz,d~

Thus we assume that h = g, o for some p € R and some o € T'. We have already
seen that if deg(p) =i > d, then deg(h) = i. So deg(p) = d. Define q : ¥ yaxo — G by
q(B) = p(aU B) — p(a). By Lemma 2.3, stdeg(q) = deg(q) = d and (my(¥))per, , =
(myp(©))pen, 4. Since h = q — f, we have

(mn(e)perma = (mq(p) —ms(@))pem q
- mp(go) - mf(gp»sDGMz,d
= T(<mp(90 >LP€Mz,d)' U

2.6 Lemma. Let (G,+) be an abelian group and let R € R. There exists k > max{l(p) :
p € R} such that, if R = {fjw, : f € R}, then for all f € R, stdeg(fjv,) = deg(fjv,) =
stdeg(f) and O(R') = 0(R).

Proof. For i € N and | > max{l(p) : p € R}, let

F ;= {(mp(gp)meMu : p € R and stdeg(p) =i} .

Let §(R) = (w;y,ws,ws,...) and pick m such that w; = 0 for all @ > m. As in the
proof of Lemma 2.5, for each i € {1,2,...,m}, pick [(i) such that w; = |Fy(; ;|. Let
k=max {l(i) :i € {1,2,...,m}}. O

2.7 Definition. H = (2, ¥y.



In [7] H is defined to be the subset (32, N2 of (6N, 4). It is easy to see, essentially
as in [7, Theorem 6.15], that H as a subsemigroup of (SF,4) is homeomorphic and
isomorphic to (72, N2F .

Recall that a subset A of a semigroup (S, +) is piecewise syndetic if and only if
there is some H € P;(S) such that for every F' € Py(S) there is some x € S with
F+xC UtEH(_t + A).

2.8 Theorem. Let (G,+) be an abelian group, let R € R, let vWv = v € H, let A
be a piecewise syndetic subset of G, and let L be a minimal left ideal of BG such that
ANL#0D. If vy =max{l(p) : p € R}, then

{ae\IIW:ZﬂLﬂﬂpeR—p(a)+A7é@}€v.

Proof. Suppose not, and pick R such that #(R) is minimal among all counterexamples.
Notice that R # () and R # {0} because the statement is trivially true for both of these
sets. By Lemma 2.6, we may presume that for all p € R, stdeg(p) = deg(p). (Given
that R is a counterexample, so is the set R’ produced in Lemma 2.6.) We may also
assume that 0 ¢ R because R\{0} is also a counterexample and 6(R\{0}) = 0(R).

Pick v = v W v, a piecewise syndetic subset A of GG, and a minimal left ideal L of
BG such that AN L # 0 but

{ae VU, : ANLNN,ep—p(a —pla) +A#0} ¢ v
where v = max{l(p) : p € R}. Let
D=v\{acW,: ANLN,cx —p(a) + A # 0}

and note that D € v. By [7, Lemma 4.14], if D* ={z € D: —z+ D € v}, then D* € v
and for all x € D*, —x + D* € v. (Here —x + D ={a € F:aUz € D}.)

Pick f € R of smallest degree. For o € ¥, and p € R, define g, o : Yinaxa — G by
9p.a(B) = plaUB) —pla) — f(B).

Pick go e ANL and let B={x € G: —x+ A € qo}. Then by [7, Theorem 4.39],
B is syndetic so pick H € Py(G) such that G = | J,c(—t + B). Pick o € H such that
—to + B € qo and let Cy = —ty + B. Since Cy € qo, Co N L # 0.

Let So ={p—f:p€ R} and let Ey = {a € ¥, :C_OﬂLﬂﬂpesom# 0}.
By Lemma 2.5, Sy € R and 6(Sy) < 0(R) so Ey € v. Pick oy € Ey N D* and pick
r € CoNLN Npeso —p(a1) + Cy. Let i = —f(a1) + 1 and note that ¢, € L. Pick
t1 € H such that —t1 + B € ¢;.

Inductively, assume that we have m € N and have chosen (g;)!", in L, (¢;)7", in
H, and (o)™, in ¥, such that



(1) for j € {0,1,...,m}, —t; + B € gqj,

(2) for I € {1,2,...,m — 1}, if any, oy < ay41,

(3) for i € {1,2,...,m}, qy U1 U...Uay, € D*, and

(4) for 1 €{0,1,...,m—1}and p € R, — (t; +p(aup1 Uayp2U...Uap,)) + B € gn.

Hypotheses (1) and (3) hold trivially for m = 1 and hypothesis (2) is vacuous there.
Hypothesis (4) says that for all p € R, —(to +p(a1)) + B € ¢q1. So let p € R be given.
Now p— f € Sp so 11 +p(a1) — f(a1) € Cp and so —tg + B € r1 + p(a1) — f(ay) and
so —(to +p(a1)) + B € r1 — f(an) = q1 as required.

Now let T;,, = {{aup1 U aipaU...Uap} : L € {0,1,...,m — 1}} and let S,, =
{9(pa) :p € Rand a € T,,,} U{p— f : p € R}. By Lemma 2.5, S,, € R and
0(Sm) < O(R). Let

Cm = (=tm + B) N per Nt (=t + plagsi Uaga UL Uap)) + B).

Then by hypotheses (1) and (4), C,, € ¢ and so C,,, N L # (). Consequently the
statement of the current theorem is valid for S,, and C,,.
Let 6 = max{l(p) : p € S, } and let

Emz{aE\If5:mﬁLﬂﬂpesm—p(a)+Cm7é@}.

Then F,, € v and also Upaxq,, € v. By hypothesis (3) and [7, Lemma 4.14], for each
le{l,2,....m}, —(qyUajy1 U...Uay,) + D* € v. Pick

Wmt1 € B N ¥haxa,, N —(wUaip1 U...Uay,) + D*

and pick 7,41 € C,, NL N ﬂpGSm —p(ama1) + Cm. Let gme1 = —f(@ma1) + rme1 and
note that ¢,,4+1 € L. Pick t,,41 € H such that —t,,41 + B € ¢m+1.

Hypotheses (1), (2), and (3) hold directly. To verify hypothesis (4), let
[l € {0,1,...,m} and let p € R. Assume first that [ = m. Then p — f € S,, so
Tmt1 +P(mi1) — flame1) € Crp. Thus —t,, + B € i1 +p(ms1) — f(Qmy1) and so
—(tm —I—p(ozmH) + B € rpmy1 — f(Qmt1) = @my1 as required.

Now assume that [ < m, let § = o411 U ayyo U ... Uay,, and notice that 8 € T,,.
Then g(p, 3) € Sy, so

Tm+1 +g<pvﬂ)(am+1> S m - _(tl +p(ﬁ)) +B

and so _(tl+p(ﬁ))+B € rmt1+9(P; B)(Am+1) = g1 +p(BU41) —p(B) = foum41) =
Gm+1 + p(BU am+1) — p(B) and so —(tl +p(BU am+1)) + B € @my1 as required.

The induction being complete, choose [ < m such that ¢; = t,,, which we may do
because H is finite. Let 0 = ayy1 U agyo U ... U auy,. By hypothesis (3), 8 € D*. We
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have that
(_tm + B) N ﬂpeR<_(tm +p(ﬂ)) + B) € dm

by hypotheses (1) and (4) and the fact that ¢, = t,,. So pick a € (—t,, + B) N
ﬂpeR(—(tm—l—p(ﬂ))—i—B). Let r = a4+t +qo and_notice that r € ZﬂLﬂﬂpeR —p(B) + A.
(Trivially » € L. Also a+t,, € Bandsor € A. Given p € R, a + t,, + p(8) € B and
so A € r+ p(B).) This contradicts the fact that 5 € D. O

2.9 Corollary. Let (G,+) be an abelian group, let R € R, and let {(a,)02 ; be a sequence
in F such that o, < s for allm. If A is a piecewise syndetic subset of G, then there
exist r € AN K(BG) and 3 € FU({a,)%,) such that {r +p(B) : p € R} C A.

Proof. Pick by [7, Lemma 5.11] some v = v Wv € BF such that for each m € N,
FU({an)o2,,) € v and notice that in fact v € H. Pick by [7, Theorems 2.8 and 4.40]
a minimal left ideal L of G such that AN L # @. Let v = max{l(p) : p € R}. By
Theorem 2.8

{ae\IIW:ZﬂLﬂﬂpeR—p(a)+A7é@}€v,

Since also FU ({ay)02;) € v, pick f € FU({an)5,) NV, such that

ANLNNep 2B + A0
and pick r GZﬂLﬂﬂpeR —p(B) + A. O

Since, given any finite partition of G, one cell must be piecewise syndetic, the
following corollary tells us that in any such partition there must be one cell for which
there are many (3’s and, for each such [, a large set of a’s with {a} U{a+p(0) : p € R}

contained in that one cell. In particular, Theorem B from the introduction holds.

2.10 Corollary. Let (G,+) be an abelian group, let R € R, and let (a,)2, be a
sequence in F such that o, < any1 for all n. If A is a piecewise syndetic subset of
G, then there exists 5 € FU((a,)22 ) such that {a € A: {a+p(B):p € R} C A} is

piecewise syndetic.

Proof. Pick by Corollary 2.9, some r € AN K(BG) and 3 € FU({,,)%>) such that
{r+pB) :p€ R} C A Then AN Nper(—p(3) + A) € r and so, by [7, Theorem
4.40], ANN,er(=p(B) + A) is piecewise syndetic. If a € AN(,cz(—p(3) + A), then
{a+p(B):pe R} C A O

10



3. Weak VIP Systems in Arbitrary Commutative Semigroups

In this section we introduce the notion of weak VIP system for arbitrary commutative
semigroups, and establish that Theorem C from the introduction remains valid for such

semigroups when the notion of “VIP system” is replaced by that of “weak VIP system”.

3.1 Definition. Let (S, +) be a commutative semigroup. Define an equivalence relation
= on S by x =y if and only if there exists z € S such that x + z = y + 2, denoting the

equivalence class of z by [x].
We omit the routine proof of the following lemma.

3.2 Lemma. Let (S,+) be a commutative semigroup and for x,y € S, define [x]+[y] =
[ + y]. This operation is well defined, and with this operation S/= is a commutative

cancellative semigroup.

In extending the notion of VIP system to an arbitrary commutative semigroup, we
modify the characterization of Lemma 1.3. If S is a commutative cancellative semigroup

and h is a VIP system in its group of quotients, one has for each a € ¥;(;,) some f(a)

and ¢(«) in S such that h(a) = f(a) — q(«).

3.3 Definition. Let (S,+) be a commutative semigroup. If S has an identity, denote
it by 0. Otherwise let 0 be a two sided identity adjoined to S. A weak VIP system in
S is a pair (f,q) such that there exist [,d € N such that f: ¥; — S, ¢: ¥; — SU{0},

and whenever g, a1, ..., aq are pairwise disjoint members of ¥;, one has

oo fUB+ Y. dUB = > fUB+ Y. qdUB).
Bg{ao,...,ad} Bg{ao,...,ad} Bg{ao,...,ad} Bg{ao,...,ad}
B0, |B| even |B| odd |B| odd B#0), |B| even

Notice in particular that if [,d € N, f : ¥; — S, and whenever «g, a1, ...,aq are

pairwise disjoint members of ¥; one has

>, fuB = >, fUB),
BC{ag,...,aq} BC{ag,...,aq}
B#0, |B| even |B| odd

then (f,0) is a weak VIP system in S, where 0 is the function with domain ¥; which is
constantly equal to 0.
We now see that the notion which we have defined is indeed a natural extension of

the notion of a VIP system.
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3.4 Lemma. Let (S,+) be a commutative semigroup, let G be the group of quotients
of S/=, letl e N, let f:V; — S and let q: ¥; — SU{0}. Then (f,q) is a weak VIP
system in S if and only if the function h : ¥; — G defined by h(a) = [f(a)] — [q(a)] is
a VIP system in G.

Proof. Necessity. By assumption (and Lemma 3.2) we have some d € N such that for

any pairwise disjoint ag, aq, ..., a4 in ¥; one has
Yo ruUBI+ Y. wUB)]=
Bg{ao,...,ad} Bg{ao,...,ad}
B#0, |B| even |B| odd
>, B+ ) laUB),
BC{aog,...,aq} BC{ao,...,aq}
|B| odd B#0, |B| even
so that
>, wMUB = )  wUB)
BC{ag,...,aq} BC{ag,...,aq}
B+#0, |B| even |B| odd

and hence, by Lemma 1.3, h is a VIP system in G.
Sufficiency. Since h is a VIP system in G, we have by Lemma 1.3 that there is

some d € N such that for any pairwise disjoint ag, a1, ..., aq in W) one has
>, wUB = ). hUB)
Bg{ao ..... ad} Bg{ao,...,ad}
B#0, |B| even |B| odd

and consequently

>, wuBi+ ) UB)]=

Bg{a()?"':ad} Bg{a()a"~7ad}
B#0, |B| even |B| odd
o ruBl+ > aUB)]
Bg{ao ..... Oéd} Bg{ao ..... ad}
|B| odd B#0, |B| even
so that
> fuUB+ ). «UB = D). fUB+ D>, qUB)
Bg{ao ..... ad} Bg{ao ..... ad} Bg{ao ..... ad} Bg{ao ..... cvd}
B#0, |B| even |B| odd |B| odd B+#0, |B| even
as required. O

In [6] we defined a weak VIP system in a commutative cancellative semgroup S as

a function f : ¥; — S for some [ which is a VIP system in the group of quotients of
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S. If one has such f, then by Lemma 3.4, the pair (f,0) satisfies Definition 3.3. Our
current definition is strictly more general for such semigroups because the function A of
Lemma 3.4 need not take values in S/=.

We now turn our attention to some preliminary lemmas involving the algebra of

BS.

3.5 Lemma. Let (S,+) be a commutative semigroup, let a,b,€ S, and let p € clK(BS).
If a=b, thena+p=0b+p.

Proof. Let I = {x € S:a+x =0b+=x}. Then [ is an ideal of S and so by [7, Corollary
4.18], T is an ideal of 8 so that ¢/K(3S) C I. Thus I € p. Since )\, and ), agree on a

member of p, they agree at p. U
Notice that 7 : S — S/= defined by m(a) = [a] has a continuous extension
T3S — B(S/=).

3.6 Lemma. Let (S,+) be a commutative semigroup. If S has an identity denote it by
0, and otherwise, let 0 be a two sided identity adjoined to S. Let p+p =p € K(8S),
and let C € p. Let C* = {x € C : —x+C € p}, let D = {[a] : a € C*}, let
D ={zxeD:—x+Dem(p)}, letbe S, and let c € SU{0}.

(a) If [b] — [c] € D, then —b+ (c+ C*) € p.

(b) If b € C*, then [b] € D*.

Proof. (a). Since [b] — [¢] € D, pick a € C* such that [b] — [¢] = [a]. Since a € C*,
we have by [7, Lemma 4.14] that —a + C* € p. That is, C* € a + p and consequently
c+C* € c+a+p. Also [b] = [c+ a] so that, by Lemma 3.5, we have ¢+ C* € b+ p so
that —b+ (c+ C*) € p.

(b). Since b € C*, [b] € D. Also by [7, Lemma 4.14], —b + C* € p and so
[—b+ C*] € w(p) by [7, Lemma 3.30]. We claim that w[—b+ C*] C —[b] + D so that
—[b]+ D € 7(p) as required. Let z € m[—b+ C*] and pick y € —b+ C* such that z = [y].
Then b+y € C* so [b] + [y] = [b+y] € D and thus z = [y] € —[b] + D as required. O

3.7 Lemma. Let (S,+) be a commutative semigroup and let p+p =p € K(BS). Let
G be the group of quotients of S/=. Then 7(p) € K(8G) and 7(p) + 7(p) = 7(p).

Proof. The second conclusion holds because 7 is a homomorphism by [7, Corollary
4.22]. To establish that 7(p) € K(SG), we show first that S/= is piecewise syndetic
in G, its group of quotients. Indeed, let H = {0} and let F' € P;(G) be given. For
each y € F, pick ay and b, in S/= such that y = ay —by. Let z = > . b,. Then
FtaC(5/%) = Uen (=t + 5/=).
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Since S/= is piecewise syndetic in G, we have by [7, Theorem 4.40] that S/=n
K(BG) # 0 and thus by [7, Theorem 1.65] K (8(S/=)) = S/=NK(BG). By [7, Exercise
1.7.3], 7[K(8S)] = K(B8(S/%)) and so 7(p) € K(B(S/=)) C K(8G). O

We shall see that the configurations that we obtain can be chosen with the argu-

ments « taken from the set of finite unions of any prespecified increasing sequence in

F.

3.8 Definition. Let (§,)72; be a sequence in F. The sequence (o) is a union
subsystem of (0,)5 ¢ if and only if there exists a sequence (H,,)5° ; in F such that for
eachn eN, H, < H,11 and o, = UtEHn O¢.

The following is the main result of this paper. We remind the reader that we have
been aiming to generalize Theorem C in the introduction. We shall show after the proof

of Theorem 3.9 that it does indeed generalize Theorem C.

3.9 Theorem. Let (S,+) be a commutative semigroup, let (0,)°° , be a sequence in F
with 8, < 0p41 for each n, let k € N, and for each i € {1,2,...,k}, let (f9,¢?) be a
weak VIP system in S. If C' is a central set in S, then there exist a union subsystem
()%, of (6,)°%, and functions y : FU({a,)5%,) — C for each i € {0,1,... k}
such that (1) yO(yUB) = y @ (v) +y O (B) forv,8 € FU ({ay,)22,) withyN 3 =0, and
(2) YD () +qD () =y O () + FD(v) for ally € FU ({an)22,) and alli € {1,2,...,k}.

Proof. Let G be the group of quotients of S/=. Pick p +p = p € K(BS) such
that C € p. Let C* = {z € C: —o+C € p}, let D = {[a] : a € C*}, and let
D*={zxeD:—-x+ D e 7(p)}. By Lemma 3.7, 7(p) is an idempotent in K (5G), and
thus D* is central in G.

Pick I € N such that for each i € {1,2,...,k}, ¥; C domain(f*) = domain(q(*).
By Lemma 3.4 we have for each i € {1,2,...,k}, the function h(") : ¥; — G defined by
() = [fD(a)] — [¢" (a)] is a VIP system in G. By restricting the domains, we may
presume that for each i € {1,2,...,k}, stdeg(h(¥)) = deg(h(®).

Since D* is central in G, it is piecewise syndetic in G. Thus, by Corollary 2.10,
pick by € G and a; € FU((0,,)22 ) such that

{bl,bl + h(l)(al),bl + h(2)(a1), . ,bl + h(k)(al)} C D*.

Pick H; € F such that ay = UteH1 d;. Since by € D, pick a; € C* such that by = [aq].
Given i € {1,2,...,k} we have

a1 + fP(a1)] = [¢(a1)] = by + b (1) € D*
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so, by Lemma 3.6(a), —(a1+ £ (1)) + (¢ (1) +C*) € p. Since a; € C*, —a1+C* € p
by [7, Lemma 4.14]. Pick

xr1 € (—al + C*) N ﬂle ( - (a1 + f(i)(al)) + (q(i)(al) + C*)) .

For each i € {1,2,...,k}, pick ¥V (a;) € C* such that ;1 4+ ay + @ (1) = ¢ (ay) +
y(a1). Then {a; + z1,yM (a1), P (1), ...,y"™ (a1)} C C*.

Inductively, let n € N and assume that we have chosen sequences (a;)}_; and
(xe)p—y in S and (a4)p-; and (Hy)y, in F such that for each t € {1,2,...,n — 1} (if
any) Hy < Hiyq, and for each ¢ € {1,2,...,n}, oy = U cp, J;. Also assume that for
each i € {1,2,...,k}, we have a function 3 : FU({(a;)?_,) — C* such that whenever
0 #F C{1,2,...,n} and v = J,cp a¢, one has Y, p(a; + ;) € C* and for each
RS {17 2,... 7k}7 ZteF(at + CEt) + f(i) (’7) = y(i)<7) + q(i)(’y)‘

For each v € FU({a)}—,), each i € {1,2,...,k} and each 8 € F with § > a,,
let g (8) = hD(yuU B) — h¥(y). By Lemma 2.3, each ¢(*") is a VIP system in
G. Note that by Lemma 3.6(b) we have that for each F' with () # F C {1,2,...,n},
> ier(a:s + )] € D* and, if v = U,cp v and i € {1,2,...,k}, then [y (v)] € D*,
and consequently —[3,p(a; + ¢)] + D* € 7(p) and —[yV ()] + D* € 7(p).

Let m = max H,, + 1 and let

E = D'nN{-erlas+a)]+D*: 0 #£F C{1,2,...,n}}N
M=y D ()] +D*:ie{l1,2,...,k}, and v € FU({a)?—,) .
Then E € 7(p) and so E is piecewise syndetic in G. Pick by Corollary 2.10 some
bpt1 € G and a,11 € FU((4)52,,,) such that
{bps1} U {bns1 + BD(appq) ri€ {1,2,...,k}}U
{bp+1+ 9" (apgr1) i €{1,2,...,k} and v € FU({ou)}-1)} C E.
Pick Hypy1 € {m,m+ 1,m + 2,...} such that a,, 11 = UjeHnH J;.

Since b,+1 € D, pick an+1 € C* such that b,11 = [an41]. Since any1 € C*,
we have that —a, 11 + C* € p. Also, given ) # F C {1,2,...,n}, we have [a,11] €
—[>ier(ar + x¢)] + D* so that [an41 + D ,cp(as +x¢)] € D* and hence, by Lemma
3.6(a), —(ant1+ X ep(as +a¢)) + C* € p. Now, given i € {1,2,...,k},

[ans1 + f(i)(an-kl)] - [q(i)(an—kl)] = bny1 + h(i)(an+1) € D”

so by Lemma 3.6(a), —(ant1 + [ (ant1)) + (¢ (any1) + C*) € p.
We now claim that for each F with ) # F C {1,2,...,n}and eachi € {1,2,...,k},
if 4 = any1 UUJyep ou, then

[ans1 4+ Y peplae + ) + fO ()] — (¢ (w)] € D*
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and thus —(an41+ Y e p(ae +ze) + fO (1) + (¢ (1) + C*) € p. So let such F, i, and
v be given and let v = (J,.p a¢. Then

[ani1] + g (@ns1) € EC —[y ()] + D*

and 50 [an41+yW (1)) + 9" (ani1) € D*. Now g (1) +h () = MO (yUan1a).
That is, g7 (1) + [FO()] — [0 (2] = (1D ()] — [¢® (). Thus [anss + 5 (7) +
1O+ ()] ~[FD () +4 ()] € D*. Since y@ (3)+¢D (3) = Syeplartae) + 1D ()
we have that [an+1 + >, p(ar + 2¢) + FO(n)] — [¢W (1)) € D* as claimed.

Pick
Tnt1 € (—any1 +C)NN{ = (ans1 + X peplas +2)) +C* 10 £ F C{1,2,...,n}}

NN { = (ant1 + fD(ans1)) + (@D (1) +C*) ri € {1,2,...,k}}
N (nt1 + Xeplan +z0) + O () + (¢ () +C*) :
0#FC{l,2,....,n},ie{1,2,...,k},and pp = apt1 UU,cp o }-

Given i € {1,2,...,k}, pick ) (an41) € C* such that y (a,11) + ¢ (any1) =
Tpi1 + angp1 + fO(pg1). Given i € {1,2,...,k}, 0 # F C {1,2,...,n}, and p =
apt1UUer o, pick y(u) € C* such that y )( )+4W (1) = Zpi1+ans +2ter(a+
) + O ().

One can routinely verify that the induction hypotheses are satisfied. To complete
the proof, we only need to define the function y® : FU({a,)52,) — C. Given v €
FU({0,)821), pick the unique F' € P¢(N) such that v = (J,cp o and let y(@(y) =

ZteF(xt+at)- O

In the event that all of the weak VIP systems are of the form (f,0), Theorem 3.9

takes the following simpler form.

3.10 Corollary. Let (S,+) be a commutative semigroup, let (§,)52, be a sequence in
F with 8, < 6,11 for each n, let k € N, and for each i € {1,2,...,k}, let (f,0) be a
weak VIP system in S. If C is a central set in S, then there exist a sequence (an)5e

in S and a union subsystem (oum)oeq of (0n)ney such that whenever F' € Pr(N) and

¥ =U,ep an one has
{3 ner antU{S cr an+ fO(y) i€ f{l,2,....k}} CC.

Proof. Pick (a,)2%, and for each i € {0,1,...,k} pick y@ : FU((a,,)%,) — C as
guaranteed by Theorem 3.9. For n € N, let a,, = y(¥) (a,,) and notice that if F € P;(N)
and v = U,cp n, then 3 a, = y9(y) € C by condition (1). Then by (2), for
i€{1,2,...,k}, > cr ar + fO(y) =y (v) € C. O
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Finally, as promised, we show that Theorem C of the introduction is indeed a

consequence of Theorem 3.9.

3.11 Corollary. Let (S,+) be a commutative cancellative semigroup, let k € N, for
each i € {1,2,...,k}, let R be a VIP system in the group of quotients of S, and let
C be a central set in S. Then there exist sequences (a,)S2 1 in S and ()2, in F

such that o, < au41 for each n and for every F € F and every i € {1,2,...,k}, if
Y =Usep e, then Y cpar € C and ), p ay +hW(5) e C.

Proof. For each i € {1,2,...,k} and each a € ¥;;,), pick f@(a) and ¢ () in S
such that h()(a) = f®(a)— ¢ (a). Then by Lemma 3.4, each (f¥,¢®) is a weak VIP
system in S. Pick (a,)%, and for each i € {0,1,...,k} a function y" : FU({(a,)% ;) —

C as guaranteed by Theorem 3.9. For n € N, let a,, = y(a,) so that if F € P;(N)
and v = J,,cp Qn, then ) ap, = y©)(y) € C. Also, given i € {1,2,...,k},

Sier at F () =3 cpar+ fO(y) =D () =yD(y) € C. 0
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